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Abstract
We enumerate and classify all the semi equivelar maps on the surface of χ = −2
with upto 12 vertices. We also determine which of these are vertex transitive and which
are not.
AMS classification : 52B70, 52C20, 57M20, 57N05
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1. Introduction
Recall that a compact, connected, 2-dimensional manifold without boundary is called a
closed surface or surface. A Polyhedral complex is a finite collection X of convex polytopes,
in Euclidean space En such that following two conditions are satisfied: First, if σ ∈ X and
τ is a face of σ, then τ ∈ X and Second, if σ1, σ2 ∈ X then σ1 ∩ σ2 is a face of σ1 and σ2.
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The dimension d of X is the maximum of dimensions (of the affine hulls) of the elements
in X. We also call X a polyhedral d-complex or combinatorial d-complex. For a polyhedral
complex X, let v be a vertex of a X. Then star of v, denoted by st(v), is a polyhedral
complex {σ ∈ X : {v} ≤ σ} and the link of a vertex v in X, denoted by lk(v) or lkX(v), is
the polyhedral complex {σ ∈ Cl(st(v)) : σ ∩ {v} = φ}. The Automorphism group Aut(X)
of a polyhedral complex X is a collection of all automorphism f : X → X, naturally it
forms a group under composition of maps and is also said to be the group of automorphisms
of X. If Aut(X) acts transitively on the set of all vertices V (X) of X then X is called a
vertex transitive map. For other related definition, one may refer to [7], [13], [1] [4] [15]
[12] [5] [2].
For a polyhedral complex X with v ∈ V (X) , let N(v) = {u ∈ V (X) : ∃σ ∈
X such that u, v ∈ σ}. For all i ≥ 0, we define the graph Gi(X) as follows: V (Gi(X)) =
V (EG(X)) and [u, v] ∈ EG(Gi(X)) if |N(u) ∩N(v)| = i. Clearly, if X and Y are isomor-
phic, then Gi(X) and Gi(Y ) are isomorphic for all i ≥ 0. The Face sequence (see figure 1)
of a vertex v in a map is a finite cyclically ordered sequence (an11 , a
n2
2 , ..., a
nm
m ) of powers
of positive integers a1, ..., am ≥ 3 and n1, ..., nm ≥ 1, such that through the vertex v, n1
numbers of Ca1 , n2 numbers of Ca2 , ... , nm numbers of Cam are incident in the given cyclic
order where Ci is a cycle of length i. A polyhedral complex X is called Semi-Equivelar Map
if the face sequence of each vertex of X is same. We write Semi-Equivelar Map as SEM.
A SEM with face sequence (an11 , a
n2
2 , ..., a
nm
m ) is also called SEM of type (a
n1
1 , a
n2
2 , ..., a
nm
m ).
For more details, see [1]. For χ = 0 with 12 vertices, SEM are classified in [3]. In this
section we present the existence of maps in the surface of Euler characteristics(χ) −2. In
the present article we show :
Proposition 1.1. A semi equivelar map does not exixt on the surface of double torus with
vertices less than or equal to 11.
It can be proved by easy computation using Eular characteristic equation.
For v = 12 all possible type of face sequences for this surfaces are (32, 42, 6), (33, 62),
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(33, 4, 3, 4)
Figure 1: Some examples of face sequence
(42, 62), (37), (34, 42), (33, 4, 3, 4), (3, 44). It is easy to show that corresponding to face
sequences (32, 42, 6), (33, 62), (42, 62), a semi equivelar map does not exist and the map
(37) is classified in [3] for leq12 vertices.
It has been shown further that the maps described in figure 4 and 5 are non-isomorphic,
(see Lemma 2). Further we will show that :
Theorem 1.1. Let K be a SEM of type (3, 44) on the surface of Euler characteristic (χ) -2
with 12 vertices. IfK is non-orientable then it is isomorphic to one ofKNO1[(3,44)]orKNO2[(3,44)],
given in figure 2. If K is orientable then it is isomorphic to KO1[(3,44)], given in figure 3.
Theorem 1.2. If K is a SEM of type (34, 42) on the surface of Euler characteristic(χ)
−2 with 12 vertices, then K is isomorphic to one of KO1[(34,42)],KO2[(34,42)] or KNO(34,42),
given in figure 4 and 5. The mapsKO1[(34,42)] andKO2[(34,42)] are orientable andKNO[(34,42)]
is non-orientable.
Theorem 1.3. LetK be a SEM of type (33, 4, 3, 4) on the surface of Euler characteristic(χ)
−2 with 12 vertices If K is orientable then it is isomorphic to one of KOi[(33,4,3,4)] given in
figure 6 and if it is non-orientable then it is isomorphic to one of KNOj[(33,4,3,4)] given in
figure 7.
We further show that :
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Lemma 1. Aut(KNO1[(3,44)]) = 〈α1, α2〉 ∼= Z2×Z2, Aut(KNO2[(3,44)]) = 〈β1, β2, β3, β4〉 ∼=
S4, Aut(KO[(3,44)]) = 〈γ〉 ∼= Z12, where α1 = (1, 6)(2, 5)(3, 4)(7, 9)(10, 11), α2 = (0, 8)(1, 7)
(2, 3)(4, 5)(6, 9)(10, 11), β1 = (1, 6)(2, 5)(3, 4)(7, 9)(10, 11), β2 = (0, 6, 1)(2, 8, 5)(3, 7, 10)(4,
11, 9), β3 = (0, 8)(1, 7)(2, 4)(3, 5)(6, 9)(10, 11), β4 = (0, 10)(1, 4)(2, 7)(3, 9)(5, 6)(8, 11) and
γ = (0, 2, 9, 10, 4, 6, 1, 8, 3, 11, 5, 7).
Lemma 2. Aut(KO1[(34,42)]) = 〈α1, α2, α3〉 ∼= Z2×Z2×Z3, Aut(KO2[(34,42)]) = 〈β1, β2, β3〉
∼= D6 and Aut(KNO[(34,42)]) = 〈γ1, γ2〉 ∼= Z2×Z2, where α1 = (0, 3, 2)(1, 4, 5)(6, 8, 9)(7, 10,
11), α2 = (0, 4)(1, 2)(3, 5)(6, 10)(7, 9)(8, 11), α3 = (0, 9)(1, 11)(2, 8)(3, 6)(4, 7)(5, 10), β1 =
(0, 2)(1, 3)(4, 5)(6, 10)(7, 9)(8, 11),β2 = (0, 4, 3)(1, 2, 5)(6, 8, 9)(7, 10, 11), β3 = (0, 6)(1, 11)
(2, 10)(3, 8)(4, 9)(5, 7), γ1 = (0, 4)(1, 2)(3, 5)(6, 10)(7, 9)(8, 11) and γ2 = (0, 7)(1, 8)(2, 11)
(3, 10)(4, 9)(5, 6).
Lemma 3. Aut(KO1[(33,4,3,4)]) = 〈α〉 ∼= Z2, Aut(KO2[(33,4,3,4)]) = 〈α1, α2〉 ∼= Z2 × Z2,
Aut(KNO1[(33,4,3,4)]) = 〈β〉 ∼= Z2, Aut(KNO2[(33,4,3,4)]) = 〈β1, β2〉 ∼= Z2 × Z2,
Aut(KNO3[(33,4,3,4)]) = 〈γ〉 ∼= Z4, where α = (0, 3)(1, 9)(2, 4)(5, 8)(6, 10)(7, 11),
α1 = (0, 2)(1, 3)(4, 9)(5, 11)(6, 8)(7, 10), α2 = (0, 4)(2, 9)(5, 6)(7, 10)(8, 11),
β = (0, 3)(1, 9)(2, 4)(5, 8)(6, 11), β1 = (0, 1)(3, 9)(5, 10)(6, 11)(7, 8), β2 =
(0, 3)(1, 9)(2, 4)(5, 8)(7, 10), γ = (0, 1, 10, 6)(2, 11, 5, 7)(3, 4, 8, 9).
The article is organized in the following manner. In the next section, we present
examples of semi-equivelar maps on the surface of Euler characteristic −2. In the section
following it, we describe the results and their proofs. The technique of the proofs involve
exhaustive search for the desired objects. This leads to a case by case considerations and
enumeration of these objects.
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2. Examples: Semi-equivelar maps on the surface of Euler
characteristic −2
Table 1: Tabulated list of SEMs on the surface of χ = −2 with 12 verticex
Type Maps(M) Aut(M) Orbits comment
KO1[(34,42)]
(34, 42) KO2[(34,42)] D6 [0, 1, 2]12, [0, 3, 4]4 , [0, 5, 6, 7]6 3-isohedral
KNO[(34,42)] Z2 × Z2
[0, 1, 2]4, [0, 2, 3]4, [0, 3, 4]4,
[1, 5, 10]4 , [0, 5, 6, 7]2 , [0, 1, 8, 7]2 ,
[1, 8, 3, 10]2
7-isohedral
(3, 44) KNO1[(3,44)] Z2 × Z2
[0, 3, 4]2, [1, 9, 10]2, [0, 1, 2, 3]4 ,
[0, 6, 7, 8]2 , [1, 2, 11, 6]4 ,
[2, 5, 10, 11]2
5-isohedral
KNO2[(3,44)] S4 [0, 3, 4]4, [0, 1, 2, 3]12 2-isohedral
KO[(3,44)] Z12 [0, 3, 4]4, [0, 1, 2, 3]12 2-isohedral
(33, 4, 3, 4) KO1[(33,4,3,4)] Z2
[0, 1, 2]2, [0, 2, 3]2, [1, 2, 9]2, [0, 6, 7]2,
[5, 7, 9]2, [2, 6, 8]2, [5, 7, 10]2 ,
[5, 6, 11]2 , [0, 4, 5, 6]2 , [0, 1, 8, 7]2 ,
[2, 6, 7, 9]2
11-isohedral
5
KO2[(33,4,3,4)] Z2 × Z2
[0, 1, 2]4, [0, 3, 4]2, [0, 6, 7]4, [3, 5, 6]2,
[5, 8, 20]2 , [5, 7, 8]2, [0, 4, 5, 6]2 ,
[0, 1, 8, 7]4
8-isohedral
KNO1[(33,4,3,4)] Z2
[0, 1, 2]2, [0, 2, 3]2, [0, 6, 7]2, [1, 2, 9]2,
[6, 7, 11]1, [1, 8, 11]2, [2, 8, 10]2,
[5, 8, 10]1, [5, 7, 8]1, [6, 10, 11]1 ,
[0, 4, 5, 6]2 , [0, 1, 8, 7]2 , [1, 4, 10, 11]2
13-isohedral
KNO2[(33,4,3,4)] Z2 × Z2
[1, 2, 3]2, [0, 2, 3]4, [0, 6, 7], [2, 7, 8]2,
[5, 6, 8]2, [6, 7, 10]2, [0, 4, 5, 6]4 ,
[0, 1, 8, 7]2
8-isohedral
KNO3[(33,4,3,4)] Z4
2.1. Figure of existing SEMs
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Figure 2: Non-rientable SEM of type (3, 44)
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Figure 3: Orientable SEM of type (3, 44)
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Figure 4: Orientable SEM of type (34, 42)
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Figure 5: Non-orientable SEM of type (34, 42)
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Figure 6: Orientable SEMs of type (33, 4, 3, 4)
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Figure 7: Non-orientable SEMs of type (33, 4, 3, 4)
3. Proof of results
Lemma 3.1. KNO1[(3,44)] ≇ KNO2[(3,44)], KO[(3,44)] ≇ KNO1[(3,44)],KNO2[(3,44)], in fig-
ure 2 and 3.
Proof. From figure 2 and 3, we see that KNO1[(3,44)],KNO2[(3,44)] are non-orientable and
KO[(3,44)] is orientable, therefore by Lemma 1, it is clear.
Lemma 4. All KO1[(34,42)],KO2[(34,42)] and KNO[(34,42)], in figure 4 and 5, are non-
isomorphic and KO1[(34,42)],KO2[(34,42)] are orientable, KNO[(34,42)] is non-orientable.
Proof. From figure we see that KO1[(34,42)] and KO2[(34,42)] are orientable and KNO[(34,42)]
is non-orientable. Let poly(M) be the characteristic polynomial of edge graph of M where
M is a SEM. Then(by MATLAB [14])
poly(KO1[(34,42)]) = x
12 − 35x10 − 80x9 + 204x8 + 1024x7 + 1456x6 + 768x5 + 64x4
poly(KO2[(34,42)]) = x
12 − 36x10 − 80x9 + 240x8 + 1152x7 + 1600x6 + 768x5.
If KO1[(34,42)] and KO2[(34,42)] are isomorphic then its edge graph EG(KO1[(34 ,42)]) and
EG(KO2[(34,42)]) are also isomorphic and then poly(KO1[(34,42)]) = poly(KO2[(34,42)]), [5].
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We see that poly(KO1[(34,42)]) 6= poly(KO2[(34,42)]). Therefore KO1[(34,42)] ≇ KO2[(34,42)].
Lemma 5. KO1[(33,4,3,4)] ≇ KO1[(3,3,4,3,4)], KNOi[(33,4,3,4)] ≇ KNOj[(33,4,3,4)], for all i 6= j,
i, j = 1, 2, 3 in figure 6 and 7.
Proof. We have G7(KO1[(33,4,3,4)]) = C(0, 9, 10) ∪ C(1, 3, 6), G7(KO2[(34,4,3,4)]) =
C(0, 9, 10) ∪ C(2, 4, 7), G7(KNO1[(33,4,3,4)]) = C(0, 9, 10) ∪ C(1, 3, 6) ∪ C(2, 4, 7),
G7(KNO2[(33,4,3,4)]) = ∅, G7(KNO3[(33,4,3,4)]) = C(0, 9, 11) ∪ C(1, 3, 5) ∪ C(2, 6, 8)
and poly(KNO1[(33,4,3,4)]) = x
12 − 48x10 − 146x9 + 72x8 + 576x7 + 81x6 − 648x5,
poly(KNO3[(33,4,3,4)]) = x
12 − 48x10 − 144x9 + 66x8 + 50x7 + 8x6 − 57x5 − 27x4 + 216x3.
We see that poly(KNO1[(33,4,3,4)]) 6= poly(KNO3[(33,4,3,4)]) and G7(KNO2[(33,4,3,4)]) 6=
G7(KNO1[(33,4,3,4)]), G7(KNO4[(33,4,3,4)]), therefore KNO1[(33,4,3,4)] ≇ KNO3[(33,4,3,4)],
KNO2[(33,4,3,4)] ≇ KNO1[(33,4,3,4)],KNO3[(33,4,3,4)].
If KO1[(3,3,4,3,4)] ∼= KO1[(3,3,4,3,4)], then there exist an isomorphism, say f :
KO1[(33,4,3,4)] → KO2[(33,4,3,4)]. Then from G7(KO1[(33,4,3,4)]) and G7(KO2[(33,4,3,4)]),
f(0) ∈ {0, 2, 4, 7, 9, 10}. If f(0) = 0 then from G7(KO1[(33,4,3,4)]), G7(KO2[(33,4,3,4)]),
lk(0KO1[(33,4,3,4)])
1, lk(0KO2[(33,4,3,4)]), lk(1KO1[(33,4,3,4)]) and lk(4KO2[(33,4,3,4)]), we get f =
(1, 4)(2, 3)(5, 8)(6, 7)(10, 11). But [2, 9, 7, 6] is a face of KO1[(33,4,3,4)] and f([2, 9, 7, 6]) =
[3, 9, 6, 7], [3, 9, 6, 7] is not a face of KO2[(33,4,3,4)], make a contradiction. If f(0) = 2
then from G7(KO1[(33,4,3,4)]), G7(KO2[(33,4,3,4)]), lk(0KO1[(33,4,3,4)]) and lk(2KO2[(33,4,3,4)]),
we get f(1) = 9, f(2) = 1, f(3) = 0, f(4) = 3, f(5) = 6, f(6) = 10, f(7) =
8, f(8) = 11. Now from lk(0KO2[(33,4,3,4)]) and lk(3KO1[(33,4,3,4)]), we get f(5) = 5,
which make contradiction. If f(0) = 4 then from G7(KO1[(33,4,3,4)]), G7(KO2[(33,4,3,4)]),
lk(0KO1[(33,4,3,4)]), lk(0KO2[(33,4,3,4)]), lk(1KO1[(33,4,3,4)]), lk(4KO2[(33,4,3,4)]), we get f =
(0, 4, 1)(2, 3, 9)(5, 11, 7)(6, 10, 8). Now C(0, 9, 10) is a cycle in G7(KO1[(33,4,3,4)]), but
f(C(0, 9, 10)) = C(4, 2, 8) is not a cycle in G7(KO2[(33,4,3,4)]), make contradiction. If
1
lk(0M ) = lk(0) of the polyhedron M
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f(0) = 7 then from lk(0KO1[(33,4,3,4)]) and lk(7KO2[(33,4,3,4)]), we have f(4) ∈ {0, 9}, but
from G7(KO1[(33,4,3,4)]) and G7(KO2[(33,4,3,4)]), it is not possible. If f(0) = 9 then
from G7(KO1[(33,4,3,4)]), G7(KO2[(33,4,3,4)]), lk(0KO[(33,4,3,4)]) and lk(9KO2[(33,4,3,4)]), we get
f(1) = 2, f(2) = 1, f(3) = 4, f(4) = 3, f(5) = 5, f(6) = 7, f(7) = 11, f(8) = 8 and then
f([8, 2, 6]) = [8, 1, 7] where [8, 2, 6] is a face of KO1[(33,4,3,4)] but [8, 1, 7] is not a face of
KO1[(33,4,3,4)], which make contradiction. If f(0) = 10 then from lk(0KO1[(33,4,3,4)]) and
lk(10KO2[(33,4,3,4)]), we have f(4) ∈ {2, 4} which is not possible, from G7(KO1[(33,4,3,4)]),
G7(KO2[(33,4,3,4)]). Therefore KO1[(3,3,4,3,4)] ≇ KO1[(3,3,4,3,4)].
Proof of Lemma 1. We have if f be an automorphism of K, then f is also an automor-
phism of Gi(K) for i = 1, 2, 3, ..., 12.
Now for KNO1[(3,44)], G7(KNO1[(3,44)]) = C(1, 2, 6, 5) ∪ C(3, 7, 4, 9) and
G8(KNO1[(3,44)]) = C(1, 4, 2, 9, 6, 3, 5, 7) ∪ {[0, 8], [0, 10], [0, 11], [8, 10], [8, 11], [10, 11]}. Let
α ∈ Aut(KNO1[(3,44)]), then α is also an automorphism of Gi(KNO1[(3,44)]), i = 7, 8, there-
fore α(0) ∈ {0, 8, 10, 11}. Now if α(0) = 0 then α(8) = 8 and α(1) ∈ {1, 6}. If α(1) = 1 then
from lk(0), lk(1) we get α(i) = i for all i ∈ V i.e. α = IdKNO1[(3,44)] . If α(1) = 6 then form
lk(0), lk(1), lk(6) of KNO1[(3,44)], we get α = α1. If α(0) = 8 then α(1) ∈ {7, 9}. When
α(1) = 7 then from lk(0), lk(1), lk(7) of KNO1[(3,44)], we get α = α2 and when α(1) = 9
then form lk(0), lk(1), lk(9) ofKNO1[(3,44)], we get α = (0, 8)(1, 9)(2, 4)(3, 5)(6, 7) = α1◦α2.
Now if α(0) = 10 then from lk(0) we get α(1) ∈ {3, 5}. If α(1) = 3 then from
lk(0), lk(1), lk(3), lk(10) we get α = (0, 10)(1, 3, 9, 4)(2, 7)(5, 6)(8, 11) and then α(C(1, 2, 6,
5)) = C(3, 7, 5, 6) /∈ G7(KNO1[(3,44)]), therefore α /∈ Aut(KNO1[(3,44)]). If α(1) = 5
then similarly we get α = (0, 10)(1, 5, 7, 4, 9, 2, 6, 3)(8, 11) which implies α(C(1, 2, 6, 5)) =
C(5, 6, 3, 7) /∈ G7(KNO1[(3,44)]), therefore α /∈ Aut(KNO1[(3,44)]). Now if α(0) = 11
then α(1) ∈ {1, 4}. If α(1) = 1 then form lk(0), lk(1), lk(11) of KNO1[(3,44)], we get
α(2) = 2, α(3) = 6, α(4) = 7, α(5) = 9, α(6) = 4, α(7) = 3, α(8) = 10, α(9) = 5 which im-
plies α(C(1, 2, 6, 5)) = C(1, 2, 4, 9) /∈ G7(KNO1[(3,44)]), therefore α /∈ Aut(KNO1[(3,44)]).
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Similarly, if α(1) = 4 we get α = (0, 11)(1, 4, 6)(2, 9, 3, 7, 5)(8, 10) and then α([4, 9, 7, 11]) =
[6, 3, 5, 0] where [4, 9, 7, 11] is a face of KNO1[(3,44)], but [6, 3, 5, 0] is not a face of
KNO1[(3,44)], therefore α /∈ Aut(KNO1[(3,44)]). Therefore Aut(KNO1[(3,44)]) = 〈α1, α2〉
and using GAP [10], we get 〈α1, α2〉 ∼= Z2 × Z2.
Let β ∈ Aut(KNO2[(3,44)]), then β(0) ∈ V . In this paragraph, we consider lk(v) as link
of v in KNO2[(3,44)]. If β(0) = 0 then from lk(0), we get β(3) ∈ {3, 4}. If β(3) = 3 then
from lk(0), lk(3), we get β = IdKNO2[(3,44)] . If β(3) = 4 then from lk(0), lk(3), lk(4), we get
β = β1. Now if β(0) = 1 then from lk(0), lk(1) we get β(3) ∈ {9, 10}. If β(3) = 9 then
from lk(0), lk(1), lk(3), lk(9), β = (0, 1)(2, 8)(3, 9)(4, 10)(7, 11) = β2 ◦ β1 and if β(3) = 10
then from lk(0), lk(1), lk(3), lk(10), we get β = (0, 1, 6)(2, 5, 8)(3, 10, 7)(4, 9, 11) = β2 ◦
β1 ◦ β2. Now if β(0) = 2 then from lk(0), lk(2), we see that β(3) ∈ {5, 8}. From
lk(0), lk(1), lk(2), lk(3), we get, when β(3) = 5 then β = (0, 2, 10, 7)(1, 11, 4, 8)(3, 5, 9, 6) =
β4◦β1◦β4◦β
2
2 and when β(3) = 9 then β = (0, 2, 9)(1, 3, 8)(4, 5, 10)(6, 11, 7) = β3◦β
2
2 . Now if
β(0) = 3 then from lk(0), lk(3), we get β(3) ∈ {0, 4}. From lk(0), lk(3), lk(4), we get, when
β(3) = 0 then β = (0, 3)(1, 2)(5, 10)(6, 11)(8, 9) = β1 ◦ β4 ◦ β2 and when β(3) = 4 then β =
(0, 3, 4)(1, 11, 5)(2, 10, 6)(7, 9, 8) = β4◦β2. If β(0) = 4 then lk(0), lk(4), we get β(3) ∈ {0, 3}.
From lk(0), lk(3), lk(4), we get, when β(3) = 0 then β = (0, 4, 3)(1, 5, 11)(2, 6, 10)(7, 9, 8) =
β3 ◦ β
2
2 ◦ β3 and when β(3) = 4 then β = (0, 4)(1, 10)(2, 11)(5, 6)(7, 8) = β4 ◦ β2 ◦ β1. If
β(0) = 5 then from lk(0), lk(5), we get β(3) ∈ {2, 8}. From lk(0), lk(2), lk(3), lk(5), lk(8),
we get, when β(3) = 2 then β = (0, 5, 7)(1, 10, 9)(2, 11, 3)(4, 8, 6) = β4 ◦ β1 ◦ β4 ◦ β
2
2 ◦
β1 and when β(3) = 8 then β = (0, 5, 11, 9)(1, 4, 2, 7)(3, 8, 6, 10) = β4 ◦ β1 ◦ β4 ◦ β2.
If β(0) = 6 then from lk(0), lk(6), we get β(3) ∈ {7, 11}. From lk(0), lk(3), lk(6),
lk(7), lk(11), we get, when β(3) = 7 then β = β2 and when β(3) = 11 then β =
(0, 6)(3, 11)(4, 7)(5, 8)(9, 10) = β1 ◦ β2. If β(0) = 7 then from lk(0), lk(7), we get β(3) ∈
{6, 11}. From lk(0), lk(3), lk(6), lk(7), lk(11), we get, when β(3) = 6 then β = (0, 7, 10, 2)(1,
8, 4, 11)(3, 6, 9, 5) = β2 ◦β3 ◦β1 and when β(3) = 11 then β = (0, 7, 5)(1, 9, 10)(2, 3, 11)(4, 6,
8) = β3 ◦ β2 ◦ β3 ◦ β2. If β(0) = 8 then from lk(0), lk(8), we get β(3) ∈ {2, 5}. From
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lk(0), lk(2), lk(3), lk(5), lk(8), we get, when β(3) = 2 then β = (0, 8)(1, 9)(2, 3)(4, 5)(6, 7) =
β4 ◦ β1 ◦ β4 and when β(3) = 5 then β = β3. If β(0) = 9 then from lk(0), lk(9), we
get β(3) ∈ {1, 10}and then from lk(0), lk(1), lk(3), lk(9), lk(10), we get, when β(3) = 1
then β = (0, 9, 2)(1, 8, 3)(4, 10, 5)(6, 7, 11) = β2 ◦ β3 and when β(3) = 10 then β =
(0, 9, 11, 5)(1, 7, 2, 4)(3, 10, 6, 8) = β4 ◦ β1 ◦ β2. If β(0) = 10 then form lk(0), lk(10), we get
β(3) ∈ {1, 9} and then from lk(0), lk(1), lk(3), lk(9), lk(10), we get, when β(3) = 1 then
β = (0, 10, 8, 11)(1, 5, 7, 3)(2, 6, 4, 9) = β1 ◦β4 and when β(3) = 9 then β = β4. If β(0) = 11
then from lk(0), lk(11), we get β(3) ∈ {6, 7} and then from lk(0), lk(3), lk(6), lk(7), lk(11),
we get, when β(3) = 6 then β = (0, 11)(1, 2)(3, 6)(4, 7)(5, 9)(8, 10) = β4 ◦ β3 and when
β(3) = 7 then β = (0, 11, 8, 10)(1, 3, 7, 5)(2, 9, 4, 6) = β4 ◦ β1. Therefore, we see that
Aut(KNO2[(3,44)]) = 〈β1, β2, β3, β4〉 and by GAP[10], we get 〈β1, β2, β3, β4〉 ∼= S4.
In this paragraph, we consider lk(v) link of v in KO[(3,44)]. We have G8(KO[(3,44)]) = {
[0,1], [0,10], [0,11], [1,10], [1,11], [10,11], [2,4], [2,5], [2,8], [4,5], [4,8], [5,8], [3,6], [3,7],
[3,9], [6,7], [6,9], [7,9]}. Let f ∈ Aut(KO[(3,44)]), then f(0) ∈ V . Now if f(0) = 0
then from G8(KO[(3,44)]) and lk(0), we get f(1) = 1 and then from lk(0), lk(1) we have
f = IdKO[(3,44)] = γ
12. If f(0) = 1 then fromG8(KO[(3,44)]) and lk(0), lk(1), we get f(1) = 0
and therefore from lk(0), lk(1), lk(6), lk(7), f = (0, 1)(2, 8)(3, 9)(4, 5)(6, 7)(10, 11) = γ6. If
f(0) = 2 then from G8(KO[(3,44)]) and lk(0), lk(2), we get f(1) = 8 and therefore from
lk(0), lk(1), lk(2), lk(8), f = γ. If f(0) = 3 then from G8(KO[(3,44)]) and lk(0), lk(3), we get
f(1) = 9 and therefore from lk(0), lk(1), lk(3), lk(9), f = (0, 3, 4)(1, 9, 5)(2, 11, 6)(7, 8, 10) =
γ8. Similarly, if f(0) = 4, 5 then from G8(KO[(3,44)]), lk(0), lk(1), lk(4), lk(5), we get
f = (0, 4, 3)(1, 5, 9)(2, 6, 11)(7, 10, 8) = γ4 and f = (0, 5, 3, 1, 4, 9)(2, 7, 11, 8, 6, 10) = γ10,
respectively. If f(0) = 6, 7 then from G8(KO[(3,44)]), lk(0), lk(1), lk(6), lk(7), we get f =
(0, 6, 5, 10, 3, 2, 1, 7, 4, 11, 9, 8) = γ5 and f = (0, 7, 5, 11, 3, 8, 1, 6, 4, 10, 9, 2) = γ11, respec-
tively. If f(0) = 8 then from G8(KO[(3,44)]), lk(0), lk(1), lk(2), lk(8), we get f = (0, 8, 9, 11,
4, 7, 1, 2, 3, 10, 5, 6) = γ7. If f(0) = 9 then from G8(KO[(3,44)]), lk(0), lk(1), lk(3), lk(9), we
get f = (0, 9, 4, 1, 3, 5)(2, 10, 6, 8, 11, 7) = γ2. If f(0) = 10, 11 then fromG8(KO[(3,44)]), lk(0),
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lk(1), lk(10), lk(11), we get f = (0, 10, 1, 11)(2, 4, 8, 5)(3, 7, 9, 6) = γ3 and f = (0, 11, 1, 10)
(2, 5, 8, 4)(3, 6, 9, 7) = γ9, respectively. Therefore, Aut(KO[(3,44)]) = 〈γ〉 and by GAP[10],
we get 〈γ〉 ∼= Z12.
Proof of Lemma 2. G5(KO1[(34,42)]) = {[0,2], [0,3], [2,3], [1,4], [1,5], [4,5], [6,8], [6,9],
[8,9], [7,10], [7,11], [10,11]}, G5(KO2[(34,42)]) = {[0,3], [0,4], [3,4], [1,2], [1,5], [2,5], [6,8],
[6,9], [8,9], [7,10], [7, 11], [10,11]} and G4(KNO[(34,42)]) = {[0,4], [0,7], [0,8], [1,2], [1,7],
[1,8], [2,9], [2,11], [3,6], [3,10], [4,9], [4,11], [5,6], [5,10], [7,9], [8,11]}
We see that for 1 ≤ i ≤ 3 and 1 ≤ j ≤ 2, αi’s, βi’s and γj’s are automorphisms of
KO1[(34,42)], KO2[(34,42)] and KNO[(34,42)], respectively. Now let α, β, γ be any automor-
phism of KO1[(34,42)],KO2[(34,42)],KNO[(34,42)], respectively. Then α, β, γ induced an auto-
morphism (also denoted by α, β, γ) on Gi(KO1[(34,42)]), Gi(KO2[(34,42)]), Gi(KNO[(34,42)])
respectively. Now α(0) = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 or 11. If α(0) = 3, 4 or 10 then
α = α1, α2 or α3, respectively. Now, if α(0) = 0 then lk(0) map to lk(0) under α
and then from induced graph of Gi(KO1[(34,42)]), we get α(2) = 2 and then α(i) = i
for 1 ≤ i ≤ 11, which implies α = identity = α2 ◦ α2. If α(0) = 1 then from E5,1
and to complete lk(2), α(2) has to be 5 and then α(1) = 3, α(3) = 4, α(4) = 2, α(5) =
0, α(6) = 7, α(8) = 10, α(9) = 11. As α(1) = 3, therefore α(10) = 9 and α(11) = 6.
Therefore α = (0, 1, 3, 4, 2, 5)(6, 7, 8, 10, 9, 11) = α21 ◦ α2. Similarly, if α(0) = 2 then
α = (0, 2, 3)(1, 5, 4)(6, 9, 8)(7, 11, 10) = α21. If α(0) = 5 then α = (0, 5, 2, 4, 3, 1)(6, 11, 9,
10, 8, 7) = α1 ◦ α2. If α(0) = 6 then α = (0, 6, 2, 9, 3, 8)(1, 7, 5, 11, 4, 10) = α1 ◦ α3. If
α(0) = 7 then α = (0, 7)(1, 8)(2, 11)(3, 10)(4, 9)(5, 6) = α2 ◦ α3. If α(0) = 8 then α =
(0, 8, 3, 9, 2, 6)(1, 10, 4, 11, 5, 7) = α3◦α
2
1. If α(0) = 10 then α = (0, 10, 2, 7, 3, 11)(1, 9, 5, 8, 4,
6) = α3◦α1◦α2. If α(0) = 11 then α = (0, 11, 3, 7, 2, 10)(1, 6, 4, 8, 5, 9) = α3◦α
2
1◦α2. These
are the all automorphism of KO1[(34,42)] and can express as the composition of α1, α2, α3.
Therefore Aut(KO1[(34,42)]) = 〈α1, α2, α3〉 ∼= Z2 × Z2 × Z3.
Now β(0) = i for 0 ≤ i ≤ 11. β = β1, β2, β3 for β(0) = 2, 4, 6, respectively. If β(0) = 0 then
from induced map on Gi(KO2[(34,42)]) and lk(0) we see that β(i) = i for 1 ≤ i ≤ 11 which
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implies β = identity = β21 . Similarly if β(0) = 1 then β = (0, 1, 4, 2, 3, 5)(6, 7, 8, 10, 9, 11) =
β1 ◦ β
2
2 . If β(0) = 3 then β = (0, 3, 4)(1, 5, 2)(6, 9, 8)(7, 11, 10) = β
2
2 . If β(0) = 5 then β =
(0, 5, 3, 2, 4, 1)(6, 11, 9, 10, 8, 7) = β1 ◦ β2. If β(0) = 7 then β = (0, 7)(1, 6)(2, 9)(3, 10)(4, 11)
(5, 8) = β2 ◦ β3. If β(0) = 8 then β = (0, 8)(1, 7)(2, 11)(3, 9)(4, 6)(5, 10) = β
2
2 ◦ β3 ◦ β1.
If β(0) = 9 then β = (0, 9)(1, 10)(2, 7)(3, 6)(4, 8)(5, 11) = β22 ◦ β3. If β(0) = 10 then β =
(0, 10)(1, 8)(2, 6)(3, 11)(4, 7)(5, 9) = β1 ◦β3. If β(0) = 11 then β = (0, 11)(1, 9)(2, 8)(3, 7)(4,
10)(5, 6) = β3 ◦ β1 ◦ β
2
2 . These are all automorphism maps of KO2[(34,42)] and can express
as the composition of β1, β2 and β3. Therefore Aut(KO2[(34,42)]) = 〈β1, β2, β3〉 ∼= D6 (of
order 12).
Now for induced map γ on Gi(KNO[(34,42)]), we see that γ(0) = 0, 1, 2, 4, 7, 8, 9, 11. γ =
γ1, γ2 for γ(0) = 4, 7 respectively. If γ(0) = 0 then from KN1,1 and lk(0), we see that
γ(i) = i for 1 ≤ i ≤ 11 which implies γ = identity = γ21 . If γ(0) = 1, 2, 8, 11 then
lk(0) map to lk(1), lk(2), lk(8), lk(11) respectively, under γ and then γ(1) = 10, 6, 3, 5 re-
spectively. In each case, we see that G4(KNO[(34,42)]) is not automorphic. If γ(0) = 9
then lk(0) map to lk(9) and then we get γ = (0, 9)(1, 11)(2, 8)(3, 6)(4, 7)(5, 10) = γ1 ◦ γ2.
Therefore we can see that every automorphism map of KNO[(34,42)] can express as the
composition of γ1 and γ2. Hence Aut(KNO[(34,42)]) = 〈γ1, γ2〉 ∼= Z2 × Z2.
Proof of Lemma 3. We have G7(KO1[(33,4,3,4)]) = C(0, 9, 10) ∪ C(1, 3, 6). Let φ be an
automorphism map of KO1[(33,4,3,4)], therefore from G7(KO1[(33,4,3,4)]) we get φ(0), φ(1) ∈
{0, 1, 3, 6, 9, 10} and φ(4) ∈ {2, 4, 5, 7, 8, 11}. Now if φ(0) = 0, then from lk(0), we get
φ(4) = 4 which implies φ = IdKO1[(33,4,3,4)] . If φ(0) = 1 then from lk(0) and lk(4), we get
φ(1) = 0, φ(3) = 9, φ(4) = 4, φ(6) = 11. Now φ(C(1, 3, 6)) = C(0, 9, 11), but C(1, 3, 5) is a
cycle and C(0, 9, 11) is not a cycle in G7(KO1[(33,4,3,4)]), is a contradiction. If φ(0) = 3 then
from lk(0), lk(2), lk(3), lk(4), we get φ = (0, 3)(1, 9)(2, 4)(5, 8)(6, 10)(7, 11) = α. If φ(0) = 6
then from lk(0) and lk(6) we get φ(1) ∈ {2, 5}, is a contradiction. If φ(0) = 9 then from
lk(0), lk(9), we get φ(4) = 2, φ(1) = 3, φ(3) = 1, φ(5) = 6 which implies φ(C(1, 3, 5)) =
C(1, 3, 6). But C(1, 3, 5) is a cycle and C(1, 3, 6) is not a cycle in G7(KO1[(33,4,3,4)]), is a
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contradiction. If φ(0) = 10 then from lk(0), lk(10), we get φ(1) ∈ {4, 10}, is a contradiction.
Therefore Aut(KO1[(33,4,3,4)]) = 〈α〉 = Z2.
G7(KO2[(33,4,3,4)]) = C(0, 9, 10) ∪ C(2, 4, 7). Let φ be an automorphism map of
KO2[(33,4,3,4)], therefore from G7(KO2[(33,4,3,4)]) we get φ(0), φ(4) ∈ {0, 2, 4, 7, 9, 10} and
φ(1) ∈ {1, 3, 5, 6, 8, 11}. If φ(0) = 0, then from lk(0), lk(1), we get φ = IdKO2[(33,4,3,4) .
If φ(0) = 2 then from lk(0), lk(2), we get φ = (0, 2)(1, 3)(4, 9)(5, 11)(6, 8)(7, 10) = α1.
If φ(0) = 4 then from lk(0), lk(4), we get φ = (0, 4)(2, 9)(5, 6)(7, 10)(8, 11) = α2. If
φ(0) = 7 then from lk(0), lk(7), we get φ(1) ∈ {0, 9}, is a contradiction. If φ(0) = 9,
then from lk(0), lk(1), lk(3), lk(9), we get φ = (0, 9)(1, 3)(2, 4)(5, 8)(6, 11) = α1 ◦ α2. If
φ(0) = 10 then from lk(0), lk(10), we get φ(1) ∈ {2, 4}, is a contradiction. Therefore
Aut(KO2[(33,4,3,4)]) = 〈α1, α2〉 = Z2 × Z2.
G7(KNO1[(33,4,3,4)]) = C(0, 9, 11) ∪ C(1, 3, 6) ∪ C(2, 4, 7) and G6(KNO1[(33,4,3,4)]) =
{[0, 10], [3, 10], [7, 10], [1, 5], [2, 5], [5, 11], [4, 8], [6, 8], [8, 9]}. Let φ be an automorphism map
of KO2[(33,4,3,4)], therefore from G6(KNO1[(33,4,3,4)]), we get φ(10) ∈ {5, 8, 10}. If
φ(10) = 5 then φ(2) ∈ {4, 7}. φ(2) = 4 implies φ = (0, 11, 9)(1, 3)(2, 4, 7)(5, 8, 10),
but φ(KNO1[(33,4,3,4)]) 6= KNO1[(33,4,3,4)], is a contradiction. φ(2) = 7 implies φ =
(0, 1)(2, 7)(3, 11, 6, 9)(5, 10), but φ(KNO1[(33,4,3,4)]) 6= KNO1[(33,4,3,4)], is a contradiction.
If φ(10) = 8 then φ(2) ∈ {2, 7}. φ(2) = 2 implies φ = (0, 6, 11, 1)(3, 9)(4, 7)(8, 10),
but φ(KNO1[(33,4,3,4)]) 6= KNO1[(33,4,3,4)], is a contradiction. φ(2) = 7 implies φ =
(0, 9)(1, 3, 6)(4, 2, 7)(5, 10, 8), but φ(KNO1[(33,4,3,4)]) 6= KNO1[(33,4,3,4)], is a contradic-
tion. If φ(0) = 10 then φ(2) ∈ {2, 4}. If φ(2) = 2, then from lk(2), lk(10),
we get φ = IdKNO1[(33,4,3,4)] . If φ(2) = 4, then from lk(2), lk(10), we get φ =
(0, 3)(1, 9)(2, 4)(5, 8)(6, 11) = β. Therefore Aut(KNO1[(33,4,3,4)]) = 〈β〉 = Z.
G5(KNO2[(33,4,3,4)]) = C(0, 2, 1, 9, 4, 3) ∪ C(5, 6, 8, 7, 11, 10) and let φ be an au-
tomorphism map of KNO2[(33,4,3,4)]. Therefore φ(0) ∈ V . If φ(0) = 0 then
from G5(KNO2[(33,4,3,4)]), we get φ(1) ∈ {1, 4}. If φ(1) = 1, then from lk(1)
and G5(KNO2[(33,4,3,4)]), we get φ = IdKNO2[(33,4,3,4)] and if φ(1) = 4 then from
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lk(1), lk(4) and G5(KNO2[(33,4,3,4)]) we get φ = (1, 4)(2, 3)(5, 8)(6, 7)(10, 11) = φ1(say).
But φ1([5, 6, 8]) = [8, 7, 5], which is not a face of KNO2[(33,4,3,4)]. Therefore φ1 is
not an automorphism map. If φ(0) = 1, then from G5(KNO2[(33,4,3,4)]), we get
φ(1) ∈ {0, 4}. If φ(1) = 0 then from lk(0), lk(1), lk(4) and KNO2[(33,4,3,4)], we get
φ = (0, 1)(3, 9)(5, 10)(6, 11)(7, 8) = β1. If φ(1) = 4 then from lk(0), lk(1), lk(4) and
G5(KNO2[(33,4,3,4)]), we get φ = (0, 1, 4)(2, 9, 3)(5, 7, 11)(6, 8, 10) = φ2(say). Then
φ2([5, 6, 8]) = [7, 8, 10], which is not a face, make a contradiction. Therefore φ2 is
not an automorphism map. If φ(0) = 2 then from G5(KNO2[(33,4,3,4)]) we get φ(1) ∈
{3, 9}. If φ(1) = 3 then from lk(0), lk(1), lk(2), lk(3) and G5(KNO2[(33,4,3,4)]), we get
φ = (0, 2)(1, 3)(4, 9)(5, 11, 10)(6, 7, 8) = φ3(say). But φ3([5, 6, 8]) = [11, 7, 6], which is
not a face, make a contradiction. Therefore φ3 is not an automorphism map. Simi-
larly if φ(1) = 9 then we get φ = (0, 2, 1, 9, 4, 3)(5, 6, 8, 11), which is also not an au-
tomorphism map. If φ(0) = 3 then from G5(KNO2[(33,4,3,4)]), we get φ(1) ∈ {2, 9}.
If φ(1) = 2 then from lk(0), lk(1), lk(2), lk(3) and G5(KNO2[(33,4,3,4)]) we get φ =
(0, 3, 4, 9, 1, 2)(5, 6, 10, 11, 7) = φ4(say). But φ4([5, 6, 8]) = [6, 10, 8], which is not a face,
make a contradiction. Therefore φ4 is not an automorphism map. If φ(1) = 9, then from
lk(0), lk(1), lk(3), lk(9) and G5(KNO2[(33,4,3,4)]), we get φ = (0, 3)(1, 9)(2, 4)(5, 8)(7, 10) =
β2. If φ(0) = 4 then from G5(KNO2[(33,4,3,4)]), we get φ(1) ∈ {0, 1}. By similar to
above, if φ(1) = 0 then φ = (0, 4, 1)(2, 3, 9)(5, 11, 7)(6, 10, 8) = φ5(say) and if φ(1) = 1
then φ = (0, 4)(2, 9)(5, 6)(7, 10)(8, 11) = φ6(say) and both φ5, φ6 are not an automor-
phism maps. If φ(0) = 5, then from G5(KNO2[(33,4,3,4)]) we get φ(1) ∈ {8, 11} and from
lk(0), lk(5) we get φ(1) ∈ {6, 9}, which make a contradiction. If φ(0) = 6 then from
G5(KNO2[(33,4,3,4)]) we get φ(1) ∈ {7, 10} and from lk(0), lk(6), we get φ(1) ∈ {0, 3},
make a contradiction. If φ(0) = 7, then from G5(KNO2[(33,4,3,4)]) we get φ(1) ∈ {6, 10}
and from lk(0), lk(7), we get φ(1) ∈ {0, 11}, is a contradiction. If φ(0) = 8 then from
G5(KNO2[(33,4,3,4)]), we get φ(1) ∈ {5, 11} and from lk(0), lk(8), we get φ(1) ∈ {1, 6},
is a contradiction. If φ(0) = 10, then from G5(KNO2[(33,4,3,4)]), we get φ(1) ∈ {6, 7}
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and from lk(0), lk(10), we get φ(1) ∈ {3, 11}, is a contradiction. If φ(0) = 11, the from
G5(KNO2[(33,4,3,4)]), we get φ(1) ∈ {5, 8} and from lk(0), lk(11), we get φ(1) ∈ {1, 9},
is a contradiction. If φ(0) = 9 then from G5(KNO2[(33,4,3,4)]), we get φ(1) ∈ {2, 3}.
If φ(1) = 2, then φ = (0, 9)(1, 2)(3, 4)(5, 10, 6)(7, 11, 8), which is not an automorphism
map and if φ(1) = 3 then φ = (0, 9)(1, 3)(2, 4)(5, 7)(6, 11)(8, 10) = β1 6 β2. Therefore
Aut(KNO2[(33,4,3,4)]) = 〈β1, β2〉 = Z2 × Z2.
G7(KNO3[(33,4,3,4)]) = C(0, 9, 11) ∪ C(1, 3, 5) ∪ C(2, 6, 8) ∪ C(4, 7, 10). Let φ be an
automorphism map of KNO3[(33,4,3,4)]. Then φ(0) ∈ V . If φ(0) = 0 then from lk(0),
we get φ(1) ∈ {1, 4}. If φ(1) = 1, then φ = IdKNO3[(33,4,3,4)] . If φ(1) = 4 then from
lk(0), we get φ(2) = 3, φ(3) = 2, which implies φ([1, 3]) = [4, 2]. But [1, 3] is an edge
in G7(KNO3[(33,4,3,4)]), [4, 2] is not an edge in G7(KNO3[(33,4,3,4)]), is a contradiction.
If φ(0) = 1 then from lk(0), lk(1), we get φ(1) ∈ {8, 10}. If φ(1) = 8 then φ(2) =
4, φ(3) = 11, which implies φ([1, 3]) = [8, 11]. [1, 3] is an edge in G7(KNO3[(33,4,3,4)]),
but [8, 11] is not an edge in G7(KNO3[(33,4,3,4)]), is a contradiction. If φ(1) = 10,
then φ = (0, 1, 10, 6)(2, 11, 5, 7)(3, 4, 8, 9) = α1. If φ(0) = 2, then from lk(0), lk(2) and
G7(KNO3[(33,4,3,4)]), we have φ(1) ∈ {1, 11}. φ(1) = 1 implies φ(9) = 6, φ(11) = 4,
from lk(0), lk(1), lk(2). Therefore φ(C(0, 9, 11)) = C(2, 6, 4). C(0, 9, 11) is a cycle in
G7(KNO3[(33,4,3,4)]), but C(2, 6, 4) is not a cycle in G7(KNO3[(33,4,3,4)]), is a contradic-
tion. φ(1) = 11 implies φ(2) = 3, φ(6) = 9, therefore φ([2, 6]) = [3, 9]. [2, 6] is an edge
of G7(KNO3[(33,4,3,4)]), but [3, 9] is not an edge of G7(KNO3[(33,4,3,4)]), is a contradic-
tion. When φ(0) = 3 then from lk(0), lk(3), we get φ(1) ∈ {4, 11}. φ(1) = 4 implies
φ(2) = 0, φ(6) = 6, therefore φ([2, 6]) = [0, 6]. [2, 6] is an edge but [0, 6] is not an edge of
G7(KNO3[(33,4,3,4)]), is a contradiction. φ(1) = 11 implies φ(2) = 2, φ(6) = 9, therefore
φ([2, 6]) = [2, 9]. [2, 6] is an edge but [2, 9] is not an edge of G7(KNO3[(33,4,3,4)]), is a
contradiction. When φ(0) = 4 then lk(0), lk(4), we get φ(1) ∈ {5, 8}. φ(1) = 5 implies
φ(2) = 11, φ(6) = 3, therefore φ([2, 6]) = [11, 3]. [2, 6] is an edge but [11, 3] is not an
edge of G7(KNO3[(33,4,3,4)]), is a contradiction. φ(1) = 8 implies φ(3) = 11, therefore
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φ([1, 3]) = [8, 11]. [1, 3] is an edge but [8, 11] is not an edge of G7(KNO3[(33,4,3,4)]), is
a contradiction. When φ(0) = 5 then from lk(0), lk(5), we get φ(1) ∈ {6, 7}. φ(1) = 6
implies φ(2) = 10, φ(6) = 11, therefore φ([2, 6]) = [10, 11]. [2, 6] is an edge but [10, 11] is
not an edge of G7(KNO3[(33,4,3,4)]), is a contradiction. φ(1) = 7 implies φ(2) = 8, φ(6) = 4,
therefore φ([2, 6]) = [8, 4]. [2, 6] is an edge but [8, 4] is not an edge of G7(KNO3[(33,4,3,4)]),
is a contradiction. When φ(0) = 6 then from lk(0), lk(6), we get φ(1) ∈ {0, 3}. φ(1) = 0
implies φ = (0, 6, 10, 1)(2, 7, 5, 11)(3, 9, 8, 4) = α31. φ(1) = 3 implies φ(3) = 7, therefore
φ([1, 3]) = [3, 7]. [1, 3] is an edge but [3, 7] is not an edge of G7(KNO3[(33,4,3,4)]), is a con-
tradiction. When φ(0) = 7 then from lk(0), lk(7), we get φ(1) ∈ {0, 2}. φ(1) = 0 implies
φ(2) = 6, φ(6) = 5, therefore φ([2, 6]) = [6, 5]. [2, 6] is an edge but [6, 5] is not an edge
of G7(KNO3[(33,4,3,4)]), is a contradiction. φ(1) = 2 implies φ(3) = 6, φ(5) = 1, therefore
φ([3, 5]) = [6, 1]. [3, 5] is an edge but [6, 1] is not an edge of G7(KNO3[(33,4,3,4)]), is a con-
tradiction. When φ(0) = 8 then from lk(0), lk(8), we get φ(1) ∈ {7, 9}. φ(1) = 7 implies
φ(2) = 5, φ(6) = 4, therefore φ([2, 6]) = [5, 4]. [2, 6] is an edge but [5, 4] is not an edge, is
a contradiction. φ(1) = 9 implies φ(3) = 5, therefore φ([1, 3]) = [9, 5]. [1, 3] is an edge but
[9, 4] is not an edge of G7(KNO3[(33,4,3,4)]), is a contradiction. When φ(0) = 9 then from
lk(0), lk(9), we get φ(1) ∈ {2, 3}. φ(1) = 2 implies φ(3) = 9, therefore φ([1, 3]) = [2, 9].
[1, 3] is an edge but [2, 9] is not an edge of G7(KNO3[(33,4,3,4)]), is a contradiction. φ(1) = 3
implies φ(3) = 7, therefore φ([1, 3]) = [3, 7]. [1, 3] is an edge but [3, 7] is not an edge of
G7(KNO3[(33,4,3,4)]), is a contradiction. When φ(0) = 10 then from lk(0), lk(10), we get
φ(1) ∈ {6, 9}. φ(1) = 6 implies φ = (0, 10)(1, 6)(2, 5)(3, 8)(4, 9)(7, 11) = α21. φ(1) = 9
implies φ(3) = 5, therefore φ([1, 3]) = [9, 5]. [1, 3] is an edge but [9, 5] is not an edge of
G7(KNO3[(33,4,3,4)]), is a contradiction. When φ(0) = 11 then from lk(0), lk(11), we get
φ(1) ∈ {5, 10}. φ(1) = 5 implies φ(2) = 4, φ(6) = 3, therefore φ([2, 6]) = [4, 3]. [2, 6] is an
edge but [4, 3] is not an edge of G7(KNO3[(33,4,3,4)]), is a contradiction. φ(1) = 10 implies
φ(2) = 1, φ(6) = 7, therefore φ([2, 6]) = [1, 7]. [2, 6] is an edge but [1, 7] is not an edge of
G7(KNO3[(33,4,3,4)]), is a contradiction. Therefore Aut(KNO3[(33,4,3,4)]) = 〈α1〉 = Z4.
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Proof of theorem 1.1. Let K be a map of type (3, 44) on the surface of χ = −2.
Let V (K) = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}. We express lk(v) by the notation lk(v) =
C8([v1, v2, v3], [v3, v4, v5], [v5, v6, v7], [v7, v8, v9]) where [v, v1, v9] form 3-gon face and [v, v1,
v2, v3], [v, v3, v4, v5], [v, v5, v6, v7], [v, v7, v8, v9] form 4-gon faces. With out loss of generality
let lk(0) = C9([4, 5, 6], [6, 7, 8], [8, 9, 1], [1, 2, 3]). Then either lk(8) = C9([c, d, 7], [7, 6, 0], [0,
1, 9], [9, a, b]) or lk(8) = C9([a, b, c], [c, d, 9], [9, 1, 0], [0, 6, 7]) or lk(8) = C9([a, b, c], [c, d, 7], [7,
6, 0], [0, 1, 9]).
Now for lk(8) = C9([c, d, 7], [7, 6, 0], [0, 1, 9], [9, a, b]), all possible value of (a, b, c, d)
are (2, 5, 10, 3) ≈ {(2, 5, 11, 3), (3, 2, 10, 11), (3, 2, 11, 10)}, (2, 5, 10, 4) ≈ {(2, 5, 11, 4), (4, 2,
10, 5), (4, 2, 11, 5), (3, 10, 2, 11), (3, 11, 2, 10), (10, 11, 5, 3), (11, 10, 5, 3)}, (2, 5, 10, 11) ≈
(2, 5, 11, 10), (2, 10, 11, 3) ≈ (2, 11, 10, 3), (2, 10, 11, 4) ≈ (2, 11, 10, 4), (2, 10, 11, 5) ≈ (2, 11,
10, 5), (2, 10, 5, 3) ≈ {(2, 11, 5, 3), (3, 11, 2, 5), (3, 10, 2, 5), (10, 5, 11, 4), (11, 5, 10, 4)}, (2, 10,
5, 4) ≈ {(2, 11, 5, 4), (4, 10, 2, 11), (4, 11, 2, 10)}, (2, 10, 5, 11) ≈ (2, 11, 5, 10), (3, 2, 5, 4), (3, 2,
5, 10) ≈ (3, 2, 5, 11), (3, 2, 10, 4) ≈ (3, 2, 11, 4), (3, 2, 10, 5) ≈ {(3, 2, 11, 5), (10, 5, 11, 3)},
(3, 5, 2, 4), (3, 5, 2, 10) ≈ (3, 5, 2, 11), (3, 5, 10, 2) ≈ (3, 5, 11, 2), (3, 5, 10, 4) ≈ (3, 5, 11, 4),
(3, 5, 10, 11) ≈ (3, 5, 11, 10), (3, 10, 2, 4) ≈ (3, 11, 2, 4), (3, 10, 5, 2) ≈ (3, 11, 5, 2), (3, 10, 5, 4)
≈ (3, 11, 5, 4), (3, 10, 5, 11) ≈ (3, 11, 5, 10), (3, 10, 11, 2) ≈ (3, 11, 10, 2), (3, 10, 11, 4) ≈
{(3, 11, 10, 4), (10, 2, 5, 11), (11, 2, 5, 10)}, (3, 10, 11, 5) ≈ (3, 11, 10, 5), (4, 2, 5, 3), (4, 2, 5, 10)
≈ (4, 2, 5, 11), (4, 2, 10, 3) ≈ (4, 2, 11, 3), (4, 2, 10, 11) ≈ (4, 2, 11, 10), (4, 5, 2, 3), (4, 5, 2, 10)
≈ (4, 5, 2, 11), (4, 5, 10, 2) ≈ (4, 5, 11, 2), (4, 5, 10, 3) ≈ (4, 5, 11, 3), (4, 5, 10, 11) ≈ (4, 5, 11,
10), (4, 10, 2, 3) ≈ (4, 11, 2, 3), (4, 10, 2, 5) ≈ (4, 11, 2, 5), (4, 10, 5, 2) ≈ (4, 11, 5, 2), (4, 10, 5,
3) ≈ {(4, 11, 5, 3), (5, 2, 10, 11), (5, 2, 11, 10)}, (4, 10, 5, 11) ≈ (4, 11, 5, 10), (4, 10, 11, 2) ≈
(4, 11, 10, 2), (4, 10, 11, 3) ≈ {(4, 11, 10, 3), (10, 5, 2, 11), (11, 5, 2, 10)}, (4, 10, 11, 5) ≈ (4, 11,
10, 5), (5, 2, 10, 3) ≈ (5, 2, 11, 3), (5, 2, 10, 4) ≈ (5, 2, 11, 4), (5, 10, 2, 3) ≈ (5, 11, 2, 3), (5, 10,
2, 4) ≈ (5, 11, 2, 4), (5, 10, 2, 11) ≈ (5, 11, 2, 10), (5, 10, 11, 2) ≈ (5, 11, 10, 2), (5, 10, 11, 3) ≈
(5, 11, 10, 3), (5, 10, 11, 4) ≈ (5, 11, 10, 5), (10, 2, 5, 3) ≈ (11, 2, 5, 3), (10, 2, 5, 4) ≈ (11, 2, 5, 4),
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(10, 2, 11, 3) ≈ (11, 2, 10, 3), (10, 2, 11, 4) ≈ (11, 2, 10, 4), (10, 2, 11, 5) ≈ (11, 2, 10, 5), (10, 5,
2, 3) ≈ (11, 5, 2, 3), (10, 5, 2, 4) ≈ (11, 5, 2, 4), (10, 5, 11, 2) ≈ (11, 5, 10, 2), (10, 11, 2, 3) ≈
(11, 10, 2, 3), (10, 11, 2, 4) ≈ (11, 10, 2, 4), (10, 11, 2, 5) ≈ (11, 10, 2, 5), (10, 11, 5, 2) ≈ (11, 10,
5, 2), (10, 11, 5, 4) ≈ (11, 10, 5, 4).
If (a, b, c, d) = (2, 5, 10, 3) then either lk(3) = C9([4, a1, 10], [10, 8, 7], [7, a2 , 2], [2, 1, 0])
or lk(3) = C9([4, a1, 7], [7, 8, 10], [10.a2 , 2], [2, 1, 0]).
If lk(3) = C9([4, a1, 10], [10, 8, 7], [7, a2 , 2], [2, 1, 0]) then a1, a2 ∈ {9, 11}. For a2 = 9
then lk(2) = C9([11, a3, 5], [5, 8, 9], [9, 7, 3], [3, 0, 1]) and lk(5) = C9([10, a4, 4], [4, 0, a3 ], [a3,
11, 2]). Therefore from lk(3) and lk(5) we see that 4 and 10 occur in two 4-gon and does not
form an edge, which is a contradiction. For a2 = 11 then lk(2) = C9([9, 8, 5], [5, a3 , 1], [1, 0,
3], [3, 7, 11]) and lk(7) = C9([1, a4, 11], [11, 2, 3], [3, 10, 8], [8, 0, 6]). Then lk(1) = C9([7, 11, 9],
[9, 8, 0], [0, 3, 2], [2, 5, 6]) and a3 = 6, a4 = 9 which is a contradiction as [2, 9, 11] is a 3-gon.
If lk(3) = C9([4, a1, 7], [7, 8, 10], [10.a2 , 2], [2, 1, 0]) then a2 ∈ {6, 11}. If a2 = 6 then
lk(5) = C9([10, 1, 4], [4, 0, 6], [6, 11, 2], [2, 9, 8]) which implies [2, 6] form edge and non-edge
in two 4-gon, which is not possible. If a2 = 11 then a1 = 9 and either lk(2) = C9([11,
10, 3], [3, 0, 1], [1, 6, 5], [5, 8, 9]) or lk(2) = C9([1, 0, 3], [3, 10, 11], [11, 6, 5], [5, 8, 9]). If lk(2) =
C9([11, 10, 3], [3, 0, 1], [1, 6, 5], [5, 8, 9]) then lk(1) = C9([7, a3, 9], [9, 8, 0], [0, 3, 2], [2, 5, 6]) and
then [7, 9] form edge and non-edge in two 4-gon which is not possible. If lk(2) = C9([1, 0, 3],
[3, 10, 11], [11, 6, 5], [5, 8, 9]) then 7 occur two times in lk(7) which is not possible.
If (a, b, c, d) = (4, 10, 5, 2) then lk(5) = C9([10, a2, 6], [6, 0, 4], [4, a1 , 2], [2, 7, 8]), lk(4) =
C9([3, a3, 10], [10, 8, a1 ], [a1, 2, 5], [5, 6, 0]) which implies a1 = 9. Now lk(10) = C9([8, 9, 4], [4,
3, a3], [a3, a4, a2], [a2, 6, 5]) where a2 ∈ {1, 11} and a3 ∈ {7, 11}. If a3 = 7 then a4 ∈ {1, 11}
which is not possible as then lk(7) will not complete. Therefore a3 = 11 which implies
a2 = 1 and a4 ∈ {2, 7}. But if a4 = 7 then lk(1) will not possible, therefore a4 = 2 and
then lk(1) = C9([6, 5, 10], [10, 11, 2], [2, 3, 0], [0, 8, 9]) and then lk(2) will not possible.
If (a, b, c, d) = (11, 10, 5, 2) ≈ (10, 11, 5, 2) then lk(5) = C9([10, a2, 6], [6, 0, 4], [4, a1 ,
2], [2, 7, 8]) or lk(5) = C9([10, a2, 4], [4, 0, 6], [6, a1 , 2], [2, 7, 8]).
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If lk(5) = C9([10, a2, 6], [6, 0, 4], [4, a1 , 2], [2, 7, 8]) then lk(4) = C9([3, a3, a4], [a4, a5, a1], [a1,
2, 5], [5, 6, 0]) which implies a1 ∈ {1, 9, 11}. If a1 = 1 then lk(2) = C9([b1, b2, 3], [3, 0, 1], [1,
4, 5], [5, 8, 7]) and lk(1) = C9([b3, b4, 4], [4, 5, 2], [2, 3, 0], [0, 8, 9]). Now two incomplete 3-
gons are [2, 7, b1] and [1, 9, b3] which implies b1, b3 ∈ {6, 11}. (b1, b3) 6= (6, 11), (11, 6) as
in first case, 1 or 11 will occur two times in lk(9) and in second case, {4, 6} will occur in
two 4-gon which is not possible. If a1 = 9 a5 ∈ {1, 11}. For a5 = 11 one 3-gon will be
[1, 2, 9] which is not possible. For a5 = 1, lk(9) = C9([11, 10, 8], [8, 0, 1], [1, a4 , 4], [4, 5, 2])
then one 3-gon is [1, 6, 7] which implies a4 = 7 and then lk(1) = C9([7, 4, 9], [9, 8, 0],
[0, 3, 2], [2, 11, 6]) and a2 = 3 which implies lk(6) is not possible. If a1 = 11 then a2 ∈
{1, 3}. Now lk(2) = C9([b1, b2, 5], [5, b3, b4], [b4, b5, 3], [3, 0, 1]) which implies two incom-
plete 3-gons are [1, 2, b1] and [6, 9, c1]. As a2 ∈ {1, 3} then [6, a2] will be an adjacent
edge of two 4-gons and then lk(6) = C9([7, 8, 0], [0, 4, 5], [5, 10, a2 ], [a2, a3, 9]) which im-
plies b1 = 11, c1 = 7 and a2 = 3 and then b2 = 4, b3 = 8, b4 = 7, b5 = 10. Now
lk(7) = C9([9, b6, 10], [10, 3, 2], [2, 5, 8], [8, 0, 6]) which implies {9, 10} does not form an edge
and occur in two 4-gon which is not possible.
If lk(5) = C9([10, a2, 4], [4, 0, 6], [6, a1 , 2], [2, 7, 8]) then lk(4) = C9([3, a3, a4], [a4, a5, a2], [a2,
10, 5], [5, 6, 0]) and lk(10) = C9([8, 9, 11], [11, c1 , c2], [c2, c3, a2], [a2, 4, 5]). From these we see
that a2 = 1 which implies a5 ∈ {2, 9}. We see that [1, 10, b1] will form a 3-gon which is not
possible for any a5.
If (a, b, c, d) = (3, 5, 10, 2) then a1 ∈ {1, 11} and a2 ∈ {2, 11}. For a1 = 1, after com-
pleting lk(1) we will see that 10 will occur in two 3-gon which is not possible. Therefore
a1 = 11 and then a2 = 2. Now lk(3) = C9([4, 7, 9], [9, 8, 5], [5, 6, 2], [2, 1, 0]), lk(4) =
C9([3, 9, 7], [7, a3 , 11], [11, 10, 5], [5, 6, 0]) and lk(7) = C9([9, 3, 4], [4, 11, 2], [2, 10, 8], [8, 0, 6])
which implies a3 = 2 and [1, 2, 11] will form a 3-gon and then lk(2) will not possible.
If (a, b, c, d) = (11, 5, 10, 2) ≈ (10, 5, 11, 2) then either lk(5) = C9([10, 1, 4], [4, 0, 6], [6,
a1, 11], [11, 9, 8]) or lk(5) = C9([10, a1, 6], [6, 0, 4], [4, a2 , 11], [11, 9, 8]). If lk(5) = C9([10, 1,
4], [4, 0, 6], [6, a1 , 11], [11, 9, 8]) then [1, 10] will be an adjacent edge of two 4-gon, which im-
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plies 4 will occur in two 4-gon which is a contradiction. If lk(5) = C9([10, a1, 6], [6, 0, 4], [4,
a2, 11], [11, 9, 8]) then a1 ∈ {1, 3}. If a1 = 1 then [1, 10] will be an adjacent edge two 4-gon,
let the other adjacent 4-gon be [1, 10, a3, a4]. Then a4 = 9 and lk(1) = C9([6, 5, 10], [10, a3 ,
9], [9, 8, 0], [0, 3, 2]) which implies [7, 9, 11] will be one 3-gon and then a3 = 4. Now lk(9) =
C9([7, a5, 4], [4, 10, 1], [1, 0, 8], [8, 5, 11]) and lk(7) = C9([11, a6, 6], [6, 0, 8], [8, 10, a5 ], [a5, 4, 9])
which implies a5 = 2 and then lk(6) = C9([2, 11, 7], [7, 8, 0], [0, 4, 5], [5, 10, 1]). Therefore
a6 = 2, which is not possible. If a1 = 3 then lk(3) = C9([4, a3, 10], [10, 5, 6], [6, a4 , 2], [2, 1,
0]), lk(10) = C9([8, 7, 2], [2, a5 , a3], [a3, 4, 3], [3, 6, 5]), lk(6) = C9([a4, 2, 3], [3, 10, 5], [5, 4, 0],
[0, 8, 7]) and lk(4) = C9([3, 10, a3 ], [a3, a6, a2], [a2, 11, 5], [5, 6, 0]) which implies a3 = 9, a4 =
11 and then [1, 2, 9] will form a 3-gon which is not possible.
If (a, b, c, d) = (3, 11, 10, 2) ≈ (3, 10, 11, 2) then lk(3) = C9([4, a1, 9], [9, 8, 11], [11, a2 ,
2], [2, 1, 0]) or lk(3) = C9([4, a1, 11], [11, 8, 9], [9, a2 , 2], [2, 1, 0]). For lk(3) = C9([4, a1, 9], [9, 8,
11], [11, a2 , 2], [2, 1, 0]), a1 ∈ {7, 10}. If a1 = 7 then lk(7) = C9([9, 3, 4], [4, a3 , 6], [6, 0, 8], [8,
10, 2]) and lk(6) = C9([1, a4, a3], [a3, 4, 7], [7, 8, 0], [0, 4, 5]) which implies a3 = 11 and then
from lk(2) we see that a2 ∈ {9, 10} which make contradiction. If a1 = 10 then lk(9) =
C9([1, 0, 8], [8, 11, 3], [3, 4, 10], [4, a4 , a3]) and lk(10) = C9([11, a5, 4], [4, 3, 9], [9, a3 , 2], [2, 7, 8])
which implies a4 = 2 and a3 = a2 and then lk(2) = C9([7, 8, 10], [10, 9, a2 ], [a2, 11, 3], [3, 0, 1])
which implies 1 occur in two 3-gon which is not possible. For lk(3) = C9([4, a1, 11], [11, 8, 9],
[9, a2, 2], [2, 1, 0]), a1 ∈ {7, 10}. If a1 = 7 then 11 occur two 3-gon and if a1 = 10 then 8
will occur two times in lk(11).
If (a, b, c, d) = (4, 11, 10, 2) ≈ (4, 10, 11, 2) then we can see that [10, 11] form
an edge in a 4-gon, therefore let us assume that six incomplete 4-gons are
[10, 11, a2, a1], [2, 10, a3 , a4], [4, 11, a5, a6], [10, a7, a8, a9], [11, a10, a11, a12], [a13, a14, a15, a16].
As [7, 10] form a non-edge in a 4-gon and [7, 11] does not form an edge in a 3-gon,
therefore [7, 11] will be an adjacent edge of two 4-gon, therefore a5 = 7 and a12 = 7.
Similarly as [9, 11] is a non-edge in a 4-gon, therefore [9, 10] will form an adjacent
edge of two 4-gon and then a3 = 9, a9 = 9. Now we can see that a6 ∈ {3, 5}. As
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[0, 1, 2, 3] and [2, 7, 8, 10] are disjoint, therefore either [1, 2] or [2, 7] will form an edge
in a 3-gon and as [4, 9] is an adjacent edge of two 4-gon, therefore either a4 = 4 or
a8 = 4. But if a4 = 4 then lk(4) will not possible, therefore a8 = 4 which implies
a7 ∈ {3, 5}. Now four 4-gons at 7 are [0, 6, 7, 8], [2, 7, 8, 10], [4, 11, 7, a6 ], [7, 11, a10 , a11]
which implies [7, a6] will form an edge in a 3-gon, therefore a6 = 5, a7 = 3 and a4 = 5. Now
lk(4) = C9([3, 10, 9], [9, 8, 11], [11, 7, 5], [5, 6, 0]), lk(7) = C9([2, 10, 8], [8, 0, 6], [6, a10 , 11], [11,
4, 5]), lk(5) = C9([2, 10, 9], [9, b1 , 6], [6, 0, 4], [4, 11, 7]) and lk(9) = C9([6, b2, 10], [10, 3, 4], [4,
11, 8], [8, 0, 1]) which implies [6, 9, 10, b2] is a 4-gon which in not any one of
the above six incomplete 4-gon, which make contradiction. Similarly for
(a, b, c, d) = (5, 11, 10, 2) ≈ (5, 10, 11, 2), map will not exist.
If (a, b, c, d) = (4, 5, 2, 3) then lk(2) = C9([5, a1, a2], [a2, a3, 1], [1, 0, 3], [3, 7, 8]), lk(4) =
C9([3, a4, a5], [a5, a6, 9], [9, 8, 5], [5, 6, 0]), lk(5) = C9([2, a2, a1], [a1, a7, 6], [6, 0, 4], [4, 9, 8])
and lk(3) = C9([4, a5, a4], [a4, a8, 7], [7, 8, 2], [2, 1, 0]). From these we see that if a1, a2, a3 ∈
{6, 10, 11}; a4 , a5, a6 ∈ {7, 10, 11}; a7 ∈ {1, 10, 11} and a8 ∈ {9, 10, 11}. As a1, a2 6= 6,
therefore a3 = 6. Similarly we get a6 = 7, a7 = 1, a8 = 9. With out loss go generality,
let a1 = 10 and a2 = 11. Now lk(6) = C9([11, 2, 1], [1, 10, 5], [5, 4, 0], [0, 8, 7]) which implies
[1, 9, 10] form a 3-gon. Therefore lk(1) = C9([10, 5, 6], [6, 11, 2], [2, 3, 0], [0, 8, 9]) and lk(7) =
C9([11, b1, 9], [9, a4, 3], [3, 2, 8], [8, 0, 6]). From here we see that a4 = 10, a5 = 11 and a1 = 4.
Therefore lk(9) = C9([10, 3, 7], [7, 11, 4], [4, 5, 8], [8, 0, 1]), lk(10) = C9([1, 6, 5], [5, 2, 11], [11,
4, 3], [3, 7, 9]) and lk(11) = C9([1, 6, 2], [2, 5, 10], [10, 3, 4], [4, 9, 7]). Let this be the map
KNO1[(3,44)].
If (a, b, c, d) = (10, 5, 2, 3) then lk(2) = C9([5, a1, a2], [a2, a3, 1], [1, 0, 3], [3, 7, 8]) and
lk(3) = C9([4, a4, a5], [a5, a6, 7], [7, 8, 2], [2, 1, 0]). As 11 /∈ lk(0), lk(8) therefore one of
a1, a2, a3 is 11 and one of a4, a5, a6 is 11. Now a2 /∈ {4, 6, 10} therefore a2 = 11
and a1, a3 ∈ {4, 6, 10}. From lk(5) we get a1 6= 10, therefore for any a1 ∈ {4, 6},
a3 = 10. If a1 = 4 then lk(5) = C9([2, 11, 4], [4, 0, 6], [6, a7 , 10], [10, 9, 8]) and lk(4) =
C8([3, a5, a4], [a4, a8, 11], [11, 2, 5], [5, 6, 0]) whish implies a6 = 11 and then a4, a5 ∈ {9, 10}.
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Now lk(2) implies a4 = 9, a5 = 10 and a8 = 1 which implies lk(9) is not pos-
sible. If a1 = 6 then lk(5) = C9([2, 11, 6], [6, 0, 4], [4, a7 , 10], [10, 9, 8]) and lk(4) =
C9([3, a5, a4], [a4, a8, a7], [a7, 10, 5], [5, 6, 0]) which implies a4, a5 ∈ {9, 11} and a7 ∈ {1, 7}.
If a4 = 11 then a8 ∈ {6, 10}, which is not possible and if a4 = 9 then a6 ∈ {6, 10} and
a7 = 7 which implies a8 ∈ {3, 6} which is also not possible.
If (a, b, c, d) = (5, 10, 2, 3) then lk(2) = C9([10, a1, a2], [a2, a3, 1], [1, 0, 3], [3, 7, 8]) and
lk(3) = C9([4, a4, a5], [a5, a6, 7], [7, 8, 2], [2, 1, 0]) where a1, a2, a3 ∈ {4, 5, 6, 11} and a4, a5, a6
∈ {5, 9, 10, 11}. If a6 = 5 then a5 ∈ {9, 10} as at any vertex, three 4-gon can not be distinct
and therefore a4 = 11. If a5 = 9 then from lk(5) we can see that [5, 6, 7] will form a 3-gon
which is not possible and if a5 = 10 then lk(10) = C8([8, 9, 5], [5, 7, 3], [3, 4, 11], [11, a7 , 2]).
Now a7 6= 1 as then a2 = 10, a3 = 11 which is not possible. Therefore a7 = 6 and then
a1 = 11, a2 = 6, a3 = 5. Therefore from lk(6) we can see that [1, 5, 9] will be a 3-gon which
is not possible. Therefore a6 6= 5 i.e. a6 ∈ {9, 10, 11}. As [9, 10] is a non-edge in a 4-gon,
therefore a5 = 11 and (a4, a5) ∈ {(9, 10), (10, 9)}.
If (a4, a5) = (9, 10) then a1 = 11 which implies lk(10) = C9([8, 9, 5], [5, a7 , 7], [7, 3, 11], [11,
a2, 2]), lk(7) = C9([a7, 5, 10], [10, 11, 3], [3, 2, 8], [8, 0, 6]) and then a7 = 1, therefore lk(1) is
not possible.
If (a4, a5) = (10, 9) then a1 = 4, therefore lk(10) = C9([8, 9, 5], [5, a7 , 11], [11, 3, 4], [4, a2 ,
2]) and a7 ∈ {1, 6}. If a7 = 1 then [1, 9] will be an adjacent edge of a 3-gon and a 4-gon and
we have [2, 10] is an edge, therefore lk(1) = C9([11, 10, 5], [5, a2 , 2], [2, 3, 0], [0, 8, 9]) which
implies a3 = 5, a1 = 11 and [5, 6, 7] form a 3-gon which is not possible. If a7 = 6 then [5, 9]
will form an adjacent edge of a 3-gon and a 4-gon, therefore lk(5) = C9([a8, a9, 4], [4, 0, 6], [6,
11, 10], [10, 8, 9]) which implies a8 = 7 and then lk(7) = C9([5, 4, 6], [6, 0, 8], [8, 2, 3], [3, 11,
9]) i.e. [5, 6] form an edge and a non-edge in two different 4-gon, which is a contradiction.
If (a, b, c, d) = (4, 11, 2, 3) ≈ (4, 10, 2, 3) then lk(2) = C9([11, a1, a2], [a2, a3, 1], [1, 0, 3],
[3, 7, 8]), lk(3) = C9([4, a4, a5], [a5, a6, 7], [7, 8, 2], [2, 1, 0]) and lk(4) = C9([3, a5, a4], [a4, 8,
a7], [a7, a8, 5], [5, 6, 0]) where a1, a2, a3 ∈ {4, 5, 6, 10}, a5 ∈ {9, 10, 11}, a6 ∈ {5, 9, 10, 11} and
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a4 ∈ {9, 11}. a4 = 9⇒ a7 = 11, a5 = 10, a6 = 11. Now lk(11) = C9([2, a9, 3], [3, 10, a8 ], [a8,
5, 4], [4, 9, 8]) which implies [2, 3] form an edge and non-edge in two 4-gon which is not possi-
ble. a4 = 11⇒ a7 = 9, a5 = 10. Now lk(11) = C9([2, a2, a1], [a1, a9, 10], [10, 3, 4], [4, 9, 8]).
Therefore a1, a2 ∈ {5, 6}, a9 = 1 and a8 ∈ {2, 7}. If a1 = 6 then a2 = 5 and [1, 6, 7], [5, 9, 10]
form 3-gons. Now lk(6) = C9([1, 10, 11], [11, 2, 5], [5, 4, 0], [0, 8, 7]). As [1, 9] and [9, a8] is
not an edge in a 3-gon, therefore lk(9) is not possible. If a1 = 5, a2 = 6 then lk(5) =
C9([a8, 9, 4], [4, 0, 6], [6, 2, 11], [11, 10, 1]) which implies a8 = 7 and [6, 9, 10] will be a 3-gon
and then lk(9) will not possible as [1, 9], [7, 9] will not form an edge in a 3-gon.
If (a, b, c, d) = (4, 2, 5, 3) then lk(2) = C8([5, a1, 3], [3, 0, 1], [1, a2 , 4], [4, 9, 8]) which im-
plies [3, 5] form an edge and non-edge, which is not possible.
If (a, b, c, d) = (10, 2, 5, 3) then lk(2) = C9([5, a1, 1], [1, 0, 3], [3, a2 , 10], [10, 9, 8]) and lk(3)
= C9([4, a3, 7], [7, 8, 5], [5, a4 , 2], [2, 1, 0]) which implies a2 = 5, a4 = 10 and then 5 will occur
two times in lk(2) which is a contradiction.
If (a, b, c, d) = (2, 10, 5, 3) then lk(3) = C9([4, a1, 7], [7, 8, 5], [5, a2 , 2], [2, 1, 0]) and
lk(5) = C9([10, a3, 4], [4, 0, 6], [6, a4 , 3], [3, 7, 8]) which implies a1 = 11 = a3, a2 = 6, a4 = 2
and then 3 will occur two times in lk(4) which make contradiction. Similarly for
(a,b,c,d)=(4,10,5,3), map will not exist.
If (a, b, c, d) = (11, 10, 5, 3) ≈ (10, 11, 5, 3) then lk(3) = C9([4, a1, 7], [7, 8, 5], [5, a2 , 2],
[2, 1, 0]) and lk(5) = C9([10, a3, 4], [4, 0, 6], [6, a4 , 3], [3, 7, 8]). From here we see that a2 =
6, a3 = 1, a4 = 2 and a1 = 11. Now lk(4) = C9([3, 7, a1], [a1, a5, 1], [1, 10, 5], [5, 6, 0]) where
a5 ∈ {2, 9}. Therefore for any a5, [1, 10, b1] will be a 3-gon which is not possible.
If (a, b, c, d) = (4, 2, 10, 3) then lk(2) = C9([10, a1, 3], [3, 0, 1], [1, a2 , 4], [4, 9, 8]) which
implies [3, 10] form an edge and non-edge in a 4-gon which is not possible.
If (a, b, c, d) = (4, 5, 10, 3) then lk(3) = C9([4, a1, b1], [b1, 8, b2], [b2, a2, 2], [2, 1, 0]). We
see that a1 6= 9 as then 9 will occur two times in lk(4), therefore a1 = 11 and b1, b2 ∈ {7, 10}.
If (a1, b1) = (11, 7) then b2 = 10 and lk(4) = C9([3, 7, 11], [11, a3 , 9], [9, 8, 5], [5, 6, 0])
where a2 ∈ {6, 9} and a3 ∈ {2, 10}. If a2 = 6 then lk(6) = C9([7, 8, 0], [0, 4, 5], [5, 11, 10],
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[10, 3, 2]) and then [1, 9, 11] will form a 3-gon, which implies lk(11) is not possible. If a2 = 9
then lk(9) = C9([1, 0, 8], [8, 5, 4], [4, 11, 10], [10, 3, 2]) which implies 9 will occur two times
in lk(1).
If (a1, b1) = (11, 10) then b2 = 7 and a2 = 9 (from lk(5) we see that a2 6= 5). Now
lk(9) = C9([1, 0, 8], [8, 5, 4], [4, 11, 2], [2, 3, 7]) which implies [2, 6, 11] form a 3-gon and then
lk(2) = C9([11, 4, 9], [9, 7, 3], [3, 0, 1], [1, a3 , 6]). From lk(10) we see that a3 = 5, therefore
lk(5) = C9([10, a4, 1], [1, 2, 6], [6, 0, 4], [4, 9, 8]) which implies a4 /∈ V .
If (a, b, c, d) = (11, 5, 10, 3) ≈ (10, 5, 11, 3) then lk(3) = C9([4, a1, b1], [b1, 8, b2], [b2, a2,
2], [2, 1, 0]) and lk(5) = C9([10, a3, b3], [b3, 0, b4], [b4, a4, 11], [11, 9, 8]) where a1 ∈ {9, 11} and
b1 ∈ {7, 10}.
If (a1, b1) = (9, 7) then b2 = 10 and either lk(9) = C9([1, 0, 8], [8, 5, 11], [11, a5 , 4],
[4, 3, 7]) or lk(9) = C9([11, 5, 87], [8, 0, 1], [1, a5 , 4], [4, 3, 7]). If lk(9) = C9([1, 0, 8], [8, 5, 11],
[11, a5, 4], [4, 3, 7]) then [2, 6, 11] will form a 3-gon and lk(4) = C9([3, 7, 9], [9, 11, a5 ], [a5, a6,
5], [5, 6, 0]) which implies b3 = 4, a6 = 10 and a3 = 2 with a3 = a5. Now lk(5) =
C9([10, 2, 4], [4, 0, 6], [6, a4 , 11], [11, 9, 8]) which implies a4 = 1 and then lk(1) will not pos-
sible. If lk(9) = C9([11, 5, 87], [8, 0, 1], [1, a5 , 4], [4, 3, 7]) then [1, 2, 6] will form a 3-gon and
lk(4) = C9([0, 6, 5], [5, a6 , a5], [a5, 1, 9], [9, 7, 3]) and lk(1) = C9([6, a7, a5], [a5, 4, 9], [9, 8, 0],
[0, 3, 2]) which implies a5, a6 ∈ {10, 11} that means either 10 or 11 will occur two times in
lk(5).
If (a1, b1) = (9, 10) then b2 = 7 and then a2 = 11 as from lk(5) we see that a2 6= 5.
Now lk(4) = C9([3, 10, 9], [9, a5 , a6], [a6, a7, 5], [5, 6, 0]) which implies b3 = 6, b4 = 4 and
then a7 = 11. Now we have 10 can not occur in new 3-gon, therefore [9, a5] will be an edge
in a 3-gon and then lk(9) will not possible.
If (a1, b1) = (11, 7) then b2 = 10, b3 = 4, b4 = 6 and a2 ∈ {6, 9}, a4 ∈ {1, 2, 3}.
Now lk(4) = C9([3, 7, 11], [11, a5 , a6], [a6, a7, 5], [5, 6, 0]) which implies a7 = 10. Now from
lk(4), lk(5) and lk(11) we see that either a4 = a5 or a4 = 7. But a4 6= a4, therefore
a4 = a5. Now lk(11) = C9([9, 8, 5], [5, 6, a5 ], [a5, a6, 4], [43, 7]) which implies [1, 2, 6] form a
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3-gon. Then a2 = 9 and then lk(9) is not possible.
If (a1, b1) = (11, 10) then b2 = 7 and a2 = 9 as from lk(5) we see that a2 6= 5. Now
lk(4) = C9([3, 10, 11], [11, a5 , a6], [a6, a7, 5], [5, 6, 0]) which implies a7 /∈ V .
If (a, b, c, d) = (2, 11, 10, 3) ≈ (2, 10, 11, 3) then lk(3) = C9([4, a1, b1], [b1, 8, b2], [b2, a2,
2], [2, 1, 0]) where a1 ∈ {9, 11}, b1 ∈ {7, 10} and a2, b2 ∈ V .
If (a1, b1) = (9, 7) then b2 = 10 and a2 ∈ {5, 6}. Now lk(4) = C9([3, 7, 9], [9, a3 ,
a4], [a4, a5, 5], [5, 6, 0]). From lk(4), lk(9) and lk(9) we get a3 ∈ {1, 2}. If a3 = 1 then
[1, 5, 6] and [2, 7, 9] form 3-gons. Now lk(7) = C9([9, 4, 3], [3, 10, 8], [8, 0, 6], [6, a6 , 2]) which
implies a6 /∈ V . If a3 = 2 then [1, 7, 9] and [2, 5, 6] form 3-gons. Now lk(7) = C9([9, 4, 3], [3,
10, 8], [8, 0, 6], [6, a6 , 1]) which implies a6 = 11 as if a6 = 2 then face sequence will not
follow in lk(1). Therefore lk(1) = C9([9, 8, 0], [0, 3, 2], [2, a7 , 11], [11, 6, 7]) which implies
a7 = 5, a2 = 6 and then lk(6) = C9([5, 4, 0], [0, 8, 7], [7, a8 , 10], [10, 3, 2]) which implies
[7, 10] form a non-edge in two 4-gon, which is not possible.
If (a1, b1) = (9, 10) then b2 = 7 and a2 ∈ {5, 11}. Now lk(4) = C9([3, 10, 9], [9,
a3, a4], [a4, a5, 5], [5, 6, 0]). From lk(4), lk(8) and lk(9) we see that a3 ∈ {1, 2}, but form
any a3, 10 will occur in two 3-gon, which is a contradiction.
If (a1, b1) = (11, 7) then b2 = 10 and a2 ∈ {5, 6, 9}. Now lk(4) = C9([3, 7, 11],
[11, a3, a4], [a4, a5, 5], [5, 6, 0]), lk(11) = C9([10, a4, 4], [4, 3, 7], [7, a6 , 2], [2, 9, 8]) and lk(10) =
C9([11, 4, a4 ], [a4, a7, a2], [a2, 2, 3], [3, 7, 8]). From these we see that a3 = 10, a4 = 1 and form
any a5, 10 will occur in two 3-gon, which is a contradiction.
If (a1, b1) = (11, 10) then b2 = 7 and a2 ∈ {5, 9}. Now lk(11) = C9([8, 9, 2], [2,
a3, a4], [a4, a5, 4], [4, 3, 10]) and lk(4) = C9([3, 10, 11], [11, a4 , a5], [a5, a6, 5], [5, 6, 0]). We see
that if a2 = 5 then a2 = a3 = 5 and then [1, 2, 9] will form a 3-gon which is not possible as
then 9 will occur two times in lk(1) and if a2 = 9 then lk(2) = C9([1, 0, 3], [3, 7, 9], [9, 8, 11],
[11, a4, a3]) which implies a4 /∈ V .
If (a, b, c, d) = (4, 11, 10, 3) ≈ (4, 10, 11, 3) then lk(3) = C9([4, a1, b1], [b1, 8, b2], [b2, a2,
2], [2, 1, 0]) and lk(4) = C9([3, b1, a1], [a1, 8, b3], [b3, a3, 5], [5, 6, 0]) where a1 ∈ {9, 11}, b1 ∈
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{7, 10}.
If (a1, b1) = (9, 7) then either lk(7) = C9([6, 0, 8], [8, 10, 3], [3, 4, 9], [9, a4 , 2]) or lk(7) =
C9([9, 4, 3], [3, 10, 8], [8, 0, 6], [6, a4 , 2]).
Case 1. If lk(7) = C9([6, 0, 8], [8, 10, 3], [3, 4, 9], [9, a4 , 2]): as we have [1, 9] can not be
an edge and a non-edge of a 4-gon, therefore [1, 5, 9] will be a 3-gon and then lk(9) =
C9([5, 2, 7], [7, 3, 4], [4, 11, 8], [8, 0, 1]) which implies a4 = 5. Now lk(5) = C9([9, 7, 2], [2, a7 ,
a8], [a8, 0, a5], [a5, a6, 1]), lk(6) = C9([2, a9, a6], [a6, 1, 5], [5, 4, 0], [0, 8, 7]) and lk(2) = C9([6,
a10, 3], [3, 0, 1], [1, 4, 5], [5, 9, 7]) which implies a5 = 6, a8 = 4, a6 = a10 = 11, a9 = 3 and
a7 = 1 which is a contradiction.
Case 2. If lk(7) = C9([9, 4, 3], [3, 10, 8], [8, 0, 6], [6, a4 , 2]): then [1, 5, 6] will form a 3-gon
which implies a4 = 11, a3 = 3. Now lk(11) = C9([10, a5, 6], [6, 7, 2], [2, 5, 4], [4, 9, 8]) and
lk(6) = C9([1, 10, 11], [11, 2, 7], [7, 8, 0], [0, 4, 5]) which implies a5 = 1, then lk(1) will not
possible.
If (a1, b1) = (9, 10) then b2 = 7. Now lk(9) = C9([1, 0, 8], [8, 11, 4], [4, 3, 10], [10,
a5, a4]). From here we see that a4 ∈ {5, 6} and therefore [2, 7] form an edge in a 3-gon.
Therefore [2, 7] form an edge and non-edge, which is a contradiction.
If (a1, b1) = (11, 7) then b2 = 10, b3 = 9. Now lk(7) = C9([6, 0, 8], [8, 10, 3], [3, 4,
11], [11, a4 , a5]) which implies a5 ∈ {1, 2} and then [5, 9] form an edge in a 3-gon i.e. [5, 9]
form an edge and a non-edge which is a contradiction.
If (a1, b1) = (11, 10) then 10 will occur two times in lk(11) which make contradiction.
If (a, b, c, d) = (5, 11, 10, 3) ≈ (5, 10, 11, 3) then lk(3) = c9([4, a1, b1], [b1, 8, b2], [b2, a2,
2], [2, 1, 0]) where a1 ∈ {9, 11} and b1 ∈ {7, 10}.
If (a1, b1) = (9, 7) then b2 = 10 and either lk(7) = C9([6, 0, 8], [8, 10, 3], [3, 4, 9], [9, a3 ,
a4]) or lk(7) = C9([9, 4, 3], [3, 10, 8], [8, 0, 6], [6, a3 , a4]). If lk(7) = C9([6, 0, 8], [8, 10, 3], [3, 4,
9], [9, a3, a4]) then a3 ∈ {1, 5}. We see that for any a3, [4, 9] will form an edge in a 3-gon
which implies 4 occur in two 3-gon which is not possible. If lk(7) = C9([9, 4, 3], [3, 10, 8], [8, 0,
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6], [6, a3, a4]) then lk(9) = C9([a4, 11, 8], [8, 0, 1], [1, a5 , 4], [4, 3, 7]) which implies a4 = 5 and
then [5, 6] form an edge and a non-edge which make contradiction.
If (a1, b1) = (9, 10) then b2 = 7 and then lk(9) is not possible.
If (a1, b1) = (11, 7) then b2 = 10. Now lk(7) = C9([6, 0, 8], [8, 10, 3], [3, 4, 11], [11, a3 ,
a4]) and lk(11) = C9([10, a5, 4], [4, 3, 7], [7, 1, 5], [5, 9, 8]). From these we see that a3 = 5
and we have [9, 11] is a non-edge in a 4-gon, therefore a4 = 1 and [2, 5, 9] form a 3-gon and
then lk(5) is not possible.
If (a1, b1) = (11, 10) then 11 will occur two times in lk(10), which is a contradiction.
If (a, b, c, d) = (d, 5, 2, 4) then from lk(2) we see that [3, 5] form an edge and non-edge
in two 4-gon which make contradiction. Therefore for (a, b, c, d) = (3, 5, 2, 4), (10, 5, 2, 4),
SEM will not complete.
If (a, b, c, d) = (3, 10, 2, 4) then lk(2) = C9([10, a1, 3], [3, 0, 1], [1, a2 , 4], [4, 7, 8]). From
lk(4) we see that a2 = 5 and then a1 = 11. Therefore lk(4) = C9([3, 11, 7], [7, 8, 2], [2, 1, 5], [5,
6, 0]) and then 11 will occur two times in lk(3), which is a contradiction.
If (a, b, c, d) = (11, 10, 2, 4) ≈ (10, 11, 2, 4) then lk(2) = C9([10, a1, 3], [3, 0, 1], [1, a2 , 4],
[4, 7, 8]). From lk(4) we see that a2 = 5 and then a1 = 6. Therefore lk(4) = C9([3, 11, 7], [7,
8, 2], [2, 1, 5], [5, 6, 0]) and lk(3) = C9([4, 7, 11], [11, a3 , 6], [6, 10, 2], [2, 1, 0]). From here we
see that [6, 10] form an edge in a 3-gon i.e. 10 will occur in two 3-gon which is not possible.
If (a, b, c, d) = (3, 2, 5, 4) then lk(2) = C9([5, a1, a2], [a2, a3, 1], [1, 0, 3], [3, 9, 8]), lk(3) =
C9([4, a4, a5], [a5, a6, 9], [9, 8, 2], [2, 1, 0]), lk(5) = C9([2, a2, a1], [a1, a7, 6], [6, 0, 4], [4, 7, 8]) and
lk(4) = C9([3, a5, a4], [a4, a8, 7], [7, 8, 5], [5, 6, 0]). From here we see that two of a1, a2, a3 are
10 and 11, two of a1, a2, a7 are 10 and 11, two of a4, a5, a6 are 10 and 11 and two of
a4, a5, a8 are 10 and 11 which implies a1, a2 ∈ {10, 11} and a4, a5 ∈ {10, 11}. With out
loss of generality, let (a1, a2) = (10, 11), then a3 ∈ {4, 6}. If a3 = 4 then lk(4) is not
possible, therefore a3 = 6. Now a7 ∈ {1, 3, 9}, therefore lk(6) is possible only if a7 = 1 and
hence lk(6) = C9([11, 2, 1], [1, 10, 5], [5, 4, 0], [0, 8, 7]) which implies [1, 9, 10] form a 3-gon
and a5 = 11, a4 = 10 and then a6 = 7. Now lk(7) = C9([11, 3, 9], [9, 10, 4], [4, 5, 8], [8, 0, 6])
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which implies a8 = 9. Therefore lk(1) = C9([10, 5, 6], [6, 11, 2], [2, 3, 0], [0, 8, 9]) ⇒ lk(9) =
C9([1, 0, 8], [8, 2, 3], [3, 11, 7], [7, 4, 10]) ⇒ lk(10) = C9([9, 7, 4], [4, 3, 11], [11, 2, 5], [5, 6, 1]) ⇒
lk(11) = C9([7, 9, 3], [3, 4, 10], [10, 5, 2], [2, 1, 6]). Let this be the map KNO2[(3,44)].
If (a, b, c, d) = (10, 2, 5, 4) then lk(2) = C9([5, a1, b1], [b1, 0, b2], [b2, a2, 10], [10, 9, 8]),
lk(4) = C9([3, a3, a4], [a4, a5, 7], [7, 8, 5], [5, 6, 0]) and lk(5) =
C9([2, b1, a1], [a1, a6, 6], [6, 0, 4], [4, 7, 8]) which implies a1 = 11 and b1, b2 ∈ {1, 3}.
Case 3. If (b1, b2) = (1, 3) then a2 ∈ {6, 7}. If a2 = 6 then from lk(3) and lk(5) we see
that face sequence is not followed in lk(6) and if a2 = 7 then we get face sequence is not
followed in lk(7) from lk(3) and lk(4).
Case 4. If (b1, b2) = (3, 1) then a2 ∈ {6, 7}.
Subcase 4.1. If a2 = 6 then a6 ∈ {1, 10}. If a6 = 1 then lk(6) = C9([10, 2, 1], [1, 11, 5],
[5, 4, 0], [0, 8, 7]), lk(1) = C9([9, 8, 0], [0, 3, 2], [2, 10, 6], [6, 5, 11]), lk(10) = C9([7, a5, a7], [a7,
a8, 9], [9, 8, 2], [2, 1, 6]) and lk(7) = C9([10, a7, a5], [a5, a4, 4], [4, 5, 8], [8, 0, 6]). Now we see
that only one of a3, a4, a5 is 11, only one of a5, a7, a8 is 11 and only one of a4, a5, a7 is 11
which means either a5 = 11 or a4 = 11 = a8 or a3 = 11 = a7. If a4 = 11 = a8 then
from lk(11) we see that a5 = a7 which is not possible and if a3 = 11 = a7 then [9, 11]
form an edge and a non-edge in two 4-gon which is not possible, therefore a5 = 11. Now
lk(11) = C9([9, 4, 7], [7, 10, 3], [3, 2, 5], [5, 6, 1]) which implies a7 = 3, a4 = 9 and then lk(7) =
C9([10, 3, 11], [11, 9, 4], [4, 5, 8], [8, 0, 6]). Now lk(4) = C9([3, 10, 9], [9, 11, 7], [7, 8, 5], [5, 6, 0])
⇒ a3 = 10, a4 = 9 and lk(9) = C9([11, 7, 4], [4, 3, 10], [10, 2, 8], [8, 0, 1]) ⇒ a8 = 4 ⇒
lk(3) = C9([4, 9, 10], [10, 7, 11], [11, 5, 2], [2, 1, 0]). Let this be the map K1. K1 is isomor-
phic toKNO1[(3,44)] under the map (0, 1)(2, 8)(3, 9)(4, 10, 7, 11). If a6 = 10 then lk(6) =
C9([1, 2, 10], [10, 11, 5], [5, 4, 0], [0, 8, 7]) and then [9, 10, 11] will be a 3-gon which implies
lk(1) = C9([7, 11, 9], [9, 8, 0], [0, 3, 2], [2, 10, 6]) and lk(7) = C9([1, 9, 11], [11, a7 , 4], [4, 5, 8], [8,
0, 6]). We see that 3 is not a member of lk(6) and lk(8), therefore a7 = 3 which implies 3
occur two times in lk(4) which is a contradiction.
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Subcase 4.2. If a2 = 7 then lk(3) = C9([4, a4, a3], [a3, a7, 11], [11, 5, 2], [2, 1, 0]) and lk(7)
= C9([a9, a8, a5], [a5, a4, 4], [4, 5, 8], [8, 0, 6]) which implies a8 = 2; a5, a9 ∈ {1, 10} ⇒ a4 =
11 which implies 11 will occur two times in lk(3) which is a contradiction.
If (a, b, c, d) = (2, 10, 5, 4) then lk(4) = C9([3, a1, a2], [a2, a3, 7], [7, 8, 5], [5, 6, 0]) and
lk(5) = C9([10, a4, a5], [a5, a6, 6], [6, 0, 4], [4, 7, 8]) where a1, a2 ∈ {9, 10, 11} and a4, a5 ∈
{1, 3, 11}.
Case 5. If a2 = 9 then [9, a1] will form an edge in a 3-gon which implies a1 = 11 and
a3 ∈ {1, 2}. If a3 = 1 then lk(9) = C9([11, 3, 4], [4, 7, 1], [1, 0, 8], [8, 10, 2]) which implies
[1, 6, 7] will be a 3-gon and then lk(1) = C9([7, 4, 9], [9, 8, 0], [0, 3, 2], [2, 11, 6]) and lk(6) =
C9([7, 8, 0], [0, 4, 5], [5, 10, 11], [11, 2, 1]) (as 10 is not a member of lk(0) and lk(1)) which
implies a5 = 10, a6 = 11 and then 10 will occur two times in lk(5) which is a contradiction.
If a3 = 2 then lk(2) = C9([1, 0, 3], [3, 11, 10], [10, 8, 9], [9, 4, 7]) (as 11 is not a member of
lk(0) and lk(3)) which implies 11 occur two times in lk(3) which is a contradiction.
Case 6. If a2 = 10 then lk(10) = C9([5, a5, a4], [a4, a7, a8], [a8, a9, 2], [2, 9, 8]) which im-
plies a3 = 2, a9 = 7, a8 = 4, a7 = 3, a4 = 1 which implies a1 = 11 = a4 and from lk(5) we see
that a5 = 1 which implies [1, a4] form an edge in a 3-gon and then a4 = 11 and a6 = 9 as if
a6 = 2 then lk(2) will not possible. Therefore lk(1) = C9([9, 8, 0], [0, 3, 2], [2, 6, 5], [5, 10, 11])
which implies [2, 6, 7] will form a 3-gon and then lk(2) is not possible.
Case 7. If a2 = 11 then one of a4, a5, a6 is 11. If a4 = 11 then a5 = 1. As [3, 11] is a non-
edge in a 4-gon then a6 ∈ {2, 9}. If a6 = 2 then [1, 9, 11] and [2, 6, 7] form 3-gons and then
lk(1) = C9([9, 8, 0], [0, 3, 2], [2, 6, 5], [5, 10, 11]) which implies lk(2) is not possible. If a6 = 9
then [1, 2, 11] and [6, 7, 9] form 3-gons and lk(1) = C9([2, 3, 0], [0, 8, 9], [9, 6, 5], [5, 10, 11]) ⇒
lk(9) = C9([7, 11, 2], [2, 10, 8], [8, 0, 1], [1, 5, 6]) ⇒ lk(2) = C9([11, 7, 9], [9, 8, 10], [10, 6, 3], [3,
0, 1]) ⇒ lk(10) = C9([5, 1, 11], [11, 4, 6], [6, 3, 2], [2, 9, 8]) which implies 5 occur two times
in lk(6) which is a contradiction. If a5 = 11 then a4 = 1 as [3, 11] is a non-edge in a
4-gon and then either lk(1) = C9([2, 3, 0], [0, 8, 9], [9, a7 , 10], [10, 5, 11]) implies [9, 10] form
32
non-edge in two 4-gon or lk(1) = C9([9, 8, 0], [0, 3, 2], [2, a7 , 10], [10, 5, 11]) implies [2, 10]
edge and non-edge in two 4-gon which is a contradiction. If a6 = 11 then a4, a5 ∈
{1, 3}. We have [3, 11] is a non-edge in a 4-gon, therefore a4 = 3, a5 = 1. Now lk(5) =
C9([10, 3, 1], [1, 11, 6], [6, 0, 4], [4, 7, 8]) which implies lk(1) is not possible.
If (a, b, c, d) = (3, 10, 5, 4) then lk(3) = C9([4, a1, b1], [b1, 8, b2], [b2, a2, 2], [2, 1, 0]) and
lk(5) = C9([10, a3, a4], [a4, a5, 6], [6, 0, 4], [4, 7, 8]) where a1 ∈ {7, 11} and b1 ∈ {9, 10}.
If (a1, b1) = (7, 9) then a2 = 11, b2 = 10 and lk(10) = C9([5, a4, a3], [a3, a6, 11], [11, 2,
3], [3, 9, 8]) which implies a5 = 11 and then a3, a4 ∈ {1, 2}, therefore 2 occur two times in
lk(10) which is not possible.
If (a1, b1) = (7, 10) then a2 = 11, b2 = 9 and lk(10) = C9([5, a4, a3], [a3, a7, 7], [7,
4, 3], [3, 9, 8]), lk(5) = C9([10, a3, a4], [a4, a8, 6], [6, 0, 4], [4, 7, 8]) and lk(6) = C9([a7, a9, a8],
[a8, a4, 5], [5, 4, 0], [0, 8, 7]). Now we see that one of a3, a7 is 11, one of a3, a8 is 11 and
one of a7, a8, a9 is 11. From here we see that a3 = 11 and a9 = 11 and a4, a7 ∈ {1, 2}
which implies 6 /∈ V (lk(10)) and we have 6 /∈ V (lk(3)), therefore 6 ∈ V (lk(a′)) for each
a′ ∈ V{3, 6}. Therefore a8 = 9 and a7 = 2 as [1, 9] is an edge in a 4-gon. Now we see
that a4 = 1 which implies [1, 9, 11] form a 3-gon and then 11 will occur two times in lk(9)
which is not possible.
If (a1, b1) = (11, 9) then b2 = 10 and a2 ∈ {6, 7}. If a2 = 6 then lk(6) is not
possible and if a2 = 7 then lk(7) = C9([6, 0, 8], [8, 5, 4], [4, 11, 10], [10, 3, 2]) and lk(4) =
C9([3, 9, 11], [11, 10, 7], [7, 8, 5], [5, 6, 0]) and then 11 occur two times in lk(9) which is a
contradiction.
If (a1, b1) = (11, 10) then b2 = 9 and a2 ∈ {5, 6, 7}. If a2 = 5 then lk(5) will not
possible. If a2 = 6 then either lk(6) = C9([9, 3, 2], [2, 11, 5], [5, 4, 0], [0, 8, 7]) then lk(9) =
C9([7, 11, 1], [1, 0, 8], [8, 10, 3], [3, 2, 6]) which implies 11 will occur two times in lk(1) OR
lk(6) = C9([2, 3, 9], [9, 11, 5], [5, 4, 0], [0, 8, 7]) and then lk(9) = C9([1, 0, 8], [8, 10, 3], [3, 2, 6],
[6, 5, 11]) and then after completing lk(5) we see that [10, 11] form an edge and a non-edge in
two 4-gon which is not possible. If a2 = 7 then lk(7) = C9([c1, 3, c2], [c2, 11, 4], [4, 5, 8], [8, 0,
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6]) and lk(4) = C9([3, c3, 11], [11, c2 , 7], [7, 8, 5], [5, 6, 0]) which implies [3, 11] form an edge
and a non-edge in two 4-gon which is not possible.
If (a, b, c, d) = (11, 10, 5, 4) ≈ (10, 11, 5, 4) then lk(5) = C9([10, a1, a2], [a2, a3, 6], [6, 0,
4], [4, 7, 8]) and lk(4) = C9([3, a4, a5], [a5, a6, 7], [7, 8, 5], [5, 6, 0]) where a1, a2 ∈ {1, 2, 3}.
If (a1, a2) = (1, 2) then lk(2) = C9([a7, a8, 3], [3, 0, 1], [1, 10, 5], [5, 6, a3 ]) and lk(1) =
C9([a9, a10, 10], [10, 5, 2], [2, 3, 0], [0, 8, 9]) which implies a3 = 11, a7 = 7, a9 = 6, a8 = 9 and
then lk(7) will not possible.
If (a1, a2) = (2, 1) then lk(1) = C9([9, 8, 0], [0, 3, 2], [2, 10, 5], [5, 6, a3 ]) which implies
a3 = 11 and then 11 will occur two times in lk(9) which is not possible.
If (a1, a2) = (2, 3) then a3 ∈ {9, 11} and lk(6) = C9([a5, a6, 7], [7, 8, 0], [0, 4, 5], [5, 3,
a3]). If a3 = 9 then lk(9) = C9([1, 0, 8], [8, 10, 11], [11, 4, 3], [3, 5, 6]) which implies [2, 7, 11]
form a 3-gon and lk(6) = C9([1, 11, 7], [7, 8, 0], [0, 4, 5], [5, 3, 9]), lk(1) = C9([9, 8, 0], [0, 3, 2],
[2, 4, 11], [11, 7, 6]). From here we see that [2, 11] form an edge and a non-edge in two differ-
ent 4-gon which is not possible. If a3 = 11 then a4 ∈ {7, 9}. If a4 = 7 then either lk(11) =
C9([6, 5, 3], [3, 4, 7], [7, a5 , 10], [10, 8, 9]) which implies lk(7) is not possible OR lk(11) =
C9([7, 4, 3], [3, 5, 6], [6, a5 , 10], [10, 8, 9]) then from lk(6) we see that 7 will occur in two 3-
gon, which is not possible. If a4 = 9 then lk(11) = C9([a5, a6, 10], [10, 8, 9], [9, 4, 3], [3, 5, 6])
and lk(9) = C9([a7, a8, 4], [4, 3, 11], [11, 10, 8], [8, 0, 1]). From here we see that a5 = 7 and
a7 = 2 which implies 2 will occur two times in lk(1) which is a contradiction.
If (a1, a2) = (3, 2) then either lk(6) = C9([a4, a5, 7], [7, 8, 0], [0, 4, 5], [5, 2, a3 ]) or lk(6)
= C9([7, 8, 0], [0, 4, 5], [5, 2, a3 ], [a3, a4, a5]) and a3 ∈ {9, 11}. When lk(6) = C9([a4, a5, 7], [7,
8, 0], [0, 4, 5], [5, 2, a3 ]) then lk(7) = C9([a6, a7, 4], [4, 5, 8], [8, 0, 6], [6, a4 , a5]). From here we
see that a4, a5 ∈ {1, 9, 11} which implies one of a6, a7 is 3 as 3 /∈ V (lk(6)), V (lk(8)). But
then 3 will occur two times in lk(4) which is a contradiction. When lk(6) = C9([7, 8, 0], [0, 4,
5], [5, 2, a3 ], [a3, a4, a5]) then lk(7) = C9([a5, a6, a7], [a7, a8, 4], [4, 5, 8], [8, 0, 6]). We have
[9, 11] is an edge in a 4-gon, therefore a5 = 1 and then [2, 9, 11] will form a 3-gon. Since [1, 9]
is an edge in a 4-gon, therefore a3 = 11. Now lk(1) = C9([7, a7, 2], [2, 3, 0], [0, 8, a4 ], [a4, 11,
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6]) which implies a4 = 9 & a6 = 2 and then a7 = 10. From here we see that 10 will occur
two times in lk(2) which is not possible.
If (a, b, c, d) = (3, 2, 10, 4) then lk(4) = C9([3, a1, b1], [b1, 8, b2], [b2, a2, 5], [5, 6, 0]), lk(3)
= C9([4, b1, a1], [a1, b3, 9], [9, 8, 2], [2, 1, 0]) and lk(2) = C9([10, a3, a4], [a4, a5, 1], [1, 0, 3], [3, 9,
8]). From this we see that a1 = 11 & b1 ∈ {7, 10}.
If b1 = 7 then b2 = 10 and b3 ∈ {5, 6, 10}. For b3 ∈ {6, 10}, we see that a5 = 5
& a3, a4 ∈ {6, 11}. If (a3, a4) = (6, 11) then b3 = 6 and after completing lk(11) we
will see that 1 will occur two times in lk(9). If (a3, a4) = (11, 6) then from lk(6) we
see that [6, 7, 11] will be a 3-gon and then 11 will occur two times in lk(7) which is a
contradiction. If b3 = 5 then 10 ∈ V (lk(a
′)) for each a′ ∈ V{0, 3}. Now either lk(9) =
C9([c1, 10, 5], [5, 11, 3], [3, 2, 8], [8, 0, 1]) which implies [5, 10] form an edge and a non-edge
in two different 4-gon OR lk(9) = C9([c1, 10, 1], [1, 0, 8], [8, 2, 3], [3, 11, 5]) which implies
lk(10) = C9([2, a4, a3], [a3, a5, a2], [a2, 5, 4], [4, 7, 8]). From here we see that a2 = 1, a3 = c1.
Then c1 = 6 which implies [1, 7, 11] form a 3-gon & a3 ∈ {5, 7}, then a4 = 7 i.e. [7, 10]
form a non-edge in two 4-gon which is not possible.
If b1 = 10 then b2 = 7 and lk(10) = C9([2, a4, a3], [a3, a6, 11], [11, 3, 4], [4, 7, 8]) which
implies a3, a4 ∈ {5, 6}. If (a3, a4) = (6, 5) then a6 = 1 and [5, 9, 11] form a 3-gon which
means [9, 11] form an edge and a non-edge in two different 4-gon, which is not possible.
If (a3, a4) = (5, 6) then lk(5) = C9([a6, 11, 10], [10, 2, 6], [6, 0, 4], [4, 7, a2 ]). Then a6 =
1, a2 = 9 and [6, 7, 11] form a 3-gon. Now lk(9) = C9([5, 7, 4], [4, 11, 3], [3, 2, 8], [8, 0, 1])
which implies b3 = 4 which is not possible.
If (a, b, c, d) = (5, 2, 10, 4) then lk(2) = C9([10, a1, b1], [b1, 0, b2], [b2, a2, 5], [5, 9, 8]) and
lk(4) = C9([3, a3, b3], [b3, 8, b4], [b4, a4, 5], [5, 6, 0]). From here we see that a3 ∈ {9, 11}, b3 ∈
{7, 10}.
(a3, b3) = (9, 7) ⇒ b4 = 10, a4 = 11. Now lk(10) = C9([8, 7, 4], [4, 5, 11], [11, a5 , a1],
[a1, b1, 2]) which implies a1 = 6 and then for any b1, lk(6) will not possible.
(a3, b3) = (9, 10) ⇒ b4 = 7, a4 = 11 which implies lk(10) = C9([2, b1, a1], [a1, a5, 9],
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[9, 3, 4], [4, 7, 8]). From here we see that b1 = 1 & a5 = 5, a1 = 1. Now lk(3) = C9([4, 10, 9],
[9, a6, a2], [a2, 5, 2], [2, 1, 0]). Therefore a2 can not be 11, hence a6 = 11 and then [9, 11]
form an edge and a non-edge in two different 4-gon which is a contradiction.
(a3, b3) = (11, 7) ⇒ b4 = 10. Then lk(10) = C9([2, b1, a1], [a1, a5, a4], [a4, 5, 4], [4, 7,
8]) which implies a1 = 6. To exist lk(6), a5 = 7 & b1 = 3. Now lk(6) = C9([1, 2, 10], [10, a4 ,
7], [7, 8, 0], [0, 4, 5]) which implies [7, 10] form non-edge in two 4-gon which is not possible.
(a3, a4) = (11, 10) ⇒ b4 = 7. Then lk(10) = C9([2, b1, a1], [a1, a5, 11], [11, 3, 4], [4, 7,
8]) which implies a1 = 6 ⇒ a5 = 5, b1 = 1.Therefore lk(6) = C9([7, 8, 0], [0, 4, 5], [5, 11,
10], [10, 2, 1]) and then [5, 9, 11] form a 3-gon which implies lk(5) = C9([11, 10, 6], [6, 0,
4], [4, 7, 2], [2, 8, 9]) ⇒ a4 = 2 and then lk(2) will not possible.
If (a, b, c, d) = (3, 5, 10, 4) then lk(4) = C9([3, a1, b1], [b1, 8, b1], [b1, a2, 5], [5, 6, 0]) and
lk(5) = C9([10, b2, 4], [4, 0, 6], [6, a4 , 3], [3, 9, 8]). We see that [10, b2] form an edge and a
non-edge in two 4-gon which is not possible.
If (a, b, c, d) = (2, 11, 10, 4) ≈ (2, 10, 11, 4) then lk(4) = C9([3, a1, b1], [b1, 8, b2], [b2, a2,
5], [5, 6, 0]) where a1 ∈ {9, 11}, b1 ∈ {7, 10}.
(a1, b1) = (9, 7) ⇒ b2 = 10, a2 ∈ {1, 2} and either lk(7) = C9([a3, a4, 9], [9, 3, 4],
[4, 10, 8], [8, 0, 6]) which implies one of a3, a4 will be 11 as 11 /∈ V (lk(0)), V (lk(4)); but for
any one, it is not possible as [9, 11] is a non-edge in a 4-gon OR lk(7) = C9([a3, a4, 6], [6, 0, 8],
[8, 10, 4], [4, 3, 9]) which implies a4 = 11 and a3 ∈ {1, 2}. For a3 = 1, lk(9) = C9([1, 0, 8], [8,
11, 2], [2, 5, 3], [3, 4, 7]) i.e. [2, 3] form an edge and a non-edge in two 4-gon which is not pos-
sible. For a3 = 2, lk(9) = C9([7, 4, 3], [3, 5, 1], [1, 0, 8], [8, 11, 2]) ⇒ lk(1) = C9([6, 11, 2], [2, 3,
0], [0, 8, 9], [9, 3, 5]). We see that [2, 6] form a non-edge in two 4-gon which is not possible.
(a1, b1) = (9, 10) ⇒ b2 = 7 and lk(9) = C9([2, 11, 8], [8, 0, 1], [1, a3 , 3], [3, 4, 10]) which
implies [5, 6, 7] form a 3-gon which is a contradiction.
(a1, b1) = (11, 7) ⇒ b2 = 10, a2 ∈ {1, 2, 9}. Now lk(7) = C9([a3, a4, 11], [11, 3, 4],
[4, 10, 8], [8, 0, 6]). Therefore a3 = 1 as [2, 11] is an edge in a 4-gon, so [2, 5, 9] form a 3-gon.
From lk(1) we see that a4 = 2, therefore lk(1) = C9([6, 10, 9], [9, 8, 0], [0, 3, 2], [2, 11, 7]),
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lk(6) = C9([1, 9, 10], [10, a5 , 5], [5, 4, 0], [0, 8, 7]) which implies [5, 10] form non-edge in two
4-gon which is not possible.
(a1, b1) = (11, 10) then 11 will occur two times in lk(10) which is a contradiction.
If (a, b, c, d) = (3, 11, 10, 4) ≈ (3, 10, 11, 4) then lk(3) = C9([4, a1, b1], [b1, 8, b2], [b2, a2,
2], [2, 1, 0]) where a1 ∈ {7, 10}, b1 ∈ {9, 11}.
(a1, b1) = (7, 9) ⇒ b2 = 11 and a2 ∈ {5, 6} that means 10 ∈ V (lk(a
′)) for each
a′ ∈ V \ {0, 3}. Now either lk(9) = C9([a3, a4, 1], [1, 0, 8], [8, 11, 3], [3, 4, 7]) or lk(9) =
C9([a3, a4, 7], [7, 4, 3], [3, 11, 8], [8, 0, 1]). For lk(9) = C9([a3, a4, 1], [1, 0, 8], [8, 11, 3], [3, 4, 7]),
lk(7) = C9([a3, a5, 6], [6, 0, 8], [8, 10, 4], [4, 3, 9]) and then a3 = 5 which implies [5, 6] form an
edge and a non-edge in two 4-gon which is not possible. For lk(9) = C9([a3, a4, 7], [7, 4, 3],
[3, 11, 8], [8, 0, 1]), a3 = 5 which means a4 = 10 and then [7, 10] form an edge and non-edge
in two 4-gon which is not possible.
(a1, b1) = (7, 11) ⇒ b2 = 11 and lk(7) = C9([a3, a4, 11], [11, 3, 4], [4, 10, 8], [8, 0, 6])
and lk(11) = C9([10, a5, a4], [a4, a3, 7], [7, 4, 3], [3, 9, 8]). Then a3 ∈ {1, 2} and a4 ∈ {5, 12}.
For a3 = 1, from lk(1) we see that a4 = 2. Therefore after complete lk(1) we see that 5
will occur two times in lk(6). For a3 = 2 then after completing lk(2) we see that lk(5) is
not possible.
(a1, b1) = (10, 9) ⇒ b2 = 11. Now lk(9) = C9([a3, a4, 10], [10, 4, 3], [3, 11, 8], [8, 0,
1]) which implies a3 ∈ {5, 6} and a4 ∈ {2, 5, 6}. When a3 = 5, [2, 6, 7] form a 3-gon.
Then lk(10) = C9([11, a5, a4], [a4, 5, 9], [9, 3, 4], [4, 7, 8]) which implies a4 = 6. Now lk(6) =
C9([2, 11, 10], [10, 9, 5], [5, 4, 8], [8, 0, 7]) which implies a2 = 5 and then [2, 11] form an edge
and a non-edge in two 4-gon which is not possible. For a3 = 6, [2, 5, 6] form a 3-gon
and then lk(10) = C9([11, a5, a4], [a4, 6, 9], [9, 3, 4], [4, 7, 8]) which implies a4 = 5. Therefore
lk(5) = C9([2, a6, 4], [4, 0, 6], [6, 9, 10], [10, 11, 7]) ⇒ a5 = 7 that means 7 occur two times in
lk(10) which is a contradiction.
(a1, b1) = (10, 11)| ⇒ 10 will occur two times in lk(11) which is a contradiction.
If (a, b, c, d) = (5, 11, 10, 4) ≈ (5, 10, 11, 4) then lk(4) = C9([3, a1, b1], [b1, 8, b2], [b2, a2,
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5], [5, 6, 0]) which implies a1 ∈ {9, 11}, b1 ∈ {7, 10}.
(a1, b1) = (9, 7) ⇒ b2 = 10 and a2 ∈ {1, 2}. For a2 = 1, lk(10) = C9([11, a3, a4], [a4,
a5, 1], [1, 5, 4], [4, 7, 8]) which implies a4 = 6 and then to complete lk(6), one of a3, a5 has
to be 5 or 7 which is not possible. For a2 = 2, lk(10) = C9([11, a3, a4], [a4, a5, 2], [2, 5, 4],
[4, 7, 8]) which a4 = 6 and then to complete lk(6), one of a3, a5 has to be 5 or 7 which is
not possible.
(a1, b1) = (9, 10) ⇒ b2 = 7. We have [3, 9] & [9, 10] can not be an edge of a 3-gon,
therefore lk(9) is not possible.
(a1, b1) = (11, 7)⇒ b2 = 10, a2 ∈ {1, 2, 9}. Now lk)7 = C9([a3, a4, 11], [11, 3, 4], [4, 10,
8], [8, 0, 6]) and lk(11) = C9([10, a3, 3], [3, 4, 7], [7, a5 , 5], [5, 9, 8]) which implies a10 = 10
which is a contradiction.
(a1, b1) = (11, 10)⇒ 11 will occur two times in lk(10) which is a contradiction.
If (a, b, c, d) = (4, 10, 2, 5) then lk(2) = C9([10, a1, b1], [b1, 0, b2], [b2, a2, 5], [5, 7, 8]) which
implies a1 ∈ {6, 11}, b1 ∈ {1, 3}.
For (a1, b1) = (6, 1), to exist lk(5) and lk(6), [1, 5, 6] will have to be a 3-gon. But
then lk(5) will not complete which is a contradiction.
(a1, b1) = (6, 3) ⇒ a2 = 11, b2 = 1 and then 3 will occur two in two 3-gon which is
not possible.
(a1, b1) = (11, 1) ⇒ b2 = 3 and either lk(1) = C9([a3, a4, 11], [11, 10, 2], [2, 3, 0], [0, 8,
9]) or lk(1) = C9([a3, a4, 9], [9, 8, 0], [0, 3, 2], [2, 10, 11]). lk(1) = C9([a3, a4, 11], [11, 10, 2],
[2, 3, 0], [0, 8, 9]) ⇒ lk(9) = C9([a3, a5, a6], [a6, a7, 4], [4, 10, 8], [8, 0, 1]). As [11, a3] form an
edge in a 4-gon and 11 /∈ V (lk(0)), V (lk(8)), therefore a7 = 11 and then lk(4) is not possi-
ble. lk(1) = C9([a3, a4, 9], [9, 8, 0], [0, 3, 2], [2, 10, 11]) ⇒ lk(9) = C9([a5, a6, 4], [4, 10, 8], [8, 0,
1], [1, a3, a4]), lk(4) = C9([3, a7, a9], [a9, 8, a10], [a10, a8, 5], [5, 6, 0]) which implies a7, a8 ∈ {7,
11} and one of a7, a8 is a5. Therefore a5 = 7; a6 ∈ {3, 5}; a3, a4 ∈ {5, 6}; a8 ∈ {7, a2}; a2 ∈
{2, 9} and [5, 6] can not be an edge in a 3-gon, therefore a8 = a2 which is a contradiction.
(a1, b1) = (11, 3) ⇒ b2 = 1, a2 ∈ {4, 6} and either lk(1) = C9([a3, a4, a2], [a2, 5, 2], [2,
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3, 0], [0, 8, 9]) or lk(1) = C9([a3, a4, 9], [9, 8, 0], [0, 3, 2], [2, 5, a2 ]). lk(1) = C9([a3, a4, a2],
[a2, 5, 2], [2, 3, 0], [0, 8, 9]) implies one of a3, a4 is 11 and a3 ∈ {6, 7, 11}. If a2 = 6 then
a3 = 11, a4 = 10 which implies 10 occur in two 3-gon which is not possible. If a2 = 4
then lk(4) is not possible. lk(1) = C9([a3, a4, 9], [9, 8, 0], [0, 3, 2], [2, 5, a2 ]) implies lk(9) =
C9([a4, a3, 1], [1, 0, 8], [8, 10, 4], [4, a5 , a6]) and one of a3, a4 is 11; a3, a4 ∈ {6, 7, 11}; a2 = 6.
Therefore a3 = 11, a4 = 7 and a6 = 5 which implies [4, 5] form an edge and a non-edge in
two 4-gon which is a contradiction.
If (a, b, c, d) = (3, 2, 10, 5) then lk(2) = C9([10, a1, a2], [a2, a3, 1], [1, 0, 3], [3, 9, 8]) which
implies a1, a2 ∈ {4, 6, 11}.
a2 = 4 ⇒ a1 = 11 and then lk(4) = C9([3, a4, 11], [11, 10, 2], [2, 1, 5], [5, 6, 0]) which
implies a3 = 5, a4 ∈ {7, 9}. Now lk(10) = C9([2, 4, 11], [11, a5 , a6], [a6, a7, 5], [5, 7, 8]) ⇒
a7 ∈ {1, 6}. But a7 = 1 ⇒ [5, 6, 7] make a 3-gon, therefore a7 = 1 and then lk(5) =
C9([7, 8, 10], [10, a6 , 6], [6, 0, 4], [4, 2, 1]). From here we see that a6 = 11 and then 11 occur
two times in lk(10) which is not possible.
a2 = 6 ⇒ a1 = 11, a3 ∈ {5, 7}. For a3 = 5, lk(6) = C9([7, 8, 0], [0, 4, 5], [5, 1, 2], [2, 10,
11]) and then [1, 5, 9] form a 3-gon which implies 9 occur two times in lk(1) which is a
contradiction. For a3 = 7, lk(6) = C9([5, 4, 0], [0, 8, 7], [7, 1, 2], [2, 10, 11]) and then [1, 7, 9]
form a 3-gon which implies 9 occur two times in lk(1) which is a contradiction.
a2 = 11 ⇒ a1 ∈ {4, 6}. For a1 = 4, lk(4) = C9([3, 9, 10], [10, 2, 11], [11, 7, 5], [5, 6, 0])
and lk(10) = C9([8, 7, 5], [5, 1, 9], [9, 3, 4], [4, 11, 2]) and after that lk(9) will not possible. For
a1 = 6, lk(6) = C9([5, 4, 0], [0, 8, 7], [7, a4 , 10], [10, 2, 11]) which implies [1, 7, 9] form a 3-gon.
Then lk(7) = C9([1, 11, 5], [5, 10, 8], [8, 0, 6], [6, 10, 9]) and lk(9) = C9([7, 6, 10], [10, 11, 3], [3,
2, 8], [8, 0, 1]) which implies 11 occur two times in lk(10) which is a contradiction.
If (a, b, c, d) = (11, 2, 10, 5) ≈ (10, 2, 11, 5) then lk(2) = C9([10, a1, b1], [b1, 0, b2], [b2, a2,
11], [11, 9, 8]) which implies a1 ∈ {4, 6}, b1 ∈ {1, 3}.
(a1, b1) = (4, 1) ⇒ b2 = 3 and lk(4) = C9([3, a3, 10], [10, 2, 1], [1, a4 , 5], [5, 6, 0]) which
implies a4 = 11. Now lk(1) = C9([9, 8, 0], [0, 3, 2], [2, 10, 4], [4, 5, 11]) and then [5, 6, 7] will
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form a 3-gon which is a contradiction.
(a1, b1) = (4, 3)⇒ 4 will occur two times in lk(3) which is a contradiction.
(a1, b1) = (6, 1)⇒ a2 = 4, b2 = 3 and lk(6) = C9([5, 4, 0], [0, 8, 7], [7, 11, 10], [10, 2, 1]).
From here we see that [7, 10] form non-edge in two 4-gon which is a contradiction.
(a1, b1) = (6, 3) then lk(6) is not possible as for that either [6, 3] or [6, 10] have to
form an edge in a 3-gon which is not possible.
If (a, b, c, d) = (2, 11, 10, 5) ≈ (2, 10, 11, 5) then (0, 8)(1, 9)(3, 11)(4, 10)(6, 7) : (2, 11,
10, 5) ≈ (2, 3, 4, 5) and (a, b, c, d) = (2, 3, 4, 5) is not possible.
If (a, b, c, d) = (3, 11, 10, 5) ≈ (3, 10, 11, 5) then lk(3) = C9([4, a1, b1], [b1, 8, b2], [b2, a2,
2], [2, 1, 0]) which implies a1 ∈ {7, 10}, b1 ∈ {9, 11}.
(a1, b1) = (7, 9) then lk(7) is not possible.
(a1, b1) = (7, 11), similar to above.
(a1, b1) = (10, 9) ⇒ b2 = 11 and lk(9) = C9([a3, a4, 10], [10, 4, 3], [3, 11, 8], [8, 0, 1]).
Now lk(10) = C9([11, a5, 4], [4, 3, 9], [9, a3 , 5], [5, 7, 8]) which implies a4 = 5, a3 = 6, a5 ∈
{1, 2} and [2, 5, 7] form a 3-gon. Therefore lk(5) = C9([2, a6, 4], [4, 0, 6], [6, 9, 10], [10, 8, 7]).
We see that [4, 11] is an edge in a 4-gon, therefore a6 6= 11 i.e. a6 = 1 and then from lk(1)
we see that [4, 6] form non-edge in two 4-gon which is a contradiction.
(a1, b1) = (10, 11) implies that 10 will occur two times in lk(11) which is not possible.
If (a, b, c, d) = (4, 11, 10, 5) ≈ (4, 10, 11, 5) then lk(4) = C9([3, a1, b1], [b1, 8, b2], [b2, a2,
5], [5, 6, 0]) which implies a1 ∈ {7, 10}, b1 ∈ {9, 11}.
(a1, b1) = (7, 9) ⇒ b2 = 11. Now lk(9) = C9([a3, a4, 1], [1, 0, 8], [8, 11, 4], [4, 3, 7]). As
a4 6= 10, therefore a4 = 10 and then a3 = 6. Therefore [1, 2, 5] form a 3-gon. Now from lk(1)
we see that [5, 10] from a non-edge and we have [5, 10] is an edge, which is a contradiction.
(a1, b1) = (7, 11) ⇒ b2 = 9. We see that to complete lk(7), either [7, 11] or [7, 3] has
to be an edge in a 3-gon which is not possible.
(a1, b1) = (10, 9) ⇒ b2 = 11 and lk(9) = C9([a3, a4, 10], [10, 3, 4], [4, 11, 8], [8, 0, 1])
which implies a3 = 6 and then [2, 5, 7] form a 3-gon. Now lk(6) = C9([1, a5, 7], [7, 8, 0],
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[0, 4, 5], [5, 10, 9]) which implies a4 = 5, a5 = 11. Now lk(7) = C9([2, a6, 11], [11, 1, 6], [6,
0, 8], [8, 10, 5]) and lk(5) = C9([2, 11, 4], [4, 0, 6], [6, 9, 10], [10, 8, 7]) which implies a2 = 2 and
then we see that [2, 11] form an edge and a non-edge in two 4-gon which is a contradiction.
(a1, b1) = (10, 11) implies 10 occur two times in lk(11) which is not possible.
If (a, b, c, d) = (3, 5, 2, 10) then lk(3) = C9([4, a1, 9], [9, 8, 5], [5, a2 , 2], [2, 1, 0]). We see
that [2, 5] form an edge and a non-edge in two 4-gon which is not possible.
If (a, b, c, d) = (4, 5, 2, 10) then lk(2) = C9([5, a1, b1], [b1, 0, b2], [b2, a2, 10], [10, 7, 8]) and
lk(5) = C9([2, b1, a1], [a1, a3, 6], [6, 0, 4], [4, 9, 8]) which implies a1 = 11, b1 ∈ {1, 3}.
b1 = 1 then b2 = 3 and a2 ∈ {6, 9}. For a2 = 6, lk(6) = C9([7, 8, 0], [0, 4, 5], [5, 11,
3], [3, 2, 10]) and then [1, 9, 11] form a 3-gon which implies 9 will occur two times in lk(1)
which is not possible. If a2 = 9 then lk(9) = C9([1, 0, 8], [8, 5, 4], [4, 11, 3], [3, 2, 10]) and
then [3, 4] form an edge and a non-edge in two 4-gon which is a contradiction.
b1 = 3 then b2 = 1 and a2 ∈ {4, 6}. If a2 = 4 then lk(4) is not possible and if a3 = 6
then a3 ∈ {1, 10}. If a3 = 1 then lk(6) = C9([7, 8, 0], [0, 4, 5], [5, 11, 1], [1, 2, 10]) which im-
plies 2 occur two times in lk(10). If a3 = 10 then lk(6) = C9([7, 8, 0], [0, 4, 5], [5, 11, 10], [10, 2,
1]) and then [9, 10, 11] form a 3-gon. Now lk(10) = C9([9, a4, 7], [7, 8, 2], [2, 1, 6], [6, 5, 11])
implies a4 = 3 an 3 /∈ V (lk(8)), V (lk(6)). Now after completing lk(7) and lk(11) we see
that [1, 9] form non-edge in a 4-gon and we have [1, 9] is an edge in a 4-gon which is a
contradiction.
If (a, b, c, d) = (3, 2, 5, 10) then lk(5) = C9([2, 11, b1], [b1, 0, b2], [b2, a1, 10], [10, 7, 8])
which implies b1 ∈ {4, 6}.
b1 = 4 then lk(2) = C9([8, 9, 3], [3, 0, 1], [1, a2 , 11], [11, 4, 5]). Now either lk(1) = C9([a3,
a4, a2], [a2, 11, 2], [2, 3, 0], [0, 8, 1]) or lk(1) = C8([a3, a4, 9], [9, 8, 0], [0, 3, 2], [2, 11, a2 ]). For
lk(1) = C9([a3, a4, a2], [a2, 11, 2], [2, 3, 0], [0, 8, 1]), a2 = 10 as for a2 ∈ {6, 7}, [6, 7] will
form a non-edge which will not possible. Therefore a4 ∈ {7, a1}. But a4 6= a1, so
a4 = 7, a3 = 6 and then [7, 10, 11] form a 3-gon which is a contradiction. For lk(1) =
C8([a3, a4, 9], [9, 8, 0], [0, 3, 2], [2, 11, a2 ]), [9, 11] form a edge in a 3-gon and then lk(9) =
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C9([11, a5, 3], [3, 2, 8], [8, 0, 1], [1, a3 , a4]). From here we see that a5 = 4 and then 2 occur
two times in lk(3) which is a contradiction.
b1 = 6⇒ b2 = 4, a1 ∈ {1, 9} and lk(2) = C9([8, 9, 3], [3, 0, 1], [1, a2 , 11], [11, 6, 5]) which
implies a2 ∈ {4, 7, 10}. For a2 = 4, lk(4) = C9([3, 7, 11], [11, 2, a1 ], [a1, 10, 5], [5, 6, 0]) which
implies a1 = 1. Now lk(1) = C9([10, 5, 4], [4, 11, 2], [2, 3, 0], [0, 8, 9]). Therefore [6, 7, 11] form
a 3-gon and lk(7) = C9([6, 0, 8], [8, 5, 10], [10, 9, 3], [3, 4, 11]) and then 3 will occur two times
in lk(4) which is not possible. For a4 6= 4 then lk(4) = C9([3, a3, a4], [a4, a5, a1], [a1, 10, 5],
[5, 6, 0]). We see that a4 = 11 is not possible as [1, 11] is a non-edge in a 4-gon, therefore
a3 = 11 and then a4 = 7. Hence a5 ∈ {6, 10} which is not possible.
If (a, b, c, d) = (4, 2, 5, 10) then lk(2) = C9([5, a1, 3], [3, 0, 1], [1, a2 , 4], [4, 9, 8]), lk(5) =
C9([2, 3, a1], [a1, 0, 4], [4, 11, 10], [10, 7, 8]) which implies a1 = 6, a2 = 11 and then lk(4) will
not possible.
If (a, b, c, d) = (2, 11, 5, 10) ≈ (2, 10, 5, 11) then lk(5) = C9([11, a1, b1], [b1, 0, b2], [b2,
a2, 10], [10, 7, 8]) which implies a1 ∈ {1, 3}, b1 ∈ {4, 6}.
(a1, b1) = (1, 4) ⇒ b2 = 6. We see that to complete lk(1), either [1, 11] or [1, 4] have
to be an edge in a 3-gon which is not possible.
(a1, b1) = (1, 6) ⇒ b2 = 4 and lk(1) = C9([9, 8, 0], [0, 3, 2], [2, a3 , 11], [11, 5, 6]) which
implies [2, 11] form an edge and a non-edge in two 4-gon which is not possible.
(a1, b1) = (3, 4) implies 3 will occur two times in lk(4) which is a contradiction.
(a1, b1) = (3, 6) ⇒ b2 = 4 and lk(6) = C9([a3, a4, 3], [3, 11, 5], [5, 4, 0], [0, 8, 7]). From
here we see that a3 = 9 and [1, 2, 10] form a 3-gon. Now lk(9) = C9([7, a5, 1], [1, 0, 8], [8,
11, a4], [a4, 3, 6]) which implies a4 = 2. So lk(2) = C9([10, a6, 11], [11, 8, 9], [9, 6, 3], [3, 0, 1])
and lk(1) = C9([10, a7, 4], [4, 7, 9], [9, 8, 0], [0, 3, 2]) which implies lk(4) is not possible.
If (a, b, c, d) = (4, 2, 11, 10) ≈ (4, 2, 10, 11) then lk(2) = C9([11, 6, 3], [3, 0, 1], [1, 5, 4],
[4, 9, 8]), lk(4) = C9([3, 10, 9], [9, 8, 2], [2, 1, 5], [5, 6, 0]) and lk(3) = C9([4, 9, a1], [a1, a2, 6], [6,
11, 2], [2, 1, 0]). From here we see that a1 = 10 and a2 = 7 as 7 /∈ lk(2), lk(4). Now
lk(6) = C9([11, 2, 3], [3, 10, 7], [7, 8, 0], [0, 4, 5]), this implies 10 will occur two times in lk(7)
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which is a contradiction.
If (a, b, c, d) = (5, 2, 11, 10) ≈ (5, 2, 10, 11) then lk(5) = C9([11, a1, b1], [b1, 0, b2], [b2,
a2, 2], [2, 9, 8]) which implies a1 ∈ {1, 3}, b1 ∈ {4, 6}.
(a1, b1) = (1, 4), to complete lk(1), either [1, 11] or [1, 4] have to be an edge in a 4-gon
which is not possible.
(a1, b1) = (1, 6) ⇒ b2 = 6 and lk(6) = C9([a3, a4, 7], [7, 8, 0], [0, 4, 5], [5, 11, 1]) and
lk(7) = C9([a5, a6, a4], [a4, a3, 6], [6, 0, 8], [8, 11, 10]). As 3 /∈ lk(5), lk(8), therefore a4 = 3.
Now we see that a5 = 9, a3 = 2, a6 = 5 which implies [5, 9] form an edge and a non-edge in
two 4-gon which is a contradiction.
(a1, b1) = (3, 4) implies 3 occur two times in lk(4) which is a contradiction.
(a1, b1) = (3, 6) ⇒ b2 = 4, lk(3) = C9([4, a3, 11], [11, 5, 6], [6, a4 , 2], [2, 1, 0]), lk(6) =
C9([a4, 2, 3], [3, 11, 5], [5, 4, 0], [0, 8, 7]) which implies [1, 2, 10] form a 3-gon and a4 = 9. Now
after completing lk(2) and lk(9), from lk(1) we see that [10.11] form a non-edge and we
have [10, 11] is an edge in a 4-gon which is a contradiction.
If (a, b, c, d) = (3, 5, 10, 11) then lk(3) = C8([4, a1, 9], [9, 8, 5], [5, a2 , 2], [2, 1, 0]) and lk(5)
= C8([10, a3, 4], [4, 0, 6], [6, 2, 3], [3, 9, 8]) which implies a2 = 6 and from lk(10) we get a3 =
1, therefore 11 /∈ V (lk(0)), V (lk(3)) i.e. a1 = 11 and therefore V (lk(7)) = {0, 1, 2, 4, 6, 8, 9,
10, 11}. Now we have faces [0, 1, 2, 3], [0, 1, 9, 8], [1, 4, 5, 10], therefore [1, 10] has to be an
edge of a 3-gon, which is a contradiction.
If (a, b, c, d) = (3, 10, 5, 11) then lk(3) = C8([4, a1, b1], [b1, 8, b2], [b2, a2, 2], [2, 1, 0]) where
{b1, b2} = {9, 10} and a1 ∈ {7, 11}. If a1 = 7 then as we have faces [5, 11, 7, 8], [0, 6, 7, 8] and
[3, 4, 7, b1], therefore [7, b1] will form an edge in a 3-gon. Therefore b1 = 9, b2 = 10 and then
lk(7) = C8([6, 0, 8], [8, 5, 11], [11, a3 , 4], [4, 3, 9]) and lk(9) = C8([6, a4, 1], [1, 0, 8], [8, 10, 3], [3,
4, 7]) which implies [1, 2, 11] is a face and then a4 6= 11 i.e. 11 /∈ V (lk(0)), V (lk(4)), there-
fore a2 = 11, a4 = 5 which implies C(4, 0, 8, 7, 9, 1, 5) ∈ lk(6), which make contradiction.
Therefore a1 = 11 which implies a2 ∈ {6, 7} and lk(5) = C8([10, a3, 4], [4, 0, 6], [6, a4 , 11], [11,
7, 8]). Now, from lk(4), we get b1 = 9, b2 = 10 and then lk(4) = C8([3, 9, 11], [11, a5 , a3], [a3,
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10, 5], [5, 6, 0]) which implies a3 = 1 and then [1, 10] has be an edge of a 3-gon, is a contra-
diction.
If (a, b, c, d) = (4, 5, 10, 2) then lk(4) = C8([3, a1, a2], [a2, a3, 9], [9, 8, 5], [5, 6, 0]) and
lk(5) = C8([10, a4, a5], [a5, a6, 6], [6, 0, 4], [4, 9, 8]) where a1, a2 ∈ {7, 10, 11}. If a2 = 7 then
from lk(7) we get a3 = 2 and [6, 7, a1] is a face which implies a1 = 11. Now lk(7) =
C8([11, 3, 4], [4, 9, 2], [2, 10, 8], [8, 0, 6]) and lk(6) = C8([11, a7, a6], [a6, a5, 5], [5, 4, 0], [0, 8, 7])
which implies a4 = 11, a7 = 10 and then lk(10) = C8([8, a8, a9], [a9, a10, a6], [a6, 6, 11], [11,
a5, 5]) which implies a5, a6 ∈ {1, 2, 3} i.e. either {a5, a6} = {1, 2} or {a5, a6} = {2, 3} as
[1, 3] is a non-edge of a 3-gon. Now if {a5, a6} = {2, 3} then 1 /∈ V (lk(5)), V (lk(6)), V (lk(7))
and if {a5, a6} = {1, 2} then 3 /∈ V (lk(5)), V (lk(6)), V (lk(8)), which are not possible. If
a2 = 10 then from lk(10), we get a3 = 2, a1 = 11. Therefore lk(10) = C8([5, a5, 11], [11, 3,
4], [4, 9, 2], [2, 7, 8]) which implies a5 = 1 and then [1, 11] has to be an edge of a 3-gon. Now
from lk(1), we get a6 = 2. Therefore lk(1) = C8([9, 8, 0], [0, 3, 2], [2, 6, 5], [5, 10, 11]) which
implies [2, 6, 7] is a face and then C(2, 10, 8, 0, 6, 7) ∈ lk(7), which is a contradiction. There-
fore a2 = 11. Now if a1 = 7 then [7, 11] has to be an edge of a 3-gon and either [6, 7] or [2, 7]
will be an edge of a 3-gon. If [6, 7] is an edge of a 3-gon, then [1, 2, 9] will be a face which
implies C(2, 3, 0, 8, 9, 1) ∈ lk(9), is a contradiction, therefore [2, 7, 11] and [1, 6, 9] form faces
and then lk(7) = C8([2, 10, 8], [8, 0, 6], [6, 9, 4], [4, 3, 11]) which implies a3 = 6, which is not
possible, therefore a1 = 10. Now lk(10) = C8([8, 7, 2], [2, a7 , 11], [11, 4, a4 ], [a4, a5, 5]) which
implies a4 = 3, a6 = 11. Now V (lk(11)) = {2, 3, 4, 5, 6, 9, 10, a5 , a7} ⇒ {a5, a7} = {1, 7}, is
a contradiction.
If (a, b, c, d) = (4, 5, 10, 11) then lk(4) = C8([3, a1, a2], [a2, a3, 9], [9, 8, 5], [5, 6, 0]) and
lk(5) = C8([10, a4, a5], [a5, a6, 6], [6, 0, 4], [4, 9, 8]) where a1, a2 ∈ {7, 10, 11}. If a2 = 7 then
one of a1, a3 is 11 and [6, 7] is an edge of a 3-gon. If a3 = 11 then a1 6= 10, is a contradic-
tion, therefore a1 = 11 and then [6, 7, a3] is a face which implies [2, 6, 7] and [1, 9, 11]
form faces which implies a3 = 2. Now lk(9) = C8([11, 10, 2], [2, 7, 4], [4, 5, 8], [8, 0, 1])
and then lk(2) will not possible. If a2 = 10 then from lk(10) we get one of a1, a3
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is 11 i.e. {a1, a3} = {11, a4}. If a3 = 11 then a1 = a4 = 7 which is a contradic-
tion as [7, 10] form edge and non-edge in two 4-gon. Therefore a1 = 11, a3 = a4 = 2
and then lk(10) = C8([8, 7, 11], [11, 3, 4], [4, 9, 2], [2, a5 , 5]) which implies a5 = 1 and then
lk(1) = C8([9, 8, 0], [0, 3, 2], [2, 10, 5], [5, 6, a6 ]). From here we get a6 = 11 which implies
[2, 6, 7] is a face and then 7 /∈ V (lk(1)), V (lk(4)), V (lk(5)), is a contradiction. There-
fore a2 = 11. Now if a1 = 7 then [6, 7] will be an edge of a 3-gon. Therefore lk(7) =
C8([6, 0, 8], [8, 10, 11], [11, 4, 3], [3, b1 , b2]) which implies b2 = 9 and therefore [1, 2, 11] form
a face. Now from lk(9), we get b1 = 1, which is not possible from lk(3). Therefore a1 = 10
and then lk(10) = C8([5, a5, a4], [a4, a7, 3], [3, 4, 11], [11, 7, 8]) which implies a4 = 9 and then
[5, 9] form non-edge in two 4-gon, a contradiction.
If (a, b, c, d) = (4, 10, 5, 11) then lk(4) = C8([3, a1, 10], [10, 8, 9], [9, a2 , 5], [5, 6, 0]) which
implies lk(5) = C8([10, a3, 6], [6, 0, 4], [4, 9, 11], [11, 7, 8]) i.e. a2 = 11, a1 = 7. From lk(7),
we see that [7, 10] is an edge of a 3-gon, a contradiction.
If (a, b, c, d) = (5, 2, 10, 3) then lk(3) = C8([4, a1, 10], [10, 8, 7], [7, a2 , 2], [2, 1, 0]) which
implies lk(2) = C8([10, a3, 1], [1, 0, 3], [3, 7, 5], [5, 9, 8]). From here we see that a2 = 5, a1 =
11 = a3 which implies C(1, 2, 8, 7, 3, 4, 11) ∈ lk(10), a contradiction.
If (a, b, c, d) = (5, 10, 2, 4) then lk(2) = C8([10, a1, 3], [3, 0, 1], [1, a2 , 4], [4, 7, 8]) and it
implies lk(4) = C8([3, a3, 7], [7, 8, 2], [2, 1, 5], [5, 6, 0]). Therefore a2 = 5, a1 = 11 = a3
which implies V (lk(10)) = {1, 2, 3, 5, 6, 7, 8, 9, 11}. Now from lk(5), we get either [1, 5, 9]
or [5, 6, 9] is a face. But if [1, 5, 9] is a face then C(1, 0, 8, 10, 5) ∈ lk(9), a contradiction.
Therefore [5, 6, 9] is a face and then lk(5) = C8([9, 8, 10], [10, 11, 1], [1, 2, 4], [4, 0, 6]) which
implies C(1, 5, 9, 8, 2, 3, 11) ∈ lk(10) a contradiction.
If (a, b, c, d) = (10, 2, 11, 3) then lk(2) = C8([11, a1, 1], [1, 0, 3], [3, a2 , 10], [10, 9, 8])
which implies lk(3) = C8([4, a4, 11], [11, 8, 7], [7, 10, 2], [2, 1, 0]). Therefore a2 = 7, a3 = 9
which implies one of [4, 9] and [9, 11] has to be an edge of a 3-gon, a contradiction.
If (a, b, c, d) = (10, 2, 11, 4) then lk(2) = C8([11, a1, b1], [b1, 0, b2], [b2, a2, 10], [10, 9, 8])
and lk(4) = C8([3, a3, b3], [b3, 8, b4], [b4, a4, 5], [5, 6, 0]) where {b1, b2} = {1, 3}, {b3, b4} =
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{7, 11}, a1 ∈ {5, 6} and a3 ∈ {9, 10}. If (b1, b2) = (1, 3) then a3 = 9 which implies [9, b3]
will be an edge of a 3-gon and then (b3, b4) = (7, 11). Now lk(9) = C8([10, 2, 8], [8, 0, 1], [1,
a5, 3], [3, 4, 7]) and lk(7) = C8([10, 1, 6], [6, 0, 8], [8, 11, 4], [4, 3, 9]). From here we get, [1, 5, 6]
is a face which implies lk(1) is not possible. Therefore (b1, b2) = (3, 1) which implies
(b3, b4) = (7, 11) as [3, 11] can not be non-edge in two 4-gon. Now if a3 = 9 then from lk(9),
we get [1, 7, 9] is a face, therefore [5, 6, 10] is a face. Now lk(7) = C8([1, a5, 6], [6, 0, 8], [8, 11,
4], [4, 3, 9]) which implies a5 = 2, which contradict to lk(2). Therefore a3 = 10 and
then a4 ∈ {1, 9}. If a4 = 1 then from lk(1), we get [1, 5, 9] and [6, 7, 10] form faces.
Which implies C(3, 10, 6, 0, 8, 11, 4) ∈ lk(7), a contradiction. Therefore a4 = 9 and then
from lk(9), we get either [1, 5, 9] or [5, 9, 10] is a face. If [1, 5, 9] is a face, then [6, 7, 10]
will form a face which implies C(3, 10, 6, 0, 8, 11, 4) ∈ lk(7), a contradiction. There-
fore [5, 9, 10] and [1, 6, 7] form faces. Now lk(9) = C8([10, 2, 8], [8, 0, 1], [1, a5 , 11], 11, 4, 5),
lk(1) = C8([7, 10, 2], [2, 3, 0], [0, 8, 9], [9, 11, 6]) which implies a2 = 7, a5 = 6 and then lk(7) =
C8([1, 2, 10], [10, 3, 4], [4, 11, 8], [8, 0, 6]). From here we see that 5 /∈ V (lk(1)), V (lk(7)),
V (lk(8)), a contradiction.
If (a, b, c, d) = (10, 11, 2, 3) then lk(2) = C8([11, a1, a2], [a2, a3, 1], [1, 0, 3], [3, 7, 8]) and
lk(3) = C8([4, a4, a5], [a5, a6, 7], [7, 8, 2], [2, 1, 0]) where a2 ∈ {4, 5, 6} and a5 ∈ {9, 10, 11}.
If a5 = 9 then from lk(9) we get one of a4, a6 must be 10 and [1, 9] is an edge of a
3-gon. Therefore either [1, 5, 9] or [1, 6, 9] is a face. If [1, 5, 9] is a face then [6, 7, 10]
will form a face and then lk(7) = C8([10, a7, a7], [a6, 9, 3], [3, 2, 8], [8, 0, 6]) which implies
a4 = 10. Therefore lk(9) = C8([5, 7, 3], [3, 4, 10], [10, 11, 8], [8, 0, 1]) which implies a6 = 5.
Now lk(10) = C8([7, 5, 4], [4, 3, 9], [9, 8, 11], [11, a8 , 6]) which implies C(5, 6, 0, 3, 9, 10, 7) ∈
lk(4), a contradiction. If [1, 6, 9] is a face then [5, 7, 10] will form a face and then lk(7) =
C8([10, a7, 6], [6, 0, 8], [8, 2, 3], [3, 9, 5]) which implies a6 = 5, a4 = 10. Now lk(9) = C8([1, 0,
8], [8, 11, 10], [10, 4, 3], [3, 7, 6]) and then lk(6) will not possible. If a5 = 11 then from lk(11),
we get {a4, a6} = {10, a1}. Now if a1 = a4 then a1 /∈ V , therefore (a4, a6) = (10, a1), which
implies lk(11) = C8([8, 9, 10], [10, 4, 3], [3, 7, a1 = a6], [a1, a2, 2])and a1 ∈ {5, 6}. But if
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a1 = 6 then C(0, 8, 2, 3, 11, 6) ∈ lk(7), a contradiction. Therefore a1 = a6 = 5 which implies
[5, 6] is an edge of a 3-gon and either [5, 6, 7] or [5, 6, a2] is a face. But [5, 6, a2] can not be
a face as a2 ∈ {4, 5, 6} and [5, 6, 7] is also cannot be a face as then C(3, 11, 5, 6, 0, 8, 2) ∈
lk(3). Therefore a5 = 10. Now from lk(3) and lk(4), we get a4 ∈ {9, 11}. If a4 = 9
then from lk(9), we get [1, 9] is an edge of a 3-gon. Therefore either [1, 5, 9] or [1, 6, 9]
is a face. In both cases, [7, 10] will be an edge of a 3-gon, which is a contradiction as
[7, 10] is a non-edge of a 4-gon. Therefore a4 = 11 which implies a6 = 5. Now lk(11) =
C8([8, 9, 10], [10, 3, 4], [4, a7 , a1], [a1, a2, 2]) which implies a1 /∈ V .
If (a, b, c, d) = (10, 11, 2, 5) then lk(2) = C8([11, a1, b1], [b10, b2], [b2, a2, 5], [5, 7, 8])
where {b1, b2} = {1, 3}. If (b1, b2) = (1, 3) then a1 ∈ {4, 6} and either a2 = 6 or
a2 6= 6. If a2 = 6 then a1 = 4 and [5, 7], [1, 9] are edges of 3-gon which implies [5, 7, 10]
and [1, 6, 9] are faces. From here we see that [4, 6] is a non-edge of two 4-gon, a con-
tradiction, therefore a2 6= 6. Now either [5, 6, 7] or [5, 6, a2] is a face. But [5, 6, 7] can
not be a face as then C(5, 2, 8, 0, 6) ∈ lk(7), therefore [5, 6, a2] is a face. Now lk(5) =
C8([a2, 3, 2], [2, 8, 7], [7, a3 , 4], [4, 0, 6]) which implies a2 ∈ {9, 10}. Now if a2 = 9 then lk(9)
will not possible. Therefore a2 = 10 which implies [1, 7, 9] is a face and a3 ∈ {1, 9}.
If a3 = 1 then V (lk(9)) = {0, 1, 3, 4, 6, 7, 8, 10, 11} which implies a6 = 6 and lk(7) =
C8([9, a4, 6], [6, 0, 8], [8, 2, 5], [5, 4, 1]), lk(9) = C8([1, 0, 8], [8, 11, 10], [10, a5 , a4], [a4, 6, 7]).
From here we see that a4 = 3, a5 = 4 and then lk(3) will not possible. If a3 = 9 then
after completing lk(9), we see that [2, 10] form edge and non-edge in two 4-gon, a contra-
diction. If (b1, b2) = (3, 1) then a1 = 6 and then lk(6) will not possible.
If (a, b, c, d) = (3, 10, 5, 2) then lk(3) = C8([4, a1, b1], [b1, 8, b2], [b2, a2, 2], [2, 1, 0]) and
lk(5) = C8([10, a3, b3], [b3, 0, b4], [b4, a4, 2], [2, 7, 8]) where {b1, b2} = {9, 10}, {b3, b4} =
{4, 6}, a1 ∈ {7, 11} and a3 ∈ {1, 11}. Now if a1 = 7 then a2 = 11 and from lk(7) we
see that [6, 7, b1] form a face. Which implies (b1, b2) = (9, 10) and then [1, 2, 11] form a
face. Therefore C(1, 0, 3, b2, 11) ∈ lk(2), a contradiction, therefore a1 = 11. If a3 = 1 then
a4 = 11 and then from lk(1), we see that [1, 9, b3] from a face, which implies (b3, b4) = (6, 4).
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Therefore [2, 7, 11] form a face and then C(7, 8, 5, b4, 11) ∈ lk(2), a contradiction, therefore
a3 = 11. Now we have faces [0, 1, 2, 3], [2, 3, b2, a2], [2, 5, 8, 7] and [2, 5, b4, a4]. Therefore, by
considering lk(2), we get either a2 ∈ {7, a4} or a4 ∈ {1, a2}. But if a2 = a4, then a2 /∈ V .
Therefore either a2 = 7 or a4 = 1. If a2 = 7 then 1, 2, a4 form a face, which implies a4 = 9
and then C(2, 3, 0, 8, 9) ∈ lk(1), a contradiction. If a4 = 1 then [2, 7, a2] form a face which
implies a2 = 6 and then C(2, 5, 8, 0, 6) ∈ lk(7), a contradiction.
If lk(8) = C9([a, b, c], [c, d, 9], [9, 1, 0], [0, 6, 7]) then a ∈ {2, 5, 10}. If a = 2 then re-
maining possible of two incomplete 3-gon are {[1, 5, 6], [9, 10, 11]}, {[1, 5, 9], [6, 10, 11]}, {[1, 5,
10], [6, 9, 11]}, {[1, 6, 9], [5, 10, 11]}, {[1, 6, 10], [5, 9, 11]}, {[1, 9, 10], [5, 6, 11]}, {[1, 10, 11], [5, 6,
9]}.
Case 8. When remaining two 3-gons are {[1, 5, 6], [9, 10, 11]} then either lk(1) = C9([6, a2,
2], [2, 3, 0], [0, 8, 9], [9, a1 , 5]) or lk(1) = C9([5, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 6]).
Subcase 8.1. For lk(1) = C9([6, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 5]), with out loss of general-
ity, assume a2 = 10 and then lk(6) = C9([1, 2, 10], [10, a3 , 7], [7, 8, 0], [0, 4, 5]) and lk(2) =
C9([a6, a7, 3], [3, 0, 1], [1, 6, 10], [10, a4 , a5]). From here we see that a5, a6 ∈ {7, 8} and from
lk(7) we see that a5 = 8, a6 = 7. Now lk(8) = C9([2, 10, a4 ], [a4, a8, 9], [9, 1, 0], [0, 6, 7]) and
lk(10) = C9([a9, a10, a4], [a4, 8, 2], [2, 1, 6], [6, 7, a3 ]). From here we see that a3, a9 ∈ {9, 11}
& a4 ∈ {4, 5} which implies a4 = 4 (from lk(9)). As a10 6= 8 implies a9 = 3, a3 = 9 which
implies [3, 4] form an edge and a non-edge which is a contradiction.
Subcase 8.2. For lk(1) = C9([5, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 6]) then lk(6) = C9([1, 9, 10],
[10, a3, 7], [7, 8, 0], [0, 4, 5]) which implies a1 ∈ {10, 11}. With out loss of generality, let a1 =
10, then a2 = 11, a3 = 3. Now lk(2) = C9([8, a5, 3], [3, 0, 1], [1, 5, 11], [11, a4 , 7]), lk(7) =
C9([2, 11, a4 ], [a4, a6, 3], [3, 10, 6], [6, 0, 8]), lk(8) = C9([2, 3, a5], [a5, a7, 9], [9, 1, 0], [0, 6, 7]) and
lk(3) = C9([4, a4, 7], [7, 6, a5 ], [a5, 8, 2], [2, 1, 0]). From here we see that a6 = 4, a5 = 10, a4 =
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9 which implies [9, 10] form an edge and a non-edge which is a contradiction.
Case 9. When remaining two 3-gons are {[1, 5, 9], [6, 10, 11]} then either lk(6) = C9([10, a2,
5], [5, 4, 0], [0, 8, 7], [7, a1 , 11]) or lk(6) = C9([11, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 10]).
Subcase 9.1. For lk(6) = C9([10, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 11]) implies lk(7) = C9([2,
a3, a4], [a4, a5, a1], [a1, 11, 6], [6, 0, 8]) and a1 ∈ {1, 3, 9}. If a1 = 1 then lk(1) is not possible.
If a1 = 9 then lk(9) = C9([5, a4, 7], [7, 6, 11], [11, b1 , 8], [8, 0, 1]) which implies a5 = 5, a4 = 4
and then lk(5) = C9([1, a6, a2], [a2, 10, 6], [6, 0, 4], [4, 7, 9]) which implies a2 /∈ V . If a1 = 3
then lk(3) = C9([4, a4, 7], [7, 6, 11], [11, a6 , 2], [2, 1, 0]) which implies a5 = 4 & a4 ∈ {9, 10}.
If a4 = 9 then lk(9) = C9([5, 2, 7], [7, 3, 4], [4, a7 , 8], [8, 0, 1]) which implies a3 = 5, a7 = 10
and lk(4) = C9([3, 7, 9], [9, 8, 10], [10, a8 , 5], [5, 6, 0]). From here we see that a8 = 11 as 11
is not a member of lk(0) & lk(9), and then lk(5) will not possible. If a4 = 10 then lk(7) =
C9([2, a5, 10], [10, 4, 3], [3, 11, 6], [6, 0, 8]), lk(10) = C9([11, a7, 4], [4, 3, 7], [7, 2, a2 ], [a2, 5, 6])
which implies a2 = a3 and a2, a7 ∈ {1, 9}. Now lk(4) = C9([3, 7, 10], [10, 11, a7 ], [a7, a8, 5], [5,
6, 0]) and lk(5) = C9([a9, a10, a8], [a8, a7, 4], [4, 0, 6], [6, 10, a2 ]) which implies a2, a9 ∈ {1, 9}
which is a contradiction.
Subcase 9.2. For lk(6) = C9([11, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 10]), lk(7) = C9([2, a3, a4],
[a4, a5, a1], [a1, 10, 6], [6, 0, 8]) which implies a1 ∈ {1, 3, 9}. For a1 = 1, lk(1) will not
possible. If a1 = 3 then lk(3) = C9([4, a4, 7], [7, 6, 10], [10, a6 , 2], [2, 1, 0]) which implies
a5 = 4 and a4 ∈ {9, 11}. If a4 = 9 then lk(9) = C9([5, 2, 7], [7, 3, 4], [4, a7 , 8], [8, 0, 1])
which implies a3 = 5 and a7 = 11. Now lk(4) = C9([3, 7, 9], [9, 8, 11], [11, a8 , 5], [5, 6, 0])
which implies a8 = 10 and then lk(5) will not possible. Therefore a4 = 9 is not pos-
sible. Now if a4 = 11 then lk(2) = C9([8, a7, 3], [3, 0, 1], [1, a8 , a3], [a3, 11, 7]) which im-
plies a3 = 4 and lk(1) = C9([5, a9, a8], [a8, 4, 2], [2, 3, 0], [0, 8, 9]) implies a8 = 10 and
then lk(4) will not possible. Therefore a4 = 11 is not possible and then a1 = 3 is
not possible. If a1 = 9 then lk(9) = C9([1, 0, 8], [8, a6 , 10], [10, 6, 7], [7, a4 , 5]) which im-
plies a5 = 5, a4 = 4 (a4 6= 11 as [5, 11] is a non-edge in a 4-gon) and a6 = 3. Now
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lk(4) = C9([3, a7, a3], [a3, 2, 7], [7, 9, 5], [5, 6, 0]) which implies a3 = 11 as [1, 3] can not be
non-edge in two 4-hon. We see that a7 6= 1 and 1 /∈ lk(7), therefore a2 = 1 and then lk(11)
will not possible. Therefore a1 = 9 is not possible.
Case 10. When remaining two 3-gons are {[1, 5, 10], [6, 9, 11]} then either lk(6) = C9([9, a2,
5], [5, 4, 0], [0, 8, 7], [7, a1 , 11]) or lk(6) = C9([11, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 9]).
Subcase 10.1. For lk(6) = C9([9, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 11]), a1 ∈ {1, 3, 10}. If
a1 = 1, then lk(1) will not possible. If a1 = 3 then lk(7) = C9([2, a3, a4], [a4, a5, 3], [3, 11, 6],
[6, 0, 8]) and lk(3) = C9([4, a4, 7], [7, 6, 11], [11, a6 , 2], [2, 1, 0]) which implies a5 = 4 and
a4 ∈ {9, 10}. When a4 = 9, then to complete lk(9), edges of two consecutive 4-gons in lk(9)
are [9, 1], [9, 4], [9, 8] which implies a2 = 1 = a3 which is a contradiction. Now a4 = 9 implies
a3 ∈ {1, 5, 9} and lk(4) = C9([3, 7, 10], [10, a7 , a8], [a8, a9, 5], [5, 6, 0]). Now if a1 = 1 then
lk(2) = C9([8, a7, 5], [5, 11, 3], [3, 0, 1], [1, 10, 7]) which implies lk(5) will not possible. If a1 ∈
{5, 9} then lk(2) = C9([8, a7, 3], [3, 0, 1], [1, a8 , a3], [a3, 10, 7]) which implies a6 = 8, a7 = 11.
Now lk(1) = C9([a8, a3, 2], [2, 3, 0], [0, 8, 9], [9, a9 , a10]) which implies a8 = 5, a10 = 10, a3 =
9 and then [5, 9] form an edge and a non-edge in two 4-gon which is a contradiction. For
a1 = 10, a2 ∈ {1, 2, 3}. If a1 = 1 then lk(1) = C9([10, a3, 2], [2, 3, 0], [0, 8, 9], [9, 6, 5]) and
either lk(2) = C9([7, c1, 3], [3, 0, 1], [1, 10, a3 ], [a3, a4, 8]) which implies c1 /∈ V . Or lk(2) =
C9([8, a4, 3], [3, 0, 1], [1, 10, a3 ], [a3, c1, 7]) which implies a4 = 11, a3 = 4. Now lk(4) =
C9([3, a5, 10], [10, 1, 2], [2, 7, 5], [5, 6, 0]) implies c1 = 5 and lk(3) = C9([4, 10, a5], [a5, a6, 11],
[11, 8, 2], [2, 1, 0]). We see that a5 6= 11 i.e. 11 /∈ V (lk(0)), V (lk(1)), V (lk(4)) which is a con-
tradiction. If a1 ∈ {2, 3} then lk(5) = C9([1, a4, 4], [4, 0, 6], [6, 9, a2 ], [a2, a3, 10]) ⇒ lk(9) =
C9([11, a5, 1], [1, 0, 8], [8, a6 , a2], [a2, 5, 6]) ⇒ lk(1) = C9([a7, a8, 2], [2, 3, 0], [0, 8, 9], [9, 11, a5 ]).
Therefore we see that a5 = 10, a7 = 5 ⇒ a8 = 4, a4 = 2 and then a2 = 3, a3 = 7 which
implies lk(7) will not possible.
Subcase 10.2. For lk(6) = C9([11, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 9]), a1 ∈ {1, 3, 10}. If
a1 = 1 then lk(1) will not possible. If a1 = 3 then lk(3) = C9([4, a3, 7], [7, 6, 9], [9, a4 , 2], [2,
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1, 0]). We see that a4 ∈ {5, 8, 10}, but for a4 ∈ {5, 10}, lk(9) will not possible, therefore
a4 = 8. Now lk(2) = C9([7, a6, a7], [a7, a8, 1], [1, 0, 3], [3, 9, 8]) ⇒ a2 = 10. Therefore lk(5) =
C9([1, a9, a10], [a10, a11, 4], [4, 0, 6], [6, 11, 10]) ⇒ lk(1) = C9([a8, a7, 2], [2, 3, 0], [0, 8, 9], [9, a12 ,
a13]) ⇒ lk(9) = C9([11, a13, 1], [1, 0, 8], [8, 2, 3], [3, 7, 6]) which implies a12 = 11, a13 6= 10, 5
which is a contradiction. If a1 = 10 then lk(9) = C9([11, a3, 1], [1, 0, 8], [8, a4 , 10], [10, 7, 6])
and lk(1) = C9([10, a5, 2], [2, 3, 0], [0, 8, 9], [9, 11, 5]) which implies a3 = 5 and then [5, 11]
form an edge and a non-edge which is a contradiction.
Case 11. When remaining two 3-gons are {[1, 6, 9], [5, 10, 11]} then either lk(6) = C9([1, a2,
5], [5, 4, 0], [0, 8, 7], [7, a1 , 9]) or lk(6) = C9([9, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 1]).
Subcase 11.1. lk(6) = C9([1, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 9])⇒ lk(5) = C9([a3, a4, a5], [a5,
a6, 4], [4, 0, 6], [6, 1, a2 ]), lk(1) = C9([6, 5, a2], [a2, a7, 2], [2, 3, 0], [0, 8, 9]) which implies a2 ∈
{10, 11}. with out loss of generality, let a2 = 10, then a1 = 11, a7 = 4. Now lk(4) =
C9([3, a8, 10], [10, 1, 2], [2, a9 , 5], [5, 6, 0]) which implies a9 = 11 and then [2, 11] will form an
edge in a 3-gon which is not possible.
Subcase 11.2. lk(6) = C9([9, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 1]) implies lk(1) = C9([6, 7, a1],
[a1, a3, 2], [2, 3, 0], [0, 8, 9]). W.L.G., assume a1 = 10, then a2 ∈ {3, 11} and a3 ∈ {4, 5, 11}.
If a2 = 3 then a3 = 11 and lk(3) = C9([4, a4, 9], [9, 6, 5], [5, a5 , 2], [2, 1, 0]), lk(2) = C9([a5, 5,
3], [3, 0, 1], [1, 10, 11], [11, a7 , a6]), lk(9) = C9([6, 5, 3], [3, 4, a4 ], [a4, a8, 8], [8, 0, 1]). From here
we see that a5 ∈ {7, 8} ⇒ a4 = 11 and then a8 = 10 and then [10, 11] form an edge and a
non-edge in two 4-gon which is a contradiction. a2 = 11⇒ a3 ∈ {4, 5, 11}. If a3 = 4 then
lk(4) = C9([3, a4, 10], [10, 1, 2], [2, a5 , 5], [5, 6, 0]), lk(5) = C9([10, a6, a5], [a5, 2, 4], [4, 0, 6], [6,
9, 11]) which implies a5 = 8, a6 = 9 which is not possible. If a3 = 5 then lk(2) =
C9([a4, 4, 5], [5, 10, 1], [1, 0, 3], [3, a6 , a5]) which implies a6 = 11. Now lk(4) = C9([3, a7, a8],
[a8, a9, a4], [a4, 2, 5], [5, 6, 0]) and lk(3) = C9([4, a8, a7], [a7, a10, 11], [11, a5 , 2], [2, 1, 0]) which
implies a9 = 11. Now from lk(8), we see that a4 6= 8, therefore a4 = 7, a5 = 8 and then
lk(7) will not possible. If a3 = 11 then lk(5) = C9([10, b1, b2], [b2, b3, 4], [4, 0, 6], [6, 9, 11]),
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lk(10) = C9([5, b2, b1], [b1, b4, 7], [7, 6, 1], [1, 2, 11]) which implies b2 = 8 and b1, b3 ∈ {2, 9}
which is not possible.
Case 12. When remaining two 3-gons are {[1, 6, 10], [5, 9, 11]} then either lk(6) = C9([1, a2,
5], [5, 4, 0], [0, 8, 7], [7, a1 , 10]) or lk(6) = C9([10, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 1]).
Subcase 12.1. For lk(6) = C9([1, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 10]), a2 ∈ {2, 9}. If a2 = 2
then lk(1) = C9([6, 5, 2], [2, 3, 0], [0, 8, 9], [9, a3 , 10]), lk(2) = C9([b3, b4, 3], [3, 0, 1], [1, 6, 5], [5,
b1, b2]), lk(5) = C9([b5, b6, 4], [4, 0, 6], [6, 1, 2], [2, b2 , b1]) which implies b1 ∈ {9, 11} and
then b2 = 7, b3 = 8. Now lk(7) = C9([2, 5, b1], [b1, b7, a1], [a1, 10, 6], [6, 0, 8]) which
implies a1 = 3 and then lk(3) = C9([4, b1, 7], [7, 6, 10], [10, 8, 2], [2, 1, 0]). There-
fore b7 = 4 and then b1 = 11 which implies 9 /∈ V (lk(2)), V (lk(7)), V (lk(3)).
If a2 = 9 then lk(1) = C9([6, 5, 9], [9, 8, 0], [0, 3, 2], [2, a3 , 10]), lk(2) =
C9([b3, b4, 3], [3, 0, 1], [1, 10, a3 ], [a3, b1, b2]), lk(8) = C9([2, c1, c2], [c2, c3, 9], [9, 1, 0], [0, 6, 7])
and lk(7) = C9([2, c4, c5], [c5, c6, a1], [a1, 10, 6], [6, 0, 8]). If a3 6= 11 then a1 = 11 and one of
b1, b4 i.e. one of c2, c5 is 11. But c5 6= 11 as then c2 = 11 which make contradiction. There-
fore a3 = 11 ⇒ a1 = 3 and then b2 = 7, b3 = 8, c1 = 11, b1 = c2, c4 = 3, c5 = b4 ⇒ c6 = 11
which implies lk(3) will not possible.
Subcase 12.2. For lk(6) = C9([10, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 1]), lk(9) =
C9([a5, a6, 7], [7, 6, 1], [1, 0, 8], [8, a3 , a4]) and from lk(1) we get a1 = 9 and a2 ∈ {2, 3, 11}.
But a2 6= 2 as then two 4-gon at 2 has no common vertex except 2 and no edge of these
two 4-gon does not form an edge in a 3-gon, therefore a2 ∈ {3, 11}. If a2 = 3 then lk(5) =
C9([b3, b4, 3], [3, 10, 6], [6, 0, 4], [4, b1 , b2]), lk(7) = C9([2, c1, a6], [a6, a5, 9], [9, 1, 6], [6, 0, 8]),
lk(8) = C9([2, c2, a3], [a3, a4, 9], [9, 1, 0], [0, 6, 7]), lk(3) = C9([4, a7, 10], [10, 6, 5], [5, b3 , 2], [2,
1, 0]) which implies b4 = 2 and then lk(2) = C9([8, a3, 1], [1, 0, 3], [3, 5, b3 ], [b3, a6, 7]). From
here we see that c1 = b3, a5 = 11 and b3 = 11, b2 = 9 which implies a4 = 11, a5 = 5, a6 =
4 ⇒ b4 = 2 which is a contradiction. If a2 = 11 then lk(7) = C9([2, b1, b2], [b2, b3, 9], [9, 1,
6], [6, 0, 8]), lk(8) = C9([2, b4, b5], [b5, b6, 9], [9, 1, 0], [0, 6, 7]), lk(9) = C9([b6, b5, 8], [8, 0, 1], [1,
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6, 7, ], [7, b2 , b3]) and lk(5) = C9([9, c1, c2], [c2, c3, 4], [4, 0, 6], [6, 10, 11]) which implies
c2 = b2 or b5, that implies c2 = 2 which is a contradiction.
Case 13. When remaining two 3-gons are {[1, 9, 10], [5, 6, 11]} then lk(6) = C9([11, a1, a2],
[a2, a3, 7], [7, 8, 0], [0, 4, 5]) and lk(1) = C9([10, a4, a5], [a5, a6, 2], [2, 3, 0], [0, 8, 9]) which im-
plies a2 ∈ {1, 3, 9, 10}. If a2 = 1, then by lk(1), {a1, a3} = 2, 10, but a3 6= 2, therefore
(a1, a3) = (2, 10) i.e. a5 = 6, a6 = 11, a4 = 7. Now considering lk(2), b ∈ {3, 11}, i.e.
10 /∈ V (lk(0)), V (lk(8)), therefore [2, 7, 10, d1 ] will be a face for some d1 ∈ {3, 11} which
implies C(1, 6, 0, 8, 2, 10) ∈ lk(11), a contradiction. If a2 = 3 then considering lk(3), one
of a1, a3 is 2, i.e. a1 = 2. Now lk(3) = C9([0, 1, 2], [2, 11, 6], [6, 7, a3 ], [a3, b1, 4]) which im-
plies a3 ∈ {9, 10} and lk(2) = C9([7, a5, 1], [1, 0, 3], [3, 6, 11], [11, c, 8]) i.e. a6 = 7, b = 11,
therefore a5, c, d 6= 10 i.e. |vlk(10)| ≤ 8, a contradiction. If a2 = 9 then considering
lk(9), {a1, a3} = {d, a3}, which implies d = 3, therefore [3, 6, 9, b1 ] will be a face for some
b1 ∈ {7, 11} and then lk(3) will not possible. Therefore a2 = 10. Now if b = 10 then
one of [10, a1], [10, a3] will be an adjacent edge of a 3-gon and a 4-gon and the other one
will be one of [2, 10], [10, c]. If the other one is [10, c] then c /∈ V and if it is [2, 10]
then considering lk(10), {a1, a3} = {2, 9} i.e. (a1, a3) = (2, 9) and then after complet-
ing lk(10), lk(2) will not possible. Therefore b 6= 10 i.e. 10 /∈ V (lk(0)), V (lk(8)) i.e.
V (lk(10)) = {1, 2, 3, 4, 5, 6, 7, 11}, therefore {a1, a3} = {2, 3} i.e. (a1, a3) = (2, 3) and then
lk(3) will not possible.
Case 14. When remaining two 3-gons are {[1, 10, 11], [5, 6, 9]} then lk(1) = C9([10, a2, 2], [2,
3, 0], [0, 8, 9], [9, a1 , 11]) and lk(8) = C9([2, b1, b2], [b2, b3, 9], [9, 1, 0], [0, 6, 7]) which implies
b2 = 4 and b1 ∈ {5, 11}. If b1 = 5 then lk(4) = C9([3, a3, b3], [b3, 9, 8], [8, 2, 5], [5, 6, 0])
and from here we see that [9, b3] will not form an edge in a 3-gon, therefore b3 = 10
and then lk(9) = C9([a1, 11, 1], [1, 0, 8], [8, 4, 10], [10, a4 , a5]) which implies a4 = 7. Now
lk(10) = C9([a3, 3, 4], [4, 8, 9], [9, a5 , 7], [7, a6, a7]) ⇒ a3, a7 ∈ {1, 11} ⇒ a3 = 11, a7 =
1 ⇒ a2 = 7, a6 = 2 ⇒ a5 = 5, a1 = 6 and then after completing lk(7) we see that
[5, 6] will norm a non-edge in a 4-gon which is a contradiction. b1 = 11 implies lk(4) =
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C9([3, a3, a4], [a4, 2, a5], [a5, a6, 5], [5, 6, 0]) ⇒ b3 ∈ {3, 5}. But b3 6= 5 as then face sequence
will not follow in lk(5), therefore b3 = 3 and then a3 = 9, a4 = 8, a5 = 11, a6 = 10. Now
lk(9) = C9([a1, 11, 1], [1, 0, 8], [8, 4, 3], [3, a7 , a8]). From lk(9) we see that a1 ∈ {5, 6} and
from lk(1) & lk(11) we see that a1 ∈ {6, 7}, therefore a1 = 6 which implies a8 = 5, a7 = 10.
Now lk(6) = C9([9, 1, 11], [11, 10, 7], [7, 8, 0], [0, 4, 5]) and then lk(10) will not possible.
If a = 5 then remaining possible of two incomplete 3-gon are {[1, 2, 6], [9, 10, 11]}, {[1, 2, 9],
[6, 10, 11]}, {[1, 2, 10], [6, 9, 11]}, {[1, 6, 9], [2, 10, 11]}, {[1, 6, 10], [2, 9, 11]}, {[1, 9, 10], [2, 6, 11]},
{[1, 10, 11], [2, 6, 9]}.
Case 15. When remaining two 3-gons are {[1, 2, 6], [9, 10, 11]} then either lk(6) = C9([2, a2,
5], [5, 4, 0], [0, 8, 7], [7, a1 , 1]) or lk(6) = C9([1, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 2]). For lk(6) =
C9([2, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 1]), a2 ∈ {9, 10}. If a2 = 9 then lk(5) = C9([a5, a6, 4], [4, 0,
6], [6, 2, 9], [9, a3 , a4]). As two 4-gons at 9 are [1, 0, 8, 9], [2, 6, 5, 9] and they have no common
vertex except 9 and no edges of these 4-gon form an edge in a 3-gon which implies lk(9) will
not possible. If a2 = 10 then a1 = 11 and then after completing lk(1) we see that [9, 11] is a
non-edge in a 4-gon which is a contradiction. If lk(6) = C9([1, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 ,
2]) then a2 = 10 and then after completing lk(1) we see that [9, 10] form a non-edge which
is not possible.
Case 16. When remaining two 3-gons are {[1, 2, 9], [6, 10, 11]} then 9 will occur two times
in lk(1) which is a contradiction.
Case 17. When remaining two 3-gons are {[1, 2, 10], [6, 9, 11]} then lk(1) = C9([2, 3, 0], [0, 8,
9], [9, a3.a2], [a2.a1, 10]) and lk(6) = C9([c1, d1, 7], [7, 8, 0], [0, 4, 5], [5, d2 , c2]) which implies
a2 ∈ {4, 5, 7}. Now if a2 = 4 then considering lk(4), one of a1, a3 is 5. If a1 = 5 then by
lk(5), d2 ∈ {7, 8}, a contradiction. Similarly a3 6= 5 and therefore a2 6= 4. If a2 = 5 then
considering lk(5), one of [5, a1], [5, a3] have to be adjacent with the face [0,4,5,6] and other
one will be the edge [5,7], therefore b = 4 i.e. one of a1, a6 is 6 and then (c1, c2) = (11, 9)
which implies d2 = 1, a1 = 7. Now lk(5) = C9([8, c, 4], [4, 0, 6], [6, 9, 1], [1, 10, 7]) which im-
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plies c = 2 i.e. 11 /∈ V (lk(0)), V (lk(5)), therefore d = 11 and then lk(2) will not possible. If
a2 = 7 then one of a1, a3 is one of 5, 6. If one of a1, a3 is 6 then a3 = 6, d1 = 1, c1 = 9, c2 =
11. Now lk(7) = C9([5, b1, a1], [a1, 10, 1], [1, 9, 6], [6, 0, 8]) which implies a1 = 11 and then
[5, 11] form non-edge in two 4-gon, a contradiction. If one of a1, a3 is 5 then considering
lk(5), b = 4, therefore lk(5) = C9([8, c, 4], [4, 0, 6], [6, c2 , d2], [d2, 1, 7]) which implies d2 ∈
{9, 10}, therefore d2 = 10, a1 = 5 and then lk(7) = C9([8, 0, 6], [6, c1 , d1], [D1, 9, 1], [1, 10, 5])
which implies (c1, c2) = (11, 9), a3 = d1, implies d1 /∈ V .
Case 18. When remaining two 3-gons are {[1, 6, 9], [2, 10, 11]} then after completing lk(6)
and lk(1) we see that [2, α], α ∈ {10, 11}, form a non-edge which is not possible.
Case 19. When remaining two 3-gons are {[1, 6, 10], [2, 9, 11]} then either lk(6) = C9([1, a2,
5], [5, 4, 0], [0, 8, 7], [7, a1 , 10]) or lk(6) = C9([1, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 10]).
Subcase 19.1. If lk(6) = C9([1, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 10]) then lk(5) = C9([b3, b4, 4],
[4, 0, 6], [6, 1, a2 ], [a2, b1, b2]) where b2, b3 ∈ {7, 8}. If (b2, b3) = (7, 8) then lk(8) = C9([5, 4,
b4], [b4, b5, 9], [9, 1, 0], [0, 6, 7]) which implies b4 = 10. Therefore lk(1) = C9([10, a4, 2], [2, 3, 0],
[0, 8, 9], [9, a3 , 6]) and lk(10) = C9([1, 2, a4], [a4, 5, 8], [8, 9, a1 ], [a1, 7, 6]) which implies a4 =
4 & b5 = a1 ∈ {3, 11}. a1 = 3 ⇒ 11 /∈ lk(0), lk(8), lk(10) which is a contradiction
and a1 = 11 ⇒ a3 = 9 which implies lk(9) is not possible which is a contradiction. If
(b2, b3) = (8, 7) then lk(8) = C9([5, a2, b1], [b1, b5, 9], [9, 1, 0], [0, 6, 7]) which implies a2 =
2, b1 ∈ {3, 10} and then from lk(2) we see that [2, b1] is an edge in a 3-gon which is a
contradiction.
Subcase 19.2. If lk(6) = C9([1, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 10]) then lk(5) = C9([c2, a4, 4],
[4, 0, 6], [6, 1, a2 ], [a2, a3, c1]) where c1, c2 ∈ {7, 8}. If (c1, c2) = (7, 8) then lk(8) = C9([5, 4,
a4], [a4, a5, 9], [9, 1, 0], [0, 6, 7]) which implies a4 = 10. Now lk(1) = C9([10, a6, 2], [2, 3, 0], [0,
8, 9], [9, 5, 6]) ⇒ a2 = 9 and then lk(10) = C9([6, 7, a1], [a1, 9, 8], [8, 5, a6 ], [a6, 2, 1]) which
implies a6 = 4, a1 = a5. Now lk(9) = C9([a1, 10, 8], [8, 0, 1], [1, 6, 5], [5, 7, a3 ]). From here
we see that a1 = 11, a3 = 2 and then 3 /∈ V (lk(8)), V (lk(9)), V (lk(10)), which is a con-
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tradiction. If (c1, c2) = (8, 7) then lk(8) = C9([5, a2, a3], [a3, a5, 9], [9, 1, 0], [0, 6, 7]) and
lk(1) = C9([b3, b4, 2], [2, 3, 0], [0, 8, 9], [9, b1 , b2]) and from this we have a2 = 2 and then
lk(2) = C9([a3, 8, 5], [5, 6, 1], [1, 0, 3], [3, a6 , a7]) which implies a3 /∈ V .
Case 20. When remaining two 3-gons are {[1, 9, 10], [2, 6, 11]} then either lk(6) = C9([2, a2,
5], [5, 4, 0], [0, 8, 7], [7, a1 , 11]) or lk(6) = C9([11, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 2]).
Subcase 20.1. If lk(6) = C9([2, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 11]) then lk(5) =
C9([c2, a4, 4], [4, 0, 6], [6, 2, a2 ], [a2, a3, c1]) where c1, c2 ∈ {7, 8}. If (c1, c2) = (7, 8) then
lk(8) = C9([5, 4, a4], [a4, a5, 9], [9, 1, 0], [0, 6, 7]) which implies a4 = 11, a2 = 10. Now
lk(2) = C9([11, b1, 1], [1, 0, 3], [3, b2 , 10], [10, 5, 6]) which implies a5 = 3 and then lk(3) =
C9([4, b3, 9], [9, 8, 11], [11, b4 , 2], [2, 1, 0]) and from this we have a1 = 9 which implies lk(9)
will not possible. If (c1, c2) = (8, 7) then lk(8) = C9([5, a2, a3], [a3, a5, 9], [9, 1, 0], [0, 6, 7])
which implies a2 = 10 and then after completing lk(10) and lk(2) we see that 1, 9, 10 occur
in a 4-gon which is not possible as [1, 9, 10] is a 3-gon.
Subcase 20.2. If lk(6) = C9([11, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 2]) then lk(5) = C9([c2, a4, 4],
[4, 0, 6], [6, 11, a2 ], [a2, a3, c1]) where c1, c2 ∈ {7, 8}. If (c1, c2) = (7, 8) then lk(8) = C9([4,
5, a4], [a4, a5, 9], [9, 1, 0], [0, 6, 7]). From here we get a4 = 2. Therefore we have two 4-gons
[0, 1, 2, 3] and [2, 4, 5, 8] which have no common vertex except 2 and no edges og these
two 4-gon form an edge in a 3-gon which is a contradiction. If (c1, c2) = (8, 7) then
lk(8) = C9([5, a2, a3], [a3, a5, 9], [9, 1, 0], [0, 6, 7]). From here we see that a3 ∈ {2, 3}. But if
a3 = 2 then to complete lk(2), a2 have to be either 6 or 11 which is not possible, therefore
a3 = 3 and then after completing lk(10) and lk(1) we see that 3 occurs two times in lk(9)
which is a contradiction.
Case 21. When remaining two 4-gons are {[1, 10, 11], [2, 6, 9]} then lk(1) = C9([10, a2, 2], [2,
3, 0], [0, 8, 9], [9, a1 , 11]) where a2 ∈ {4, 5, 6, 7}. If a2 6= 6 then lk(2) = C9([b3, b4, 3], [3, 0, 1],
[1, 10, a2], [a2, b1, b2]) which implies b2 = 9, b3 = 6. If a2 = 4 then after completing lk(4) we
have b1 = 5 and then from lk(9) we see that a1 ∈ {5, 6}. But for any a1, lk(a1) will not
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possible. And similarly for a2 = 5, 6, 7, lk(a2) will not possible.
If a = 10 then remaining possible of two incomplete 3-gon are {[1, 2, 5], [6, 9, 11]}, {[1, 2, 6],
[5, 9, 11]}, {[1, 2, 9], [5, 6, 11]}, {[1, 2, 11], [5, 6, 9]}, {[1, 5, 6], [2, 9, 11]}, {[1, 5, 9], [2, 6, 11]}, {[1, 5,
11], [2, 6, 9]}, {[1, 6, 9], [2, 5, 11]}, {[1, 6, 11], [2, 5, 9]}, {[1, 9, 11], [2, 5, 6]}.
Case 22. When remaining two 3-gons are {[1, 2, 5], [6, 9, 11]} then lk(1) = C9([5, a1, a2], [a2,
a3, 9], [9, 8, 0], [0, 3, 2]) and lk(6) = C9([c2, b2, 5], [5, 4, 0], [0, 8, 7], [7, b1 , c1]) where a2 ∈ {7, 10}
& c1, c2 ∈ {9, 11}. If (c1, c2) = (9, 11) then for a2 = 7, lk(7) = C9([10, b3, a1], [a1, 5, 1], [1, 9,
6], [6, 0, 8]) which implies a1 = 4, b3 = 11 and then considering lk(4) and lk(11) we see that
[8, 9] form an edge and a non-edge in two 4-gon which is not possible, and for a2 = 10, after
considering lk(7) and lk(5) we have a1 = 4 which implies b1 /∈ V . If (c1, c2) = (11, 9)
then a2 = 10 and b1, b2 ∈ {2, 3} and considering lk(5), we have a1 ∈ {4, b2}. But a1 6= b2,
therefore a1 = 4 and then [2, b2] form an edge and a non-edge which is not possible.
Case 23. When remaining two 3-gons are {[1, 2, 6], [5, 9, 11]} then lk(1) = C9([6, a1, a2], [a2,
a3, 9], [9, 8, 0], [0, 3, 2]) which implies a2 = 10 and considering lk(6) & lk(7) we get a1 = 5
and then lk(6) = C9([2, 11, 7], [7, 8, 0], [0, 4, 5], [5, 10, 1]). Now after completing lk(5) & lk(9)
we see that [10, 11] form an edge and a non-edge which is not possible.
Case 24. When remaining two 3-gons are {[1, 2, 9], [5, 6, 11]} then C(9, 8, 0, 3, 2) ∈ lk(1)
which is a contradiction.
Case 25. When remaining two 3-gons are {[1, 2, 11], [5, 6, 9]} then lk(6) = C9([9, a1, a2], [a2,
a3, 7], [7, 8, 0], [0, 4, 5]), lk(1) = C9([11, a4, a5], [a5, a6, 9], [9, 8, 0], [0, 3, 2]), lk(8) = C9([10, a7,
a8], [a8, a9, 9], [9, 1, 0], [0, 6, 7]) and lk(9) = C9([c2, a5, 1], [1, 0, 8], [8, a8 , a9], [a9, a2, c1]) where
c1, c2 ∈ {5, 6}. When (c1, c2) = (6, 5) then a5 ∈ {7, 10}. If a5 = 7 then after completing
lk(7) we see that a1 = 9 = a9 which implies [8, 10] form an edge and a non-edge in two
4-gon which is not possible. If a5 = 10 then a4 ∈ {4, 7}. If a4 = 4 then considering
lk(4), lk(10) & lk(5) we see that lk(2) will not possible, therefore a4 = 7 and then after
completing lk(7) we get [10, 11] form an edge and a non-edge in two 4-gon which is not
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possible. When (c1, c2) = (5, 6) then a4 ∈ {5, 7}. If a4 = 7 then lk(4) is not possible and
if a4 = 5 then after completing lk(4), we see that lk(9) will not possible.
Case 26. When remaining two 3-gons are {[1, 5, 6], [2, 9, 11]} then lk(6) = C9([1, a1, a2], [a2,
a3, 7], [7, 8, 0], [0, 4, 5]) and lk(1) = C9([c2, a4, 2], [2, 3, 0], [0, 8, 9], [9, a2 , c1]) where c1, c2 ∈ {5,
6}. If (c1, c2) = (6, 5) then after completing lk(3) we see that either [7, 8] or [2, 5] form
an edge and a non-edge in two 4-gon, which is a contradiction and if (c1, c2) = (5, 6) then
considering lk(3), lk(7) & lk(9) we see that [5, 10] form an edge and a non-edge in two
4-gon which is not possible.
Case 27. When remaining two 3-gons are {[1, 5, 9], [2, 6, 11]} then lk(1) = C9([5, a1, a2], [a2,
a3, 2], [2, 3, 0], [0, 8, 9]) and lk(6) = C9([c2, b2, 5], [5, 4, 0], [0, 8, 7], [7, b1 , c1]) where c1, c2 ∈ {2,
11}. If (c1, c2) = (11, 2) then lk(7) = C9([10, b3, b4], [b4, b5, b1], [b1, 11, 6], [6, 0, 8]) which
implies b1 ∈ {3, 9}. If b1 = 3 then after completing lk(3), lk(2) & lk(9) we see that
[6, 8] form an edge and a non-edge in two 4-gon which is not possible. If b1 = 9 then
after completing lk(5) and lk(9) we have [2, 11] form an edge and a non-edge in two 4-
gon which is a contradiction. If (c1, c2) = (2, 11) then b1 ∈ {1, 3, 9}. If b1 = 1 then
lk(7) = C9([10, a4, 4], [4, 5, 1], [1, 2, 6], [6, 0, 8]). Therefore a1 = 4, a2 = 7, a3 = 6 and
b2 = 10. Now lk(5) = C9([9, b3, 10], [10, 11, 6], [6, 0, 4], [4, 7, 1]). Considering lk(10) we
see that a4 is either 11 or b3, but if a4 = b3 then a4 /∈ V , therefore a4 = 11 and then b3 = 3
as 3 /∈ lk(6), lk(7). Therefore lk(10) = C9([2, 8, 11], [11, 6, 5], [5, 9, 3], [3, 4, 7]), lk(2) =
C9([11, 10, 8], [8, 9, 3], [3, 0, 1], [1, 7, 6]), lk(8) = C9([10, 3, 2], [2, 11, 9], [9, 1, 0], [0, 6, 7]), lk(9) =
C9([5, 10, 3], [3, 4, 11], [11, 2, 8], [8, 0, 1]), lk(3) = C9([0, 1, 2], [2, 8, 10], [10, 5, 9], [9, 11, 4]), lk(4)
= C9([3, 9, 11], [11, 10, 7], [7, 1, 5], [5, 6, 0]) and lk(11) = C9([6, 5, 10], [10, 7, 4], [4, 3, 9], [9, 8, 2]).
Let this be the map KO[(3,44)]. If b1 = 3 then considering lk(2) we see that a1 = 7, a2 =
10, a3 = 4 and then completing lk(7) we see that lk(5) will not possible. If b1 = 9 then
after completing lk(2) we see that b2 = 9 which implies [6, 9] form non-edge in two 4-gon
which is not possible.
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Case 28. When remaining two 3-gons are {[1, 5, 11], [2, 6, 9]} then either lk(1) = C9([5, a2, 2],
[2, 3, 0], [0, 8, 9], [9, a1 , 11]) or lk(1) = C9([11, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 5]).
Subcase 28.1. If lk(1) = C9([5, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 11]) then a2 ∈ {4, 6, 7, 10}. If
a2 = 6 then after completing lk(2) & lk(9) we see that [6, 8] form an edge and a non-edge in
two 4-gon which is not possible. If a2 6= 6 then lk(2) = C9([c2, a4, 3], [3, 0, 1], [1, 5, a2 ], [a2, a3,
c1]) where c1, c2 ∈ {6, 9}. For (c1, c2) = (6, 9) we get a2 = 10 and then after completing
lk(6) & lk(9) we get a1 /∈ V , which is a contradiction. For (c1, c2) = (9, 6) then considering
lk(2) & lk(6) we see that 11 /∈ V (lk(0)), V (lk(2)), V (lk(6)) which is a contradiction.
Subcase 28.2. If lk(1) = C9([11, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 5]) then lk(2) = C9([c2, a4, 3],
[3, 0, 1], [1, 11, a2 ], [a2, a3, c1]) where c1, c2 ∈ {6, 9}. If (c1, c2) = (6, 9) then after completing
lk(6), lk(8) & lk(9) we see that [1, 11] form an edge and a non-edge in two 4-gon which
is not possible. If (c1, c2) = (9, 6) then either lk(6) = C9([2, 3, 5], [5, 4, 0], [0, 8, 7], [7, a5 , 9])
and then after completing lk(5), lk(9) we get C(0, 8, 9, 6) ∈ lk(7) which is not possible, OR
lk(6) = C9([9, a5, 5], [5, 4, 0], [0, 8, 7], [7, 3, 2]) and then after completing lk(8), lk(9) we see
that [10, 11] form an edge and a non-edge in two 4-gon which is not possible.
Case 29. When remaining two 3-gons are {[1, 6, 9], [2, 5, 11]} then lk(1) = C9([6, a1, a2], [a2,
a3, 2], [2, 3, 0], [0, 8, 9]) and either lk(6) = C9([1, a2, 5], [5, 4, 0], [0, 8, 7], [7, a4 , 9]) or lk(6) =
C9([9, a4, 5], [5, 4, 0], [0, 8, 7], [7, a2 , 1]). If lk(6) = C9([1, a2, 5], [5, 4, 0], [0, 8, 7], [7, a4 , 9]) then
after completing lk(5), lk(2), lk(7) we see that [4, 6] form non-edge in two 4-gon which is not
possible and if lk(6) = C9([9, a4, 5], [5, 4, 0], [0, 8, 7], [7, a2 , 1]) then a2 = 10 which implies
C(8, 0, 6, 10) ∈ lk(7) which is a contradiction.
Case 30. When remaining 3-gons are {[1, 6, 11], [2, 5, 9]} then either lk(6) = C9([c1, a2, 5], [5,
4, 0], [0, 8, 7], [7, a1 , c2]) where c1, c2 ∈ {1, 11}.
Subcase 30.1. If (c1, c2) = (1, 11) then either lk(1) = C9([6, 5, 2], [2, 3, 0], [0, 8, 9], [9, a3 ,
11]) or lk(1) = C9([11, a3, 2], [2, 3, 0], [0, 8, 9], [9, 5, 6]). If lk(1) = C9([6, 5, 2], [2, 3, 0], [0, 8, 9],
[9, a3, 11]) then after completing lk(5) and lk(7) we see that C(6, 0, 3, 7, 5) ∈ lk(4) which is
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not possible and if lk(1) = C9([11, a3, 2], [2, 3, 0], [0, 8, 9], [9, 5, 6]) then a1 = 3, a3 = 10. Now
lk(7) = C9([10, b1, b2], [b2, b3, 3], [3, 11, 6], [6, 0, 8]) which implies b2 = 5 and then lk(5) =
C9([2, 3, 7], [7, 10, 4], [4, 0, 6], [6, 1, 9]). From here we see that b1 = 4, b3 = 2 and then after
completing lk(2), lk(10) we see that 3 occur two times in lk(11) which is not possible.
Subcase 30.2. If (c1, c2) = (11, 1) then either lk(1) = C9([6, 7, 2], [2, 3, 0], [0, 8, 9], [9, a3 ,
11]) or lk(1) = C9([11, a3, 2], [2, 3, 0], [0, 8, 9], [9, 7, 6]). If lk(1) = C9([6, 7, 2], [2, 3, 0], [0, 8, 9],
[9, a3, 11]) then considering lk(2), lk(9) and completing lk(2), lk(5) we see that C(3, 8, 0, 1,
11, 10) ∈ lk(9) which is not possible. If lk(1) = C9([11, a3, 2], [2, 3, 0], [0, 8, 9], [9, 7, 6]) then
a2 ∈ {3, 10}. If a2 = 3 then a3 = 10 and lk(3) = C9([4, a4, 11], [11, 6, 5], [5, 10, 2], [2, 1, 0]),
lk(11) = C9([6, 5, 3], [3, 4, a4 ], [a4, a5, 10], [10, 2, 1]) which implies a4 = 9 and then lk(9)
will not possible. If a2 = 10 then lk(2) = C9([5, a5, 3], [3, 0, 1], [1, 11, a3 ], [a3, a4, 9]) and
lk(5) = C9([9, a6, 4], [4, 0, 6], [6, 11, 10], [10, 3, 2]) which implies a5 = 10, a3 = 4 and then
[4, 9] form non-edge in two 4-gon which is not possible.
Case 31. When remaining 3-gons are {[2, 5, 6], [1, 9, 11]} then lk(1) = C9([11, a1, a2], [a2, a3,
2], [2, 3, 0], [0, 8, 9]), lk(6) = C9([2, a4, a5], [a5, a6, 7], [7, 8, 0], [0, 4, 5]) and lk(8) = C9([10, b1,
b2], [b2, b3, 9], [9, 1, 0], [0, 6, 7]) where a2 ∈ {4, 7, 10} and a5 ∈ {9, 11}. If a5 = 9 then con-
sidering lk(9), we see that b3 is either a4 or a6, therefore a3 = 3 and then a4, a6 ∈ {3, 11}.
So 10 /∈ V (lk(0)), V (lk(6)) which means 10 ∈ V (lk(9)) and therefore b2 = 10 which im-
plies C(b1, 10) ∈ lk(8) which is a contradiction. Therefore a5 = 11. Considering lk(11)
we see that either a1 is equal to one of a4, a6 OR a1 6= a4, a6. If a1 is one of a4, a6 then
a1 = 10 and as a6 6= 10, therefore a1 = a4 = 10, a6 = 3. Therefore [3, 7, 6, 11] and
[11, 1, a2, 10] form faces which implies a2 = 4 and then after completing lk(4) we see that
C(2, 1, 4, 0, 6) ∈ lk(5) which is a contradiction. If a1 6= a4, a6 then either a4 or a6 is 9. If
a4 = 9 then completing lk(2), we see that b3 /∈ V . If a6 = 9 then considering lk(2), we
get a4 = 10, a2 = 4. Now lk(11) = C9([9, 7, 6], [6, 2, 10], [10, d1 , a1], [a1, 4, 1]) which implies
a1 = 5 and lk(2) = C9([5, d2, 3], [3, 0, 1], [1, 4, 10], [10, 11, 6]) and from here we get a3 = 10.
As [4, 11] is an adjacent edge of two 4-gon, therefore [10, d1] will be an adjacent edge of a
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3-gon and a 4-gon which implies d1 = 8 and therefore b1 = 11, b2 = 5 and then the number
of faces at 5 is more that 5 which is a contradiction.
When lk(8) = C9([a, b, c], [c, d, 7], [7, 6, 0], [0, 1, 9]) then a ∈ {2, 5, 10}.
For a = 2, remaining possible of two incomplete 3-gons are {[1, 5, 6], [7, 10, 11]}, {[1, 5,
7], [6, 10, 11]}, {[1, 5, 10], [6, 7, 11]}, {[1, 6, 7], [5, 10, 11]}, {[1, 6, 10], [5, 7, 11]}, {[1, 7, 10], [5, 6,
11]}.
Case 32. When remaining two 3-gons are {[1, 5, 6], [7, 10, 11]} then after completing lk(1)
and lk(6) we see that [7, 10] form an edge and a non-edge in two 4-gon, which is a contra-
diction.
Case 33. When remaining two 3-gons are {[1, 5, 7], [6, 10, 11]} then lk)(1) = C9([c1, a2, 2], [2,
3, 0], [0, 8, 9], [9, a1 , c2]) and lk(6) = C9([10, a4, 5], [5, 4, 0], [0, 8, 7], [7, a3 , 11]) where c1, c2 ∈
{5, 7}. If (c1, c2) = (5, 7) then a2 ∈ {4, a4}. If a2 = 4 then considering lk(5) we see
that a4 ∈ {3, 9}. If a4 = 9 then considering lk(9) we see that [7, 9] form non-edge in
two 4-gon which is a contradiction and if a4 = 3 then after competing lk(3) we see that
number of faces at 7 is more that 5 which is a contradiction. If a2 = a4 then a2 /∈ V . If
(c1, c2) = (7, 5) then a1 ∈ {4, a4}. If a1 = 4 then after completing lk(3) and lk(5) we
see that 11 /∈ V (lk(0)), V (lk(3)), V (lk(5)) which is a contradiction and if a1 = a4 then
completing lk(5) we get a2 = 11 which implies [7, 11] form an edge and a non-edge in two
4-gon which is a contradiction.
Case 34. When remaining two 3-gons are {[1, 5, 10], [6, 7, 11]} then either lk(1) = C9([5, a2,
2], [2, 3, 0], [0, 8, 9], [9, a1 , 10]) or lk(1) = C9([10, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 5]).
Subcase 34.1. When lk(1) = C9([5, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 10]) then lk(2) = C9([c1,
a4, 3], [3, 0, 1], [1, 5, a2 ], [a2, a3, c2]) where c1, c2 ∈ {8, 9}. If (c1, c2) = (8, 9) then after com-
pleting lk(8) we see that 11 occur two times in lk(2) which is a contradiction. If (c1, c2) =
(9, 8) then lk(8) = C9([2, a2, a3], [a3, a5, 7], [7, 6, 0], [0, 1, 9]) and lk(9) = C9([2, 3, a4], [a4, a6,
a1], [a1, 10, 1], [1, 0, 8]) which implies a2 ∈ {4, 11}. Now if a2 = 4 then a3 = 10 and
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a1 = 11 = a4 i.e. C(11, a6) ∈ lk(9), which is not possible, therefore a2 = 11 and then
after completing lk(11) and lk(5) we see that [3, 6, 5, 10] and [6, 11, 10, ∗] form faces which
is not possible.
Subcase 34.2. When lk(1) = C9([10, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 5]) then lk(2) = C9([c1,
a4, 3], [3, 0, 1], [1, 10, a2 ], [a2, a3, c2]) where c1, c2 ∈ {8, 9}. If (c1, c2) = (8, 9) then after
completing lk(8) and lk(5) we see that [1, 0, 3, 2] and [1, 5, 3, ∗] form faces which is not
possible. If (c1, c2) = (9, 8) then lk(8) = C9([2, a2, a3], [a3, a5, 7], [7, 6, 0], [0, 1, 9]) which
implies a2 ∈ {4, 11}, a3 ∈ {4, 5}. If a2 = 4 then a3 = 5 and a1 = 11 = a4 which is not
possible, therefore a2 = 11. Now if a3 = 5 then number of faces at 5 is more than 5,
therefore a3 = 4 and then after completing lk(9) we see that [4, 9, 7, ∗] and [4, 8, 7, ∗] are
faces, which is a contradiction.
Case 35. When remaining two 3-gons are {[1, 6, 7], [5, 10, 11]} then lk(6) = C9([1, b1, b2], [b2,
b3, 5], [5, 4, 0], [0, 8, 7]) which implies b2 /∈ V .
Case 36. When remaining two 3-gons are {[1, 6, 10], [5, 7, 11]} then lk(6) = C9([d1, a2, 5], [5,
4, 0], [0, 8, 7], [7, a1 , d2]) where d1, d2 ∈ {1, 10}.
Subcase 36.1. When (d1, d2) = (1, 10) then a2 ∈ {2, 9}. If a2 = 2 then lk(1) =
C9([6, 5, 2], [2, 3, 0], [0, 8, 9], [9, a3 , 10]), lk(5) = C9([c3, c4, 4], [4, 0, 6], [6, 1, 2], [2, c1 , c2]) and
lk(2) = C9([c1, c2, 5], [5, 6, 1], [1, 0, 3], [3, c5 , c6]). From here we see that c1 ∈ {8, 9}. Now
c1 = 8 ⇒ c6 = 9, c2 = 11, c5 = 7, c3 = 7. Therefore we have [2, 3, 7, 9], [0, 6, 7, 8] are faces,
but among these two faces has no common edge and no edges is an adjacent edge of a
3-gon and a 4-gon which is a contradiction. c1 = 9 ⇒ c6 = 9 and then after complet-
ing lk(9) and lk(8) we see that C(7, a1) ∈ lk(10) which is not possible. If a2 = 9 then
lk(1) = C9([10, a3, 2], [2, 3, 0], [0, 8, 9], [9, 5, 6]) and a1 ∈ {3, 11}, a3 ∈ {4, 11}. Now a3 = 4⇒
a1 = 11 and then lk(4) = C9([3, a4, 10], [10, 1, 2], [2, a5 , 5], [5, 6, 0]) which implies a5 = 11
and considering lk(4) we get a4 = 9. Now lk(10) = C9([1, 2, 4], [4, 3, 9], [9, a6 , 11], [11, 7, 6])
and then for any a6, lk(9) will not possible. a3 = 11 ⇒ a1 = 3 and then similarly (for
62
a3 = 4) after completing lk(3) and lk(10) we see that lk(9) will not possible.
Subcase 36.2. When (d1, d2) = (10, 1) then a1 ∈ {2, 9}. If a1 = 2 then lk(1) = C9([10,
a3, 9], [9, 8, 0], [0, 3, 2], [2, 7, 6]) where a3 ∈ {4, 11}. a3 = 4⇒ a2 = 11 and lk(4) = C9([3, a4,
10], [10, 1, 9], [9, a5 , 5], [5, 6, 0]) which implies a5 = 11 and considering lk(8) we get a4 = 7
and then lk(7) will not possible. a3 = 11⇒ a2 = 3 and then similarly after completing lk(3)
we see that lk(7) will not possible. Is a1 = 9 then lk(1) = C9([10, a3, 2], [2, 3, 0], [0, 8, 9], [9,
7, 6]) which implies a3 ∈ {4, 11}. Now a3 = 4⇒ a2 = 11 and lk(4) = C9([3, a4, 10], [10, 1, 2],
[2, 11, 5], [5, 6, 0]), but for any a4, lk(a4) will not possible. Similarly a3 = 11 is also not
possible.
Case 37. When remaining two 3-gons are {[1, 7, 10], [5, 6, 11]} then lk(6) = C9([11, b1, b2],
[b2, b3, 7], [7, 8, 0], [0, 4, 5]) and lk(1) = C9([c1, a1, 9], [9, 8, 0], [0, 3, 2], [2, a2 , c2]) which im-
plies b2 ∈ {2, 3, 9} and a1 ∈ {4, 5, 6, 11}. Now considering lk(2), we get b ∈ {3, a2}.
If b = 3 then lk(2) = C9([8, c, 3], [3, 0, 1], [1, c2 , a2], [a2, a3, 9]) and then b2 = 2 implies
a2 = 6, c2 = 7, a3 = 11, b1 = 9, b3 = 1 which implies |vlk(11)| ≤ 8 and for b2 = 3, 9,
one of b1, b3 will be 4, a1, respectively, is a contradiction. Similarly if b = a2 then
lk(2) = C9([8, c, a2], [a2, c2, 1], [1, 0, 3], [3, a3 , 9]) which implies for b2 = 2, 3, 9, one of b1, b3
will be 8, 4, a1 respectively, is a contradiction.
For a = 5, remaining possible of two incomplete 3-gons are {[1, 2, 6], [7, 10, 11]}, {[1, 2, 7],
[6, 10, 11]}, {[1, 2, 10], [6, 7, 11]}, {[1, 6, 7], [2, 10, 11]}, {[1, 6, 10], [2, 7, 11]}, {[1, 7, 10], [2, 6, 11]},
{[1, 10, 11], [2, 6, 7]}.
Case 38. When remaining two 3-gons are {[1, 2, 6], [7, 10, 11]} then lk(1) = C9([6, b1, b2], [b2,
b3, 9], [9, 8, 0], [0, 3, 2]) and lk(6) = C9([c1, 10, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 2]), this implies b2 =
10 and c1, c2 ∈ {1, 2}.
Subcase 38.1. When (c1, c2) = (1, 2) then lk(5) = C9([9, a3, 4], [4, 0, 6], [6, 1, 10], [10, a2 ,
8]), lk(8) = C9([5, 10, a2 ], [a2, a4, 7], [7, 6, 0], [0, 1, 9]), lk(10) = C9([b3, 9, 1], [1, 6, 5], [5, 8, a2 ],
[a2, b4, b5]) and lk(9) = C9([5, 4, a3], [a3, a5, b3], [b3, 10, 1], [1, 0, 8]). We see that a2 6= 11,
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therefore at least one of a3, b3 is 11. But if a3 = 11 then b3 6= 7, 11⇒ lk(10) is not possible,
therefore b3 = 11, b5 = 7, a1 = 11, a4. Now a2 ∈ {2, 3} and we have a3 6= 3, therefore if
a2 6= 3 implies 3 /∈ V (lk(5)), V (lk(6)), V (lk(8)) which is a contradiction, hence a2 = 3 and
then lk(3) will not possible.
Subcase 38.2. When (c1, c2) = (2, 1) then a1 = 11, b3 = 4 and then lk(4) = C9([3, a2, 9],
[9, 1, 10], [10, a3 , 5], [5, 6, 0]) which implies a2 = 11. Now lk(5) = C9([a3, 10, 4], [4, 0, 6], [6, 2,
11], [11, a4 , a5]). From here we see that a3 = 8, a5 = 9, therefore [3, 4, 9, 11], [5, 9, a4 , 11] are
faces which is a contradiction.
Case 39. When remaining two 3-gons are {[1, 2, 7], [6, 10, 11]} then lk(1) = C9([7, b1, b2], [b2,
b3, 9], [9, 8, 0], [0, 3, 2]) and lk(6) = C9([10, a2, 5], [5, 4, 0], [0, 8, 7], [7, a1 , 11]) where b2 ∈ {4,
10}. Now If b2 = 4 then considering lk(4) and lk(7), we get b3 = 5 which implies
C(5, 4, 1, 0, 8) ∈ lk(9) which is a contradiction. If b2 = 10 and if b3 = 11 then after
completing lk(10) and lk(7), we see that a2 /∈ V and b3 6= 11 then also considering lk(10),
we get a2 /∈ V .
Case 40. When remaining two 3-gons are {[1, 2, 10], [6, 7, 11]} then lk(1) = C9([10, a1, a2],
[a2, a3, 9], [9, 8, 0], [0, 3, 2]) and lk(6) = C9([11, b1, b2], [b2, b3, 5], [5, 4, 0], [0, 8, 7]) where b2 ∈
{4, 6, 7, 11}.
If a2 = 4 then lk(4) = C9([0, 6, 5], [5, 10, 1], [1, 9, a3 ], [a3, a4, 3]) which implies a1 = 5, a3 ∈
{7, 11} and lk(5) = C9([8, a5, 10], [10, 1, 4], [4, 0, 6], [6, b2 , 9]) i.e. b3 = 9. Now if a3 = 7
then a4 = 11 = a5 and then lk(11) will not possible, therefore a3 = 11 and then a4 = 7.
Now lk(11) = C9([6, b2, b1], [b1, b4, 9], [9, 1, 4], [4, 3, 7]) which implies b2 = 2 and then after
completing lk(2), we see that b1 = 3 i.e. C(3, 2, 6, 7) ∈ lk(11) which is not possible.
If a2 = 6 then a1, a3 ∈ {5, 11}. If (a1, a3) = (11, 5) then C(5, 6, 1, 0, 8) ∈ lk(9) which is not
possible, therefore (a1, a3) = (5, 11) and then lk(5) = C9([c1, a5, 4], [4, 0, 6], [6, 1, 10], [10, a4 ,
c2]) where c1, c2 ∈ {8, 9}. When (c1, c2) = (8, 9) then lk(8) = C9([5, 4, a5], [a5, a6, 7], [7, 6, 0],
[0, 1, 9]) which implies a5 = 2 and a6 6= 11 i.e. a4 = 11. Now we have 3 /∈ V (lk(5)), V (lk(6)),
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therefore a6 = 3 and then after completing lk(2) we see that C(2, ∗) ∈ lk(10) which is not
possible. When (c1, c2) = (9, 8) then lk(8) = C9([5, 10, a4], [a4, a6, 7], [7, 6, 0], [0, 1, 9]) which
implies a4 = 3, a5 = 11, a6 = 2 and then after completing lk(3) we see that C(2, ∗) ∈ lk(4)
which is not possible.
If a2 = 7 then either lk(7) = C9([11, 10, 1], [1, 9, a3 ], [a3, a4, 8], [8, 0, 6]) or lk(7) = C9([11, 9,
1], [1, 10, a1 ], [a1, a4, 8], [8, 0, 6]). When lk(7) = C9([11, 10, 1], [1, 9, a3 ], [a3, a4, 8], [8, 0, 6])
then a3 = 4, a1 = 11 and then lk(8) = C9([5, a5, a4], [a4, 4, 7], [7, 6, 0], [0, 1, 9]) and lk(4) =
C9([3, 8, 7], [7, 1, 9], [9, a6 , 5], [5, 6, 0]) which implies [5, 8, 9] and [4, 5, a6, 9] are faces which
is a contradiction. When lk(7) = C9([11, 9, 1], [1, 10, a1 ], [a1, a4, 8], [8, 0, 6]) then a1 =
4, a3 = 11 and then lk(8) = C9([5, a5, a4], [a4, 4, 7], [7, 6, 0], [0, 1, 9]) and lk(4) = C9([3, 8, 7],
[7, 1, 10], [10, a6 , 5], [5, 6, 0]) which implies a4 = 3 and then lk(3) = C9([4, 7, 8], [8, 5, a5 ], [a5,
a7, 2], [2, 1, 0]). From here we see that a5 = 11, a7 = 10 and then lk(11) will not possible.
If a2 = 11 then b1 is either a1 or a3 and then b1 /∈ V .
Case 41. When remaining two 3-gons are {[1, 6, 7], [2, 10, 11]} then lk(6) = C9([1, b1, b2], [b2,
b3, 5], [5, 4, 0], [0, 8, 7]) and either lk(1) = C9([6, b2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 7]) or lk(1) =
C9([7, a1, 2], [2, 3, 0], [0, 8, 9], [9, b2 , 6]).
Subcase 41.1. When lk(1) = C9([6, b2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 7]) then b1 = 2, b2 = 10
and a1 = 11. Now lk(8) = C9([5, c1, c2], [c2, c3, 7], [7, 6, 0], [0, 1, 9]) which implies c1 =
11. Now we have [1, 9, 7, 11] and [5, 8, c2, 11] are faces and none of [1, 11], [7, 11], [5, 11]
are not an adjacent edge of a 3-gon and a 4-gon, therefore to complete lk(11), [11, c2]
must be an adjacent edge of a 3-gon and a 4-gon i.e. c2 ∈ {2, 10}. Now lk(7) =
C9([1, 9, 11], [11, c4 , c3], [c3, c2, 8], [8, 0, 6]) and lk(5) = C9([9, 10, 6], [6, 0, 4], [4, b4 , 11], [11, c2 ,
8]) which implies b3 = 9, c2 = 2, b4 = 7, c3 = 3 and then number of faces at 7 is more that
5 which is a contradiction.
Subcase 41.2. When lk(1) = C9([7, a1, 2], [2, 3, 0], [0, 8, 9], [9, b2 , 6]) then b2 = 10
and lk(5) = C9([d1, a3, 4], [4, 0, 6], [6, 10, b3 ], [b3, a2, d2]) where d1, d2 ∈ {8, 9}. If
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(d1, d2) = (8, 9) then lk(8) = C9([5, 4, a3], [a3, a4, 7], [7, 6, 0], [0, 1, 9]) and then a3 =
11 (as if a3 = 2 then [2, 4] will form an edge in a 3-gon which is not pos-
sible) and then 11 /∈ V (lk(0)), V (lk(1)), V (lk(6)) which is a contradiction. If
(d1, d2) = (9, 8) then lk(8) = C9([5, b3, a2], [a2, a4, 7], [7, 6, 0], [0, 1, 9]) and lk(7) =
C9([1, 2, a1], [a1, a5, a4], [a4, a2, 8], [8, 0, 6]) where a2 ∈ {2, 3, 11}. If a2 = 2 then [2, 8, 7, a4 ]
and [2, 1, 7, a1] are two faces of the polyhedron, which is not possible. If a2 = 3 then after
completing lk(2) we see that 10 /∈ V (lk(0)), V (lk(7)), V (lk(8)) which is a contradiction and
a2 = 11 implies b3 = 11 and then C(8, 9, a3, 4, 0, 6, 10, 11) ∈ lk(5) which is not possible.
Case 42. When remaining two 3-gons are {[1, 6, 10], [2, 7, 11]} then either lk(1) = C9([6, a2,
2], [2, 3, 0], [0, 8, 9], [9, a1 , 10]) or lk(1) = C9([10, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 6]).
Subcase 42.1. When lk(1) = C9([6, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 10]) then a2 ∈ {5, 7}.
If a2 = 5 then lk(6) = C9([1, 2, 5], [5, 4, 0], [0, 8, 7], [7, a3 , 10]) and lk(2) = C9([c1, a5, 3], [3, 0,
1], [1, 6, 5], [5, a4 , c2]) where c1, c2 ∈ 7, 11. If (c1, c2) = (7, 11) then a3 is either a5 or 8 or
11. If a3 = 11 then a5 = 10 and then [2, 3, 10, 7], [10, 6, 7, 11] form faces which is not
possible. If a3 = a5 then a3 = 9 and a4 = 8 and then after complete lk(8) we see that
[7, 8, 11, ∗] and [2, 7, 11] are faces which is not possible. If a3 = 8 then after complete
lk(7) we see that [6, 7, 9, 10] and [1, 9, a1, 10] form faces which is not possible. Therefore
(c1, c2) = (11, 7) and then a4 ∈ {8, 9}. If a4 = 8 then after completing lk(7) we see that
C(5, 9, 1, 0, 6, 7, 2) ∈ lk(8) which is a contradiction. If a4 = 9 then after completing lk(7)
we see that [6, 7, 9, 10] and [1, 9, a1, 10] are form faces which is not possible.
If a2 = 7 then lk(6) = C9([10, a3, 5], [5, 4, 0], [0, 8, 7], [7, 2, 1]) where a3 ∈ {3, 11}. If a3 = 3
then lk(3) = C9([4, a4, 10], [10, 6, 5], [5, a5 , 2], [2, 1, 0]). We see that a1, a4 ∈ lk(10) and
a1 6= a4, so if a4 = 11 then a1 6= 11 and then 11 /∈ V (lk(0)), V (lk(1)), V (lk(6)) which is
a contradiction, therefore a1 = 11 and it implies a5 = 11, a4 ∈ {7, 8}. Now considering
lk(8), we see that a4 = 7 and then lk(7) will not possible. If a3 = 11 then a1 = 4 and lk(5) =
C9([8, a5, 4], [4, 0, 6], [6, 10, 11], [11, a4 , 9]), lk(8) = C9([5, 4, a5], [a5, a6, 7], [7, 6, 0], [0, 1, 9]) and
then a5 /∈ V .
66
Subcase 42.2. When lk(1) = C9([10, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 6]) then lk(6) = C9([10,
a3, 5], [5, 4, 0], [0, 8, 7], [7, 9, 1]) which implies a1 = 7, a2 ∈ {4, 11}, a3 ∈ {3, 11}. Now a2 =
4 ⇒ a3 = 11 and after completing lk(4) we get C(2, 4, 0, 6, 10, 11) ∈ lk(5) and a2 = 11 ⇒
a3 = 3 and after completing lk(3) we get C(5, 3, 0, 1, 10, 11) ∈ lk(2) which are not possible.
Case 43. When remaining two 3-gons are {[1, 7, 10], [2, 6, 11]} then c ∈ {2, 3, 11} and
lk(1) = C9([c1, a1, 9], [9, 8, 0], [0, 3, 2], [2, a2 , c2]) and lk(6) = C9([c3, a3, 7], [7, 8, 0], [0, 4, 5], [5,
a4, c4]) where {c1, c2} = {7, 10} and {c3, c4} = {2, 11}. Now c = 2 implies one b, d is 3
by considering lk(2). b = 3 implies {d, a2} = {6, 11}, by considering lk(2), but d 6= 6,
therefore (d, a2) = (11, 6) i.e. 10 /∈ V (lk(0)), V (lk(8)), therefore one of a3, a4 is 10. As
[2,8,7,11] and [2,3,5,8] are faces, therefore neither c3 nor c4 is 2, is a contradiction. Sim-
ilarly d 6= 3. If c = 11 then c3 = 11 implies d = 6 and c4 = 11 implies b = 8, a
contradiction, therefore c = 3. Now considering lk(5), either a4 = 9 or b ∈ {4, a4}.
b = a4 implies b = 10 and then a3 ∈ {1, 9}. Now a3 = 9 implies c1 = 10 and then
lk(9) = C9([5, a5, 7], [7, 6, 11], [11, 10, 1], [1, 0, 8]) i.e. a1 = 11 = c3 and then considering
lk(7), we get {d, a5} = {1, 10}, is a contradiction. a3 = 1 implies c3 = 2, c2 = 7, a2 =
6, c1 = 10, c4 = 11 and then lk(7) = C9([10, a5, d], [d, 3, 8], [8, 0, 6], [6, 2, 1]) and lk(3) =
C9([4, 7, 8], [8, 5, 10], [10, a6 , 2], [2, 1, 0]), therefore d = 4 i.e. 11 /∈ V (lk(0)), V (lk(8)), there-
fore a1 = 11, a5 = 11, a6 = 11 and then [4,7,10,11], [2,3,10,11] and [1,10,11,9] are faces, is
a contradiction. b = 4 implies lk(5) = C9([8, 3, 4], [4, 0, 6], [6, c4 , a4], [a4, a5, 9]) and lk(3) =
C9([0, 1, 2], [2, a6 , d], [d, 7, 8], [8, 5, 4]) which implies d 6= 11 i.e. 11 /∈ V (lk(0)), V (lk(8))
i.e. a6 = 11. Now lk(2) = C9([6, a7, a2], [a2, c2, 1], [1, 0, 3], [3, d, 11]) which implies a1 =
11, d = 10 and then c2 = 7, c1 = 10 and therefore a2 /∈ V . a4 = 9 implies lk(5) =
C9([9, c4, 6], [6, 0, 4], [4, a5 , b], [b, 3, 8]) and lk(9) = C9([5, 6, c4], [c4, a6, a1], [a1, c1, 1], [1, 0, 8]).
Now c4 = 2 implies lk(2) = C9([6, 5, 9], [9, a1 , 3], [3, 0, 1], [1, c2 , 11]) i.e. a6 = 3, a2 = 11 and
then a1 /∈ V , therefore c4 = 11, c3 = 2. Now for b = 2, considering lk(2), {a2, a5} = {6, 11},
a contradiction, therefore b = 10 and a1 = 4 and then considering lk(4), c1 = a5 = 7, a6 = 3
and then lk(3) will not possible.
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Case 44. When remaining two 4-gons are {[1, 10, 11], [2, 6, 7]} then lk(1) = C9([10, a2, 2], [2,
3, 0], [0, 8, 9], [9, a1 , 11]) and lk(6) = C9([2, b1, b2], [b2, b3, 5], [5, 4, 0], [0, 8, 7]) where a2 ∈ {4, 5,
6, 7}.
If a2 = 4 then lk(2) = C9([6, b2, 3], [3, 0, 1], [1, 10, 4], [4, b4 , 7]) and lk(4) = C9([3, b5, 10], [10,
1, 2], [2, 7, 5], [5, 6, 0]) which implies b1 = 3, b4 = 5, b2 = 11 and then after completing lk(5)
we see that [5, 7, ∗, 8] and [0, 6, 7, 8] are faces of polygon, which is not possible.
If a2 = 5 then after completing lk(2), lk(5) will not possible.
If a2 = 6 then b1 = 1, b2 = 10 and b3 ∈ {3, 9}. When b3 = 3 then after completing lk(3),
lk(5) will not possible and if b3 = 9 then lk(9) = C9([5, 6, 10], [10, b4 , a1], [a1, 11, 1], [1, 0, 8])
which implies a1 ∈ {4, 7}. But if a1 = 4 then after completing lk(4) and lk(5) we see that
[2, 11] is an adjacent edge of a 3-gon and a 4-gon which is a contradiction and if a1 = 7 then
after completing lk(7), we get [1, 2, 6, 10] and [2, 7, 9, 10] are faces of polyhedron, which is
a contradiction.
If a2 = 7 then a1 = 4 and lk(4) = C9([3, a3, 9], [9, 1, 11], [11, a4 , 5], [5, 6, 0]), lk(9) = C9([5, a5,
a3], [a3, 3, 4], [4, 11, 1], [1, 0, 8]) which implies a3 = 10, a5 = 2 and then [2, 5, 9, 10], [1, 2, 7, 10]
are two faces of polyhedron which is a contradiction.
For a = 10, remaining possible of two incomplete 3-gons are {[1, 2, 5], [6, 7, 11]}, {[1, 2, 6],
[5, 7, 11]}, {[1, 2, 7], [5, 6, 11]}, {[1, 5, 6], [2, 7, 11]}, {[1, 5, 7], [2, 6, 11]}, {[1, 5, 11], [2, 6, 7]}, {[1,
6, 7], [2, 5, 11]}, {[1, 6, 11], [2, 5, 7]}, {[1, 7, 11], [2, 5, 6]}.
Case 45. When remaining two 3-gons are {[1, 2, 5], [6, 7, 11]} then lk(1) = C9([5, a1, a2], [a2,
a3, 9], [9, 8, 0], [0, 3, 2]) and lk(6) = C9([11, b1, b2], [b2, b3, 5], [5, 4, 0], [0, 8, 7]) where a2 ∈ {7, 11}.
If a2 = 7 then one of a1, a3 must e 11. If a1 = 11 then after completing lk(7) and lk(4)
we get C(8, 0, 1, 7, 4, 5, 10) ∈ lk(9) and if a2 = 11 then similarly C(10, 4, 7, 6, 0, 1, 9) ∈ lk(8)
which are not possible.
If a2 = 11 then a3 ∈ 4, 7. If a3 = 4 then completing lk(4), we get [4, 5, ∗, 11], [5, 1, 11, a1 ]
are faces of polyhedron which is a contradiction. If a3 = 7 then either lk(5) = C9([2, b2, 6],
[6, 0, 4], [4, b4 , a1], [a1, 11, 1]) or lk(5) = C9([2, b4, b3], [b3, b2, 6], [6, 0, 4], [4, 11, 1]). If lk(5) =
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C9([2, b2, 6], [6, 0, 4], [4, b4 , a1], [a1, 11, 1]) then b2 = 9 which implies [1, 9, 7, 11], [6, 9, b1 , 11]
are two faces of polyhedron which is not possible. If lk(5) = C9([2, b4, b3], [b3, b2, 6], [6, 0, 4],
[4, 11, 1]) then b4 = 7 and to complete lk(9), b3 = 9, b2 = 10 and then after completing
lk(7), lk(11), we see that lk(2) will not possible.
Case 46. When remaining two 3-gons are {[1, 2, 6], [5, 7, 11]} then lk(1) = C9([6, b1, b2], [b2,
b3, 9], [9, 8, 0], [0, 3, 2]) and lk(6) = C9([a3, a4, 5], [5, 4, 0], [0, 8, 7], [7, a1 , a2]) which implies
b1 ∈ {5, 7} and b2 = 11.
If b1 = 5 then b3 = 4 and then lk(4) = C9([3, c1, c2], [c2, 1, c3], [c3, c4, 5], [5, 6, 0]). We have
[0, 4, 5, 6] and [1, 9, 4, 11] are faces of polyhedron, therefore 4 /∈ V (lk(7)), V (lk(8)), i.e.
c2, c3 ∈ {9, 11} and c1, c4 ∈ {2, 10}. But c1 6= 2, therefore c1 = 10, c4 = 2. Now lk(9) =
C9([10, c5, c6], [c6, c7, 4], [4, 11, 1], [1, 0, 8]) which implies c2 = 11, c2 = 9, c6 = 2, c7 = 5 and
then lk(2) = C9([6, 10, 9], [9, 4, 5], [5, c8 , 3], [3, 0, 1]) which implies c5 = 6 and then after
completing lk(5) we see that c8 = 7 and then lk(7) will not possible.
If b1 = 7 then b3 = 4 and lk(4) = C9([3, c1, c2], [c2, 1, c3], [c3, c4, 5], [5, 6, 0]) and c2, c3 ∈
{9, 11}. If (c2, c3) = (9, 11) then (c1, c4) = (7, 10) which implies lk(7) is not possi-
ble. If (c2, c3) = (11, 9) then c1 = 10 and c4 ∈ {2, 7}. But if c4 = 7 then consider-
ing lk(7) we see that [0, 1, 9, 8] and [7, 8, ∗, 9] are two face of the polyhedron which is
not possible, therefore c4 = 2. Now lk(9) = C9([10, c5, 2], [2, 5, 4], [4, 11, 1], [1, 0, 8]) and
lk(2) = C9([6, 10, 9], [9, 4, 5], [5, c6 , 3], [3, 0, 1]) which implies c5 = 6 and then lk(5) =
C9([c6, 3, 2], [2, 9, 4], [4, 0, 6], [6, c7 , c8]). From here we see that c6 = 7, c8 = 11, c7 = a3 = 1
and then after completing lk(7) we get c(3, 7, 6, 0, 1, 9, 10) ∈ lk(8) which is a contradiction.
Case 47. When remaining two 3-gons are {[1, 2, 7], [5, 6, 11]} then lk(1) = C9([7, a1, a2], [a2,
a3, 9], [9, 8, 0], [0, 3, 2]) and lk(6) = C9([11, b1, b2], [b2, b3, 7], [7, 8, 0], [0, 4, 5]) which implies
a2 ∈ {4, 5, 11}.
If a2 = 4 then a1 ∈ {5, 10, 11} and considering lk(4) we see that one of a1, a3 is 5. Now if
a1 = 5 then lk(4) = C9([3, 10, 11], [11, 9, 1], [1, 7, 5], [5, 6, 0]) and lk(7) = C9([2, b2, 6], [6, 0, 8],
[8, a6, 5], [5, 4, 1]). Now considering lk(8), we see that b2 = 10 and then [3, 4, 11, 10], [10, 6, 11,
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∗] are faces of the polyhedron, which is not possible. If a1 6= 5 then lk(4) = C9([3, a4, a1], [a1,
7, 1], [1, 9, 5], [5, 6, 0]) and lk(7) = C9([2, a5, 8], [8, 0, 6], [6, a6 , a1], [a1, 4, 1]) which implies
a1 = b3, a6 = b2 and then a1 = 10, a6 ∈ {3, 9}, but considering lk(9) we get a6 = 3
and then considering lk(3) we see that [3, 4, ∗, 10], [3, 4, 10, a4 ] are faces of the polyhedron,
which is not possible.
If a2 = 5 then a1 ∈ {4, 10, 11}. But for a1 = 4, 11, we see that a3 /∈ V . Now if a1 = 10 then
either lk(5) = C9([11, 9, 1], [1, 7, 10], [10, a4 , 4], [4, 0, 6]) or lk(5) = C9([11, a4, 10], [10, 7, 1], [1,
9, 4], [4, 0, 6]). When lk(5) = C9([11, 9, 1], [1, 7, 10], [10, a4 , 4], [4, 0, 6]) then a3 = 11, a4 ∈
{2, 8} and lk(4) = C9([3, c1, c2], [c2, c3, a4], [a4, 10, 5], [5, 6, 0]) and then considering lk(2),
lk(8) we see that for any a4, c3 = 7 and then considering lk(9), we get c1 = 9, c2 = 11. Now
lk(9) = C9([10, c4, 3], [3, 4, 11], [11, 5, 1], [1, 0, 8]). Now if a4 = 2 then C(2, 1, 0, 4, 11, 9, 10) ∈
lk(3) which is not possible and if a4 = 8 then after completing lk(8) we get c4 = 6 and
then lk(6) will not possible. When lk(5) = C9([11, a4, 10], [10, 7, 1], [1, 9, 4], [4, 0, 6]) then
a3 = 4 and lk(9) = C9([10, c1, c2], [c2, 11, 4], [4, 5, 1], [1, 0, 8]) which implies c2 = 2 and then
after completing lk(2) and lk(8) we get [4, 11, 6, ∗], [4, 0, 6, 5] are two face of the polyhedron
which is not possible.
If a2 = 11 then a3 ∈ {4, 5, 6}. If a3 = 4 then lk(4) = C9([3, a4, 11], [11, 1, 9], [9, a5 , 5], [5, 6,
0]) which implies a5 ∈ {2, 7} and from lk(9) we see that [10, a5] will form a non-edge in a 4-
gon, therefore one of a1, a4 must be 10. Now lk(9) = C9([10, a6, a5], [a5, 5, 4], [4, 11, 1], [1, 0,
8]) and considering lk(7) we get a5 = 2 and then lk(2) = C9([7, a7, 5], [5, 4, 9], [9, 10, 3], [3, 0,
1]). From here we see that a6 = 3 and then a1 = 10, a7 ∈ {6, 8}. Now lk(5) =
C9([11, a8, a7], [a7, 7, 2], [2, 9, 4], [4, 0, 6]) which implies a7 = 8, a8 = 10 and then after com-
pleting lk(7) we see that [3, 4, ∗, 6] and [4, 0, 6, 5] are faces of the polyhedron which is not
possible. If a3 = 5 then a1 ∈ {4, 10}. When a1 = 10 then lk(7) = C9([2, a4, 8], [8, 0, 6], [6,
b2, 10], [10, 11, 1]) which implies b2 = 3, b3 = 10 as if b2 = 9 then C(9, 6, 5) ∈ lk(11)
which is not possible. Now lk(2). Therefore b1 = 2 and then completing lk(2), lk(4)
we see that C(4, 2, 3, 6, 5) ∈ lk(11) which is a contradiction. If a1 = 4 then lk(4) =
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C9([3, a4, 11], [11, 1, 7], [7, a5 , 5], [5, 6, 0]) which implies a4 = 10 and lk(11) = C9([6, b2, 10],
[10, 3, 4], [4, 7, 1], [1, 9, 5]). From here we see that b1 = 10, b2 = 2 and then after completing
lk(5), we se that lk(2) will not possible. If a3 = 6 then b1 = 1, b2 = 9, a1 = 10 and then
after completing lk(7), we see that [8, 9, 10], [7, 8, ∗, 10] are two faces of the polyhedron,
which is a contradiction.
Case 48. When remaining two 3-gons are {[1, 5, 6], [2, 7, 11]} then lk(6) = C9([1, b1, b2], [b2,
b3, 7], [7, 8, 0], [0, 4, 5]) and lk(1) = C9([a3, a4, 2], [2, 3, 0], [0, 8, 9], [9, a1 , a2]) where a2, a3 ∈
{5, 6}, b1 ∈ {2, 9} and b2 is either a1 or a4. In both cases b2 = 10, therefore b2 = 10. Now
when b1 = 2 then a1 ∈ {7, 11}, but a1 can not be 7 as then [0, 6, 7, 8], [1, 5, 7, 9] form two
faces of the polyhedron which has not common vertex except 7 and on edges of these two
faces is an adjacent edge with a 3-gon and that implies lk(7) will not complete, therefore
a1 = 11 and then after completing lk(2) and lk(7) we see that lk(9) will not possible.
When b1 = 9 then (a1, a2, a3) = (10, 6, 5) which implies C(8, 0, 1, 6, 10) ∈ lk(9) which is
not possible.
Case 49. When remaining two 3-gons are {[1, 5, 7], [2, 6, 11]} then either lk(1) = C9([5, a2,
2], [2, 3, 0], [0, 8, 9], [9, a1 , 7]) or lk(1) = C9([7, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 5]). When lk(1) =
C9([5, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 7]) then lk(6) has two possibilities. In both cases, after
completing lk(7) we see that either a1 = 10 or a1 /∈ V , which is a contradiction. When
lk(1) = C9([7, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , 5]) then lk(6) = C9([11, a3, 5], [5, 4, 0], [0, 8, 7], [7,
1, 2]) which implies a2 = 6, a3 = 10 and then lk(5) = C9([1, 9, 4], [4, 0, 6], [6, 11, 10], [10, a4 ,
7]). From there we see that a1 = 4 and then after completing lk(7) we get a4 = 3 which
implies lk(3) is not possible.
Case 50. When remaining two 3-gons are {[1, 5, 11], [2, 6, 7]} then lk(6) = C9([2, b1, b2], [b2,
b3, 5], [5, 4, 0], [0, 8, 7]) and lk(1) = C9([c1, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , c2]) where c1, c2 ∈ {5,
11}.
Subcase 50.1. When (c1, c2) = (5, 11) then a1 ∈ {4, 7}. If a1 = 4 then lk(4) = C9([3, a3,
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11], [11, 1, 9], [9, a4 , 5], [5, 6, 0]) and lk(5) = C9([11, a4, 6], [6, 0, 4], [4, 9, 7], [7, 2, 1]) which im-
plies a4 /∈ V . Therefore a1 = 7 and then lk(7) = C9([2, a3, 9], [9, 1, 11], [11, a4 , 8], [8, 0, 6]),
lk(8) = C9([10, a5, a4], [a4, 11, 7], [7, 6, 0], [0, 1, 9]) and lk(9) = C9([10, a6, a3], [a3, 2, 7], [7, 11,
1], [1, 0, 8]) which implies a3 ∈ {3, 4, 5}. Now if a3 = 3 then we will not get 9 vertices
to complete lk(3), if a3 = 4 then a4 = 3 and then after complete lk(4), we see that
[3, 4, 9, 10], [3, 8, 10, a5 ] form faces of the polyhedron which is not possible and if a3 = 5
then lk(5) will not possible.
Subcase 50.2. When (c1, c2) = (11, 5) then a1 ∈ {4, 6, 7}. Now if a1 = 4 then lk(4) =
C9([3, a3, a4], [a4, a5, 9], [9, 1, 5], [5, 6, 0]), lk(5) = C9([11, a6, a6], [a7, a8, 6], [6, 0, 4], [4, 9, 1])
and lk(9) = C9([10, a9, a5], [a5, a4, 4], [4, 5, 1], [1, 0, 8]) which implies a7 ∈ {3, 10}. Now
if a7 = 3 then after completing lk(3) we get [2, 3, 5, 11], [2, 1, 11, a2 ] form faces of
the polyhedron which is not possible. If a7 = 10 then b3 = 11, a4 = 11, a5 =
7 and then after completing lk(7), lk(11) we get a2 = 10 which is a contradic-
tion. If a1 = 6 then lk(6) = C9([2, b1, 9], [9, 1, 5], [5, 4, 0], [0, 8, 7]) and from here we
see that b1 = 3. Now lk(9) = C9([10, b4, 3], [3, 2, 6], [6, 5, 1], [1, 0, 8]) which implies
b4 = 11, a2 = 10 and then lk(3) = C9([4, b5, 11], [11, 10, 9], [9, 6, 2], [2, 1, 0]), lk(1) =
C9([5, 6, 9], [9, 8, 0], [0, 3, 2], [2, 10, 11]) and lk(11) = C9([5, b6, b5], [b5, 4, 3], [3, 9, 10], [10, 2, 1])
which implies b5 = 7. Now lk(2) = C9([7, b7, 10], [10, 11, 1], [1, 0, 3], [3, 9, 6]),
lk(7) = C9([2, 10, 4], [4, 3, 11], [11, 5, 8], [8, 0, 6]). From here we see that b6 =
8, b7 = 4. Therefore lk(2) = C9([7, 4, 10], [10, 11, 1], [1, 0, 3], [3, 9, 6]), lk(10) =
C9([8, b8, 4], [4, 7, 2], [2, 1, 11], [11, 3, 9]), lk(8) = C9([10, 4, 5], [5, 11, 7], [7, 6, 0], [0, 1, 9]) which
implies b8 = 5 and then lk(5) = C9([1, 9, 6], [6, 0, 4], [4, 10, 8], [8, 7, 11]), lk(9) =
C9([10, 11, 3], [3, 2, 6], [6, 5, 1], [1, 0, 8]), lk(4) = C9([3, 11, 7], [7, 2, 10], [10, 8, 5], [5, 6, 0]). Let
this be the map K2. K2 is isomorphic to KO[(3,44)] under the map (1, 6)(2, 5)(3, 4)(7, 9).
If a1 = 7 then lk(7) = C9([2, b4, 9], [9, 1, 5], [5, b5 , 8], [8, 0, 6]) and then after completing
lk(2), we see that b2 /∈ V .
Case 51. When remaining two 3-gons are {[1, 6, 7], [2, 5, 11]} then lk(6) = C9([1, b1, b2], [b2,
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b3, 5], [5, 4, 0], [0, 8, 7]) and lk(1) = C9([c1, b2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , c2]) where c1, c2 ∈
{6, 7}. When (c1, c2) = (6, 7) then b2 = 10 and after completing lk(2) we see that b3 /∈ V
and if (c1, c2) = (7, 6) then b1 = 9, b2 = 11 and then [2, 5, 11], [5, 6, 11, b3 ] forms faces of the
polyhedron which is not possible.
Case 52. When remaining two 3-gons are {[1, 6, 11], [2, 5, 7]} then lk(6) = C9([d1, a2, 5], [5, 4,
0], [0, 8, 7], [7, a1 , d2]) where d1, d2 ∈ {1, 11}.
Subcase 52.1. When (d1, d2) = (1, 11) then lk(1) = C9([a5, a6, 2], [2, 3, 0], [0, 8, 9], [9, a3 ,
a4]) where a4, a5 ∈ {6, 11} and a2 ∈ {2, 9}. If a2 = 2 then (a1, a4, a5, a6) = (10, 11, 6, 5)
and lk(2) = C9([7, c1, c2], [c2, c3, 3], [3, 0, 1], [1, 6, 5]) which implies c2 = 9 and then lk(7) =
C9([5, c4, 8], [8, 0, 6], [6, 11, 10], [10, 9, 2]). From here we see that c1 = 10, c4 = 3 and after
completing lk(8), lk(9) we see that c3 /∈ V . If a2 = 9 then (a3, a4, a5) = (5, 6, 11) and then
lk(5) = C9([e1, a6, 4], [4, 0, 6], [6, 1, 9], [9, a5 , e2]) where e1, e2 ∈ {2, 7}. If (e1, e2) = (2, 7)
then lk(7) = C9([2, a7, 8], [8, 0, 6], [6, 11, a1 ], [a1, 9, 5]) which implies a1 = a5 = 3, a6 = 10 =
a7 and a4 = 10 and then lk(6) will not possible. If (e1, e2) = (7, 2) then after completing
lk(7) we see that C(0, 1, 5, 2, 10, 8) ∈ lk(9) which is not possible.
Subcase 52.2. When (d1, d2) = (11, 1) then a1 ∈ {2, 9}. If a1 = 2 then a2 = 10, a3 = 4
and then lk(4) = C9([3, 10, 11], [11, 1, 9], [9, a4 , 5], [5, 6, 0]) and considering lk(5) we see that
a4 /∈ V . If a1 = 9 then a3 ∈ {4, 10}. But if a3 = 4 then [2, 5, 7] & [2, 4, 5, ∗] form faces of
the polyhedron which is not possible and similarly a3 6= 10.
Case 53. When remaining two 3-gons are {[1, 7, 11], [2, 5, 6]} then lk(6) = C9([2, b1, b2], [b2,
b3, 7], [7, 8, 0], [0, 4, 5]) and lk(1) = C9([d1, a2, 2], [2, 3, 0], [0, 8, 9], [9, a1 , d2]) where d1, d2 ∈
{7, 11}.
Subcase 53.1. When (d1, d2) = (7, 11) then lk(7) = C9([11, b2, 6], [6, 0, 8], [8, a3 , a2], [a2, 2,
1]) which implies b2 = 10, b3 = 11. We see that a1, a2 ∈ {4, 5}, therefore b1 ∈ {3, 9}. Now
lk(8) = C9([10, a4, a3], [a3, a2, 7], [7, 6, 0], [0, 1, 9]) and lk(2) = C9([5, c1, c2], [c2, c3, c4], [c4, c5,
b1], [b1, 10, 6]). From here we see that either c2 = 3 or c4 = 3 or b1 = 3. If c2 = 3 then
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b1 = a2 which is a contradiction, if c4 = 3 then a2 = 5, b1 = 9, c5 = a1 = 4, a3 = 3 which
implies C(0, 1, 2, 9, 4) ∈ lk(3) which is a contradiction and if b1 = 3 then c2 = a2 = 4, a1 = 5
which implies lk(4) is not possible.
Subcase 53.2. When (d1, d2) = (11, 7) then lk(7) = C9([11, c1, c2], [c2, c3, c4], [c4, c5, a1], [a1,
9, 1]) which implies either c2 = 8 or c4 = 8. But if c2 = 8 then a1 = b3 /∈ V , therefore c4 = 8
and then c1 = 10, c2 = 6, c3 = 0. Now considering lk(2), we get a2 ∈ {5, b1}, but if a2 = b1
then b1 /∈ V , therefore a2 = 5 and then lk(2) = C9([5, 11, 1], [1, 0, 3], [3, b4 , b1], [b1, 10, 6]).
From here we get b1 = 9 and then considering lk(9) we see that b4 /∈ V .
Proof of theorem 1.2. Let K be a map of type (34, 42) on the surface of χ = −2.
Let V (K) = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}. We express lk(v) by the notation lk(v) =
C8(v1, v2, v3, [v4, v5, v6], [v6, v7, v8]) where [v, v8, v1], [v, v1, v2], [v, v2, v3], [v, v3, v4] form 3-gon
face and [v, v4, v5, v5], [v, v6, v7, v8] form 4-gon face. With out loss of generality let lk(0) =
C8(2, 3, 4, [5, 6, 7], [7, 8, 1]). Let lk(7) = C8(a, b, c, [8, 1, 0], [0, 5, 6]), where a, b, c ∈ {2, 3, 4, 9,
10, 11}. For any a ∈ {2, 3, 4}, [a, 6] form an edge in a 4-gon which implies face sequence is
not followed in lk(6), therefore a 6= 2, 3, 4. Similarly c 6= 2, 3, 4. If b = 2 then either a = 3
or c = 3. If a = 3 then [3, 6] form an edge in a 4-gon, which implies face sequence is not
followed in lk(6), similarly if c = 3 then face sequence will not follow in lk(8). Similarly
b 6= 4. If b = 3 one of a, c is either 2 or 4. For any case, face sequence will not follow in either
lk(6) or lk(8). Therefore (a, b, c) = (9, 10, 11). Then lk(5) = C8(4, a1, a2, [a3, a4, 6], [6, 7, 0])
where a1 ∈ {1, 2, 3, 8, 9, 10, 11}.
If a1 = 1 then either lk(1) = C8(2, 5, 4, [b1 , b2, 8], [8, 7, 0]) or lk(1) = C8(2, b1, 5, [b2, b3,
8], [8, 7, 0]). If lk(1) = C8(2, 5, 4, [b1 , b2, 8], [8, 7, 0]) then from lk(4) we see that [4, b1]
form an edge in a 4-gon, which implies face sequence is not followed in lk(b1). There-
fore lk(1) = C8(2, b1, 5, [b2, b3, 8], [8, 7, 0]) and then either b1 = 4 or b3 = 4.
Case 54. If b1 = 4 then lk(4) = C8(0, 5, 1, [2, c1 , c2], [c2, c3, 3]) where c2 ∈ {9, 10, 11}.
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If c2 = 9 then four incomplete 4-gons are [2, 4, 9, c1 ], [3, 4, 9, c3 ], [8, 1, b2, b3] and [6, 5,
c4, c5]. We see that one of c4, c5 is 2 and b2, b3 6= 11, therefore one of c1, c4, c5 is 11. For
any case, [2, 11] form an edge in a 4-gon, therefore c1 = 11 and one of c4, c5 is 11 and
hence c3 = 10 and b2, b3 ∈ {3, 10}. Therefore lk(9) = C8(7, 6, 8, [11, 2, 4], [4, 3, 10]) and
lk(8) = C8(11, 9, 6, [b3 , b2, 1], [1, 0, 7]) ⇒ lk(6) = C8(9, 8, b3, [c5, c4, 5], [5, 0, 7]).
Subcase 54.1. If (b3, b2) = (3, 10) then lk(3) = C8(0, 2, 6, [8, 1, 10], [10, 9, 4]) ⇒ lk(10) =
C8(7, 11, 5, [1, 8, 3], [3, 4, 9]) which implies c4 = 11, c5 = 2. Therefore lk(6) = C8(9, 8, 3, [2, 11,
5], [5, 0, 7]) ⇒ lk(11) = C8(8, 7, 10, [5, 6, 2], [2, 4, 9]) ⇒ lk(1) = C8(2, 4, 5, [10, 3, 8], [8, 7, 10])
⇒ lk(2) = C8(1, 0, 3, [6, 5, 11], [11, 9, 4]) ⇒ lk(5) = C8(4, 1, 10, [11, 2, 6], [6, 7, 0]). Let this
be the map KNO[(34,42)].
Subcase 54.2. If (b3, b2) = (10, 3) then lk(10) = C8(7, 11, 6, [8, 1, 3], [3, 4, 9]) ⇒ lk(6) =
C8(9, 8, 10, [11, 2, 5], [5, 0, 7]) ⇒ lk(11) = C8(8, 7, 10, [6, 5, 2], [2, 4, 9]) ⇒ lk(1) = C8(2, 4, 5, [3,
10, 8], [8, 7, 0]) ⇒ lk(5) = C8(4, 1, 3, [2, 11, 6], [6, 7, 0]) ⇒ lk(3) = C8(5, 2, 0, [4, 9, 10], [10, 8, 1])
⇒ lk(2) = C8(1, 0, 3, [5, 6, 11], [11, 9, 4]). Let this be the map KO1[(34,42)].
If c2 = 10 then four incomplete 4-gons are [2, 4, 10, c1 ], [3, 4, 10, c3 ], [1, 8, b3, b2] and
[5, 6, c5, c4]. We see that one of c4, c5 is 2 and b2, b3 6= 11 which implies [2, 11] form an edge
in a 4-gon. We have [2, 4] is not an adjacent edge of two 4-gon, therefore [2, 11] will form
an adjacent edge of two 4-gon which implies c1 = 11 and one of c4, c5 is 11 and then face
sequence will not follow in lk(10).
If c2 = 11 then four incomplete 4-gons are [2, 4, 11, c1 ], [3, 4, 11, c3 ], [1, 8, b3, b2] and
[5, 6, c5, c4]. We see that one of c4, c5 is 2 and c4, c5 6= 9. Therefore [9, 11] form an edge in
a 4-gon. If c1 = 9 then [2, 9] will form an adjacent edge of two 4-gon which implies one
of c4, c5 is 9 which is a contradiction. If c3 = 9 then [3, 9] will form an adjacent edge of
two 4-gon which implies b2, b3 ∈ {3, 9} and c1 = 10, one of c4, c5 is 10. Then this case is
isomorphic to the case (a, b, c) = (11, 9, 10) under the map (9, 11, 10) and again this case is
isomorphic to the case (a, b, c) = (9, 10, 11) under the map (9, 10, 11). Therefore the case
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c2 = 11 is isomorphic to the case c2 = 9.
Case 55. If b3 = 4 then b1 ∈ {9, 10, 11}. But for any b1, fase sequence will not follow in
lk(b1).
If a1 = 2 then a2 ∈ {1, 3}.
Case 56. If a2 = 1 then lk(2) = C8(5, 1, 0, [3, b2 , b3], [b3, b1, 4]) where b1, b2, b3 ∈ {9, 10, 11}.
Subcase 56.1. When b3 = 9 then either (b1, b2) = (10, 11) or (b1, b2) = (11, 10).
If (b1, b2) = (10, 11) then two incomplete 4-gons are [5, 6, a4, a3] and [1, 8, c1, c2]. As
we have [3, 11] is an edge of two adjacent 4-gon and c1, c2 6= 11 therefore a3, a4 ∈ {3, 11} and
c1, c2 ∈ {4, 10}. Now we see that is a3 = 11 then lk(11) will not possible, therefore a3 = 3
and a4 = 11. Now lk(3) = C8(0, 4, 1, [5, 6, 11], [11, 9, 2]) which implies c1 = 10 and c2 = 4.
Now lk(9) = C8(7, 6, d1, [11, 3, 2], [2, 4, 10]) and lk(11) = C8(d1, 7, 10, [6, 5, 3], [3, 2, 9]) which
implies d1 = 8. Now lk(6) = C8(9, 8, 10, [1, 3, 5], [5, 0, 7]) ⇒ lk(8) = C8(11, 9, 6, [10, 4, 1], [1,
0, 7]) ⇒ lk(10) = C8(7, 11, 6, [8, 1, 4], [4, 2, 9]) ⇒ lk(3) = C8(0, 4, 1, [5, 6, 11], [11, 9, 2]) ⇒
lk(4) = C8(5, 0, 3, [1, 8, 10], [10, 9, 2]) ⇒ lk(1) = C8(2, 5, 3, [4, 10, 8], [8, 7, 0]). Let this be the
map KO2[(34,42)].
If (b1, b2) = (11, 10) then 8 and 11 occur in same 4-gon, which is a contradiction.
Subcase 56.2. If b3 = 10 then for any (b1, b2) face sequence is not followed in lk(10).
Subcase 56.3. If b3 = 11 then either (b1, b2) = (9, 10) or (b1, b2) = (10, 9).
If (b1, b2) = (9, 10) then lk(11) = C8(6, 8, 7, [10, 3, 2], [2, 4, 9]). Now remaining two in-
complete 4-gons are [5, 6, c1, c2] and [1, 8, c3, c4]. c1, c2 can not be 4, therefore one of
c3, c4 is 4 and one of c1, c2 is 3 and therefore one of c3, c4 is 9 and then one of c1, c2
is 10. If c1 = 3 ⇒ c2 = 10. Therefore lk(3) = C8(8, 4, 0, [2, 11, 10], [10, 5, 6]) ⇒ lk(8) =
C8(11, 6, 3, [4, 9, 1], [1, 0, 7]) which implies c3 = 4, c4 = 9. Now lk(4) = C8(3, 0, 5, [2, 11, 9], [9,
1, 8]) ⇒ lk(5) = C8(1, 2, 4, [0, 7, 6], [6, 3, 10]) ⇒ lk(1) = C8(10, 5, 2, [0, 7, 8], [8, 4, 9]) ⇒
lk(10) = C8(1, 9, 7, [11, 2, 3], [3, 6, 5]) ⇒ lk(9) = C8(10, 7, 6, [11, 2, 4], [4, 8, 1]). Let this be
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the map K1. We see that (1, 5)(2, 4)(6, 8)(9, 11) : KNO[(34,42)] ∼= K1. If c1 = 10 ⇒
c2 = 3. Now lk(5) = C8(4, 2, 1, [3, 10, 6], [6, 7, 0]) ⇒ lk(1) = C8(2, 5, 3, [4, 9, 8], [8, 7, 0])
which implies c3 = 9, c4 = 4. Now lk(3) = C8(0, 4, 1, [5, 6, 10], [10, 11, 2]) ⇒ lk(2) =
C8(0, 1, 5, [4, 9, 11], [11, 10, 3]) ⇒ lk(4) = C8(5, 0, 3, [1, 8, 9], [9, 11, 2]) ⇒ lk(8) = C8(11, 6,
10, [9, 4, 1], [1, 0, 7]) ⇒ lk(9) = C8(6, 7, 10, [8, 1, 4], [4, 2, 11]) ⇒ lk(10) = C8(7, 9, 8, [6, 5, 3],
[3, 2, 11]). Let this be the mapK2 and then (0, 2, 5, 3, 1, 4)(6, 10, 8, 9, 7, 11) : KO1[(34,42)] ∼=
K2.
If (b1, b2) = (10, 9) then lk(11) = C8(7, 8, 5, [9, 3, 2], [2, 4, 10]) and then lk(5) will not be
possible.
If a1 = 3 then 3 will occur two times in lk(3) which make contradiction.
If a1 = 8 then a2 ∈ {2, 3, 9, 10}.
Case 57. If a2 = 2 then a3 ∈ {1, 3}. If a3 = 1 then face sequence is not followed in lk(1)
and id a3 = 3 then 1 occur two times in lk(2). Therefore this case is not possible.
Case 58. If a2 = 3 then lk(8) = C8(11, 4, 5, [3, b1 , 1], [1, 0, 7]) and lk(4) = C8(0, 5, 8, [11, b4 ,
b2], b2, b3, 3). Now four incomplete 4-gons are [1, 8, 3, b1 ], [3, 4, b2, b3], [4, 11, b4, b2] and [2, 5,
6, a4]. We see that [3, 4] and [3, 8] are adjacent edges of a 3-gon and a 4-gon, therefore
[3, b1] will form an adjacent edge of two 4-gon which implies b1 = b3 and b4 = 2. As
[4, b2] is an adjacent edge of two 4-gon, therefore [2, 11] will form an adjacent edge of two
4-gon hich implies a4 = 11. We see that b2 6= 10, therefore b1 = 10 = b3 and b2 =
9. Now lk(2) = C8(3, 0, 1, [9, 4, 11], [11, 6, 5]) ⇒ lk(11) = C8(8, 7, 10, [6, 5, 2], [2, 9, 4]) ⇒
lk(5) = C8(4, 8, 3, [2, 11, 6], [6, 7, 0]) ⇒ lk(9) = C8(7, 6, 1, [2, 11, 4], [4, 3, 10]) ⇒ lk(6) =
C8(9, 1, 10, [11, 2, 5], [5, 0, 7]) ⇒ lk(1) = C8(6, 9, 2, [0, 7, 8], [8, 3, 10]) ⇒ lk(3) = C8(0, 2, 5, [8,
1, 10], [10, 9, 4]) ⇒ lk(10) = C8(7, 11, 6, [1, 8, 3], [3, 4, 9]). Let this be the map K3. Then
(0, 3, 2)(1, 4, 5, 8, 9, 6)(7, 10, 11) : KNO[(34,42)] ∼= K3.
Case 59. If a2 = 9 then face sequence is not followed in lk(6).
Case 60. If a2 = 10 then lk(8) = C8(11, 4, 5, [10, b1 , 1], [1, 0, 7]), lk(10) = C8(5, 11, 7, [9,
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b2, b1], [b1, 1, 8]) and lk(11) = C8(10, 7, 8, [4, b3 , a4], [a4, 6, 5]). Now four incomplete 4-gons
are [5, 6, a4, 11], [1, 8, 10, b1 ], [9, 10, b1 , b2] and [4, 11, a4, b3]. Therefore a4 = 2, b1 = 3⇒ b2 =
4, b3 = 9. Now lk(4) = C8(0, 5, 8, [11, 2, 9], [9, 10, 3]) ⇒ lk(9) = C8(7, 6, 1, [2, 11, 4], [4, 3, 10])
⇒ lk(1) = C8(2, 9, 6, [3, 10, 8], [8, 7, 0]) ⇒ lk(3) = C8(0, 2, 6, [1, 8, 10], [10, 9, 4]) ⇒ lk(6) =
C8(9, 1, 3, [2, 11, 5], [5, 0, 7]) ⇒ lk(2) = C8(1, 0, 3, [6, 5, 11], [11, 4, 9]). Let this be the map
K4 and then (0, 1, 3, 9, 11, 5)(2, 6, 7, 8, 10, 4) : KNO[(34,42)] ∼= K4
If a1 = 9 then a3 ∈ {1, 2, 3, 8} and [10, a3] form an edge in a 4-gon which implies face
sequence will not follow in lk(a3).
If a1 = 10 then a2 ∈ {9, 11}. If a2 = 9 then [6, 9] will form an edge in a 4-gon and if
a2 = 11 then [8, 11] will form an edge in a 4-gon which are not possible.
If a1 = 11 then a2 ∈ {8, 10}. If a2 = 10 then [10, a3] will form an edge in a 4-gon, which
is not possible. Therefore a2 = 8 and then lk(11) = C8(5, 8, 7, [10, b1 , 2], [2, b2, 4]). Now
four incomplete 4-gons are [5, 6, a4, a3], [1, 8, c1 , c2], [2, 11, 4, b2 ] and [2, 11, 10, b1 ]. We see
that b2 = 9 and b1 = 3. Now as [4, 5] and [6, 9] are adjacent edges of two 4-gons, therefore
a3, a4 ∈ {3, 10} and c1, c2 ∈ {4, 9}.
Case 61. If (a3, a4) = (3, 10) then lk(3) = C8(8, 4, 0, [2, 11, 10], [10, 6, 5]) ⇒ lk(8) =
C8(3, 5, 11, [7, 0, 1], [1, 9, 4]). Therefore c1 = 4 and c2 = 9. Now lk(2) = C8(0, 1, 6, [9,
4, 11], [11, 10, 3]) ⇒ lk(6) = C8(9, 2, 1, [10, 3, 5], [5, 0, 7]) ⇒ lk(1) = C8(10, 6, 2, [0, 7, 8], [8, 4,
9]) ⇒ lk(10) = C8(1, 9, 7, [11, 2, 3], [3, 5, 6]) ⇒ lk(9) = C8(6, 7, 10, [1, 8, 4], [4, 11, 2]). Let
this be the map K5. Then (0, 5)(1, 3, 11)(2, 8, 10)(6, 7) : KNO[(34,42)] ∼= K5
Case 62. If (a3, a4) = (10, 3) then lk(8) = C8(11, 5, 10, [9, 4, 1], [1, 0, 7]). Therefore c1 = 9
and c2 = 4. Now lk(4) = C8(5, 0, 3, [1, 8, 9], [9, 2, 11]) ⇒ lk(10) = C8(7, 9, 8, [5, 6, 3], [3, 2,
11]) ⇒ lk(3) = C8(0, 4, 1, [6, 5, 10], [10, 11, 2]) ⇒ lk(9) = C8(6, 7, 10, [8, 1, 4], [4, 11, 2]) ⇒
lk(6) = C8(9, 2, 1, [3, 10, 5], [5, 0, 7]) ⇒ lk(1) = C8(2, 6, 3, [4, 9, 8], [8, 7, 0]) ⇒ lk(2) = C8(6,
1, 0, [3, 10, 11], [11, 4, 9]). Let this be the map K6. We see that (0, 3, 4, 1, 2)(5, 6)(7, 10, 9, 8,
11) : KNO[(34,42)] ∼= K6
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Proof of Theorem 1.3. Let K be a map of type (33, 4, 3, 4) on the surface of χ = −2.
Let V (K) = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}. We express lk(v) by the notation lk(v) =
C8(v2, v3, [v4, v5, v6], [v7, v8, v1]) where [v, v1, v2], [v, v2, v3], [v, v3, v4], [v, v6, v7] form 3-gon
faces and [v, v4, v5, v6], [v, v1, v8, v7] form 4-gon faces in v. With out loss of generality, let
us consider lk(0) = C8(2, 3, [4, 5, 6], [7, 8, 1]). Then lk(1) = C8(2, a, [b, c, d], [8, 7, 0]) where
a ∈ {4, 5, 6, 9, 10, 11} and b, c, d ∈ {3, 4, 5, 6, 9, 10, 11} or lk(1) = C8(c, d, [8, 7, 0], [2, a, b]),
where a, b, c, d ∈ {4, 5, 6, 9, 10, 11}.
Let lk(1) = C8(2, a, [b, c, d], [8, 7, 0]). By isomorphic, we get (4,3,6,5), (4,3,6,9)≈ {
(4,3,10,5), (4,3,11,5), (4,3,9,5),(4,3,6,10), (4,3,6,11) }, (4, 3, 9, 6) ≈ { (4,3,10,6), (4,3,11,6)
}, (4, 3, 5, 9) ≈ {(4, 3, 5, 10), (4, 3, 5, 11)}, (4, 3, 9, 10) ≈ { (4,3,9,11), (4,3,11,10), (4,3,10,9),
(4,3,11,9), (4,3,10,11) }, (4, 5, 6, 9) ≈ { (9,3,4,5), (10,3,4,5), (11,3,4,5), (4,5,6,10), (4,5,6,11)
}, (4, 5, 6, 3) ≈ (6, 3, 4, 5), (4, 5, 9, 3) ≈ {(6,3,4,9), (6,3,4,10), (6,3,4,11), (4,5,10,3), (4,5,11,3)
}, (4, 5, 9, 6) ≈ {(9, 3, 4, 6), (10, 3, 4, 6), (11, 3, 4, 6), (4, 5, 10, 6), (4, 5, 11, 6)}, (4, 5, 9, 10) ≈ {
(9,3,4,10), (9,3,4,11),(10,3,4,9), (10,3,4,11), (11,3,4,9), (11,3,4,10), (4,5,9,11), (4,5,10,9),
(4,5, 10,11), (4,5,11,9), (4,5,11,10)}, (4, 5, 3, 6) ≈ (5, 3, 4, 6), (4, 5, 3, 9) ≈ { (5,3,4,11),
(5,3,4, 10), (4,5,3,9), (4,5,3,10), (4,5,3,11)}, (4, 6, 3, 5) ≈ (5, 3, 6, 4), (4, 6, 3, 9) ≈ { (5,3,9,4),
(5,3,10,4), (5,3,11,4), (4,6,3,10), (4,6,3,11)}, (4, 6, 5, 3) ≈ (6, 3, 5, 4), (4, 6, 5, 9) ≈ { (9,3,5,4),
(10,3,5,4), (11,3,5,4), (4,6,5,10), (4,6,5,11)}, (4, 6, 9, 3) ≈ { (6,3,9,4), (6,3,10, 4), (6,3,11,4),
(4,6,10,3), (4,6,11,3) }, (4, 6, 9, 5) ≈ { (9,3,6,4), (10,3,6, 4), (11,3,6,4), (4,6,10,5), (4,6,11,5)},
(4,9,5,3) ≈ { (6,3,5,9), (6,3,5,10), (6,3,5,11), (4,10,5,3), (4,11, 5,3) }, (4,9,5,6) ≈ { (9,3,5,6),
(10,3,5,6), (11,3,5,6), (4,10,5,6), (4,11,5,6) }, (4, 9, 5, 10) ≈ { (9,3,5,10), (9,3,5,11), (10,3,5,9),
(10,3,5,11), (11,3,5,9), (11,3,5, 10), (4,9,5,11), (4,10,5,9), (4,10,5,11), (4,11,5,9), (4,11,5,
10)}, (4,9,6,3) ≈ { (6,3,9,5), (6,3,10,5), (6,3,11,5), (4,10,6,3), (4,11,6,3) }, (4, 9, 6, 5) ≈ {
(9,3,6,5), (10,3,6,5), (11,3, 6,5), (4,10,6,5), (4,11,6,5) }, (4, 9, 6, 10) ≈ { (9,3,10,5), (9,3,11,5),
(10,3,9,5), (10,3,11, 5), (11,3,9,5), (11,3,10,5), (4,9,6,11), (4,10,6,9), (4,10,6,11), (4,11,6,9),
(4,11,6,10) },(4,9,10,3) ≈ { (6,3,9,10), (6,3,9,11), (6,3,10,9), (6,3,10,11), (6,3,11,9), (6,3,11,
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10), (4,9,11,3), (4,10,9,3), (4,10,11,3), (4,11,9,3), (4,11,10,3) }, (4, 9, 10, 6) ≈ { (9,3,10,6),
(9,3,11,6), (10,3,9,6), (10,3,11,6), (11,3,9,6), (11,3,10,6), (4,9,11,6), (4,10,9,6), (4,10, 11,6),
(4,11,9,6), (4,11,10,6)}, (4,6,9,10) ≈ { (9,3,10,4), (9,3,11,4), (10,3,9,4), (10,3, 11,4), (11,3,9,
4), (11,3,10,4), (4,6,9,11), (4,6,10,9), (4,6,10,11), (4,6,11,9), (4,6,11,10) }, (4,9,3,5) ≈ {
(5,3,6,9), (5,3,6,10), (5,3,6,11), (4,10,3,5), (4,11,3,5) }, (4,9,3,6) ≈ { (5,3,9,6), (5,3,10,6),
(5,3,11,6), (4,10,3,6), (4,11,3,6)}, (4,9,3,10) ≈ { (5,3,9,10), (5,3,9,11), (5,3,10,9), (5,3,10,11),
(5,3,11,9), (5,3,11,10), (4,9,3,11), (4,10,3,9), (4,10, 3,11), (4,11,3,9), (4,11,3,10) }, (4,9,5,3)
≈ { (6,3,5,9), (6,3,5,10), (6,3,5,11), (4,10,5,3), (4,11,5,3) }, (4,9,10,11) ≈ { (9,3,10,11),
(9,3,11,10), (10,3,9,11), (10,3,11,9), (11,3,9,10), (11,3,10,9), (4,9,11,10), (4,10,9,11), (4,10,
11,9), (4,11,9,10), (4,11,10,9) }, (4,9, 10,5) ≈ { (9,3,6,10), (9,3,6,11), (10,3,6,9), (10,3,6,11),
(11,3,6,9), (11,3,6,10), (4,9,11, 5), (4,10,9,5), (4,10,11,5), (4,11,9,5), (4,11,10,5) }, (5,4,3,6),
(5,4,3,9) ≈ { (5,4,3,10), (5,4,3,11) }, (5,4,6,3) ≈ (6,4,3,5), (5,4,6,9) ≈ { (9,4,3,5), (10,4,3,5),
(11,4,3,5), (5,4,6, 10), (5,4,6,11) }, (5,4,9,3) ≈ { (6,4,3,9), (6,4,3,10), (6,4,3,11), (5,4,10,3),
(5,4,11,3) }, (5,4,9,6) ≈ { (9,4,3,6), (10,4,3,6), (11,4,3,6), (5,4,10,6), (5,4,11,6) }, (5,4,10,9)
≈ { (9,4,3,10), (9,4,3,11), (10,4,3,9), (10,4,3,11), (11,4,3,9), (11,4,3,9), (5,4,10,11), (5,4,9,10),
(5,4,9,11), (5,4,11,9), (5,4,11,10) }, (5,6,3,4), (5,6,3,9) ≈ { (5,9,3,4), (5,10, 3,4), (5,11,3,4),
(5,6,3,10), (5,6,3,11) }, (5,6,4,3) ≈ (6,5,3,4), (5,6,4,9 )≈ { (9,5,3,4), (10,5,3,4), (11,5,3,4),
(5,6,4,10), (5,6,4,11) }, (5,6,9,3) ≈ {(6,9,3,4), (6,10,3,4), (6,11, 3,4), (5,6,10,3), (5,6,11,3)
}, (5,6,9,4) ≈ { (9,6,3,4), (10,6,3,4), (11,6,3,4), (5,6,10,4), (5,6,11,4) }, (5,6,9,10) ≈ {
(9,10,3,4), (9,11,3,4), (10,9,3,4), (10,11,3,4), (11,9,3,4), (11,10,3,4), (5,6,9,11), (5,6,10,9),
(5,6,10,11), (5,6,11,9), (5,6,11,10) }, (5,9,3,6) ≈ { (5,10,3,6), (5,11,3,6) }, (5,9,3,10) ≈
{(5,9,3,11), (5,10,3,9), (5,10,3,11), (5,11,3,9), (5,11,3,10) }, (5,9,4,3) ≈ { (5,10,4,3), (5,11,4,
3), (6,5,3,9), (6,5,3,10), (6,5,3,11) }, (5,9,4,6) ≈ { (9,5,3,6), (10,5,3,6), (11,5,3,6), (5,10,4,6),
(5,11,4,6) }, (5,9,4,10) ≈ { (9,5,3,10), (9,5,3,11), (10,5,3,9), (10,5,3,11), (11,5,3,9), (11,5,3,
10), (5,9,3,11), (5,10,3,9), (5,10,3,11), (5,11,3,9), (5,11,3,10) }, (5,9,6,3) ≈ { (6,9,3,5),
(6,10,3,5), (6,11,3,5), (5,10,6,3), (5,11,6,3) }, (5,9,6,4) ≈ { (9,6,3,5), (10,6,3,5), (11,6,3,5),
(5,10, 6,4), (5,11,6,4) }, (5,9,6,10) ≈ { (9,10,3,5), (9,11,3,5), (10,9,3,5), (10,11,3,5), (11,9,3,
80
5), (11,10,3,5), (5,9,6,11), (5,10,6,9), (5,10,6,11), (5,11,6,9), (5,11,6,10) }, (5,9,10,3) ≈ {
(6,9,3,10), (6,9,3,11), (6,10,3,9), (6,10,3,11), (6,11,3,9), (6,11,3,10), (5,9,11,3), (5,10,9,3),
(5,10,11,3), (5,11,9,3), (5,11,10,3) }, (5,9,10,4) ≈ { (9,6,3,10), (9,6,3,11), (10,6,3,9), (10,6,3,
11), (11,6,3,9), (11,6,3,9), (5,9,11,4), (5,10,9,4), (5,10,11,4), (5,11, 9,4), (5,11,10,4) }, (5,9,10,
6) ≈ { (9,10,3,6), (9,11,3,6), (10,9,3,6), (10,11,3,6), (11,9, 3,6), (11,10,3,6), (5,9,11,6),
(5,10,9,6), (5,10,11,6), (5,11,9,6), (5,11,10,6) }, (5,9,10, 11) ≈ { (9,10,3,11), (9,11,3,10),
(10,9,3,11), (10,11,3,9), (11,9,3,10), (11,10,3,9), (5,9,11,10), (5,10,9,11), (5,10,11,9), (5,11,9,
10), (5,11,10,9) }, (6,4,5,3) ≈ (6,5,4,3), (6,4,5,9) ≈ { (9,4,5,3), (10,4,5,3), (11,4,5,3), (6,4,5,
10), (6,4,5,11) }, (6,4,9,3) ≈ { (6,4,10,3), (6,4,11,3) }, (6,4,9,5) ≈ { (9,4,6,3), (10,4,6,3),
(11,4,6,3), (6,4,10,5), (6,4,11,5) }, (6,4,9,10) ≈ { (10,4,9,3), (10,4,11,3), (9,4,10,3), (9,4,11,3),
(11,4,9,3), (11,4,10,3), (6,4,9,11), (6,4,10,9), (6,4,10,11), (6,4,11,9), (6,4,11,10) }, (6,5,4,9)
≈ { (9,5,4,3), (10,5,4,3), (11,5,4,3), (6,5,4,10), (6,5,4,11) }, (6,5,9,3) ≈ { (6,9,4,3), (6,10,4,3),
(6,11,4,3), (6,5,10,3), (6,5,11,3), (9,5,6,3), (10,5,6,3), (11,5,6,3) }, (6,5,9,4) ≈ { (9,6,4,3),
(10,6,4,3), (11,6,4,3), (6,5,10,4), (6,5,11,4) }, (6,5,9,10) ≈ { (9,10,4,3), (9,11,4,3), (10,9,4,3),
(10,11,4,3), (11,9,4,3), (11,10,4,3), (6,5,9,11), (6,5,10,9), (6,5, 10,11), (6,5,11,9), (6,5,11,10)
}, (6,9,4,5) ≈ { (9,5,6,3), (10,5,6,3), (11,5,6,3), (6,10,4, 5), (6,11,4,5) }, (6,9,4,10) ≈ {
(9,5,10,3), (9,5,11,3), (10,5,9,3), (10,5,11,3), (11,5,9,3), (11,5,10,3), (6,9,4,11), (6,10,4,9),
(6,10,4,11), (6,11,4,9), (6,11,4,10) }, (6,9,5,3) ≈ { (6,10,5,3), (6,11,5,3) }, (6,9,5,4) ≈ {
(9,6,5,3), (10,6,5,3), (11,6,5,3), (6,10,5,4), (6,11,5,4) }, (6,9,5,10) ≈ { (9,10,5,3), (9,11,5,3),
(10,9,5,3), (10,11,5,3), (11,9,5,3), (11,10,5,3), (6,9,5,11), (6,10,5,9), (6,10,5,11), (6,11,5,9),
(6,11,5,10)}, (6,9,10,3) ≈ { (6,9,11,3), (6,10,9,3), (6,10,11,3), (6,11,9,3), (6,11,10,3) },
(6,9,10,4) ≈ { (9,6,10,3), (9,6,11,3), (10,6,9,3), (10,6,11,3), (11,6,9,3), (11,6,10,3), (6,9,11,4),
(6,10,9,4), (6,10, 11,4), (6,11,9,4), (6,11,10,4)}, (6,9,10,5) ≈ { (9,10,6,3), (9,11,6,3), (10,9,6,
3), (10,11, 6,3), (11,9,6,3), (11,10,6,3), (6,9,11,5), (6,10,9,5), (6,10,11,5), (6,11,9,5), (6,11,
10,5) }, (6,9,10,11) ≈ { (9,10,11,3), (9,11,10,3), (10,9,11,3), (10,11,9,3), (11,9,10,3), (11,10,
9,3) }, (9,4,5,6) ≈ { (10,4,5,6), (11,4,5,6) }, (9,4,5,10) ≈ { (9,4,5,11), (10,4,5,9), (10,4,5,11),
(11,4,5,9), (11,4,5,10) }, (9,4,6,5) ≈ { (10,4,6,5), (11,4,6,5) }, (9,4,6,10) ≈ { (9,4,10,5),
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(9,4,11,5), (10,4,9,5), (10,4,11,5), (11,4,9,5), (11,4,10,5), (9,4,6,11), (10,4,6,9), (10,4,6,11),
(11,4,6,9), (11,4,6,10) }, (9,4,10,6) ≈ { (9,4,11,6), (10,4,9,6), (10,4,11,6), (11,4,9,6), (11,4,
10,6) }, (9,4,10,11)≈ { (9,4,11,10), (10,4,9,11), (10,4,11,9), (11,4,9,10), (11,9,10,9) }, (9,5,4,
6) ≈ { (10,5,4,6), (11,5,4,6) }, (9,5,4,10) ≈ { (9,5,4, 11), (10,5,4,9), (10,5,4,11), (11,5,4,9),
(11,5,4,10) }, (9,5,6,4) ≈ { (9,6,4,5), (10,6,4,5), (11,6,4,5), (10,5,6,4), (11,5,6,4) }, (9,5,6,10)
≈ { (9,5,6,11), (10,5,6,9), (10,5,6,11), (11,5, 6,9), (11,5,6,10), (9,10,4,5), (9,11,4,5), (11,9,4,
5), (11,10,4,5), (10,9,4,5), (10,11,4,5) }, (9,5,10,4) ≈ { (9,6,4,10), (9,6,4,11), (10,6,4,9),
(10,6,4,11), (11,6,4,9), (11,6,4,10), (9,5,11,4), (10,5,9,4), (10,5,11,4), (11,5,9,4), (11,5,10,
4) }, (9,5,10,6) ≈ { (9,10,4,6), (9,11,4,6), (10,9,4,6), (10,11,4,6), (11,9,4,6), (11,10,4,6),
(9,5,11,6), (10,5,9,6), (10,5, 11,6), (11,5,9,6), (11,5,10,6)}, (9,5,10,11) ≈ { (9,10,4,11),
(9,11,4,10), (10,9,4,11), (10,11,4,9), (11,9,4,10), (11,10,4,9), (9,5,11,10), (10,5,9,11), (10,5,
11,9), (11,5,9,10), (11,5,10,9) }, (9,6,5,4) ≈ { (10,6,5,4), (11,6,5,4) }, (9,6,5,10) ≈ { (9,10,5,4),
(9,11,5,4), (10,9,5,4), (10,11,5,4), (11,9,5,4), (11,10,5,4), (9,5,6,11), (10,5,6,9), (10,5,6,11),
(11,5, 6,9), (11,5,6,10) }, (9,6,10,4) ≈ { (9,6,11,4), (10,6,9,4), (10,6,11,4), (11,6,9,4), (11,6,
10,4) }, (9,6,10,5) ≈ { (9,10,6,4), (9,11,6,4), (10,9,6,4), (10,11,6,4), (11,9,6,4), (11,10, 6,4),
(9,6,11,5), (10,6,9,5), (10,6,11,5), (11,6,9,5), (11,6,10,5) }, (9,6,10,11) ≈ { (9,6, 11,10),
(10,6,9,11), (10,6,11,9), (11,6,9,10), (11,6,10,9), (9,10, 11,4), (9,11,10,4), (10,9, 11,4), (10,11,
9,4), (11,9,10,4), (11,10,9,4) }, (9,10,5,6) ≈ { (9,11,5,6), (10,9,5,6), (10,11,5,6), (11,9,5,6),
(11,10,5,6)}, (9,10,5,11) ≈ { (9,11,5,10), (10,9,5,11), (10,11,5, 9), (11,9,5,10), (11,10,5,9)
}, (9,10,6,11) ≈ { (9,10,11,5), (9,11,10,5), (10,9,11,5), (10,11,9,5), (11,9,10,5), (11,10,9,5),
(9,11,6,10), (10,9,6,11), (10,11,6,9), (11,9,6,10), (11,10,6,9) }, (9,10,11,6) ≈ { (9,11,10,6),
(10,9,11,6), (10,11,9,6), (11,9,10,6), (11,10, 9,6) }, (9,10,6,5) ≈ { (9,11,6,5), (10,9,6,5),
(10,11,6,5), (11,9,6,5), (11,10,6,5)}.
Now, (a, b, c, d) can not be a combination of 3,4,5,6, so for any (a, b, c, d) ∈ { (4,3,5,6),
(4,3,6,5), (4,5,3,6), (4,5,6,3), (4,6,3,5), (4,6,5,3), (5,4,3,6), (5,4,6,3), (5,6,3,4), (5,6,4,3), (6,4,
5,3) } the SEM will not complete.
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Since [2,5], [5,6] are edges of 4-gon, therefore, for (a, b, c, d) = (5, 6.c.d), face sequence
will not follow in lk(5). Therefore (5,6,3,9), (5,6,9,3), (5,6,9,10) are not possible.
If b = 4, then c /∈ {5, 6} and d /∈ {3, 5, 6}, otherwise it will not follow the face sequence,
so for any (a, b, c, d) ∈ {(5,4,6,9), (5,4,9,3), (5,4,9,6), (6,4,5,9), (6,4,9,3), (6,4,9,5), (9,4,5,6),
(9,4,5,10), (9,4,6,5), (9,4,6,10), (9,4,10,6)} the SEM will not complete. Similarly, if b =
5, then c, d /∈ {4, 6}, which implies for any (a, b, c, d) ∈ {(4,5,6,9), (4,5,9,6), (6,5,4,9),
(6,5,9,4), (9,5,4,6), (9,5,4,10), (9,5,6,4), (9,5,6,10), (9,5,10,4), (9,5,10,6)} the SEM will not
complete. If b = 6, then c, d /∈ {4, 5}, which implies for any (a, b, c, d) ∈ {(4,6,5,9), (4,6,9,5),
(5,6,4,9), (5,6,9,4), (9,6,5,4), (9,6,5,10), (9,6,10,4), (9,6,10,5)} the SEM will not complete.If
d = 4, then b /∈ {3, 5, 6} and d /∈ {5, 6}, which implies for any (a, b, c, d) ∈ {(5,9,6,4),
(6,9,5,4)} the SEM will not complete. If d = 5, then b, c /∈ {4, 6}, which implies for any
(a, b, c, d) ∈ {(4,9,6,5), (6,9,4,5), (9,10,6,5)} the SEM will not complete. If d = 6, then
b, c /∈ {4, 5}, which implies for any (a, b, c, d) ∈ {(4,9,5,6), (5,9,4,6), (9,10,5,6)} the SEM
will not complete.
For any (a, b, c, d) ∈ {(4,3,6,9), (4,3,9,6), (4,3,5,9), (4,3,9,10), (5,4,3,9), (5,4,10,9),
(5,9,4,3), (6,5,9,3), (6,5,9,10), (9,4,10,11)}, the SEM will not orientable.
For any (4, b, c, d) with b 6= 3, then lk(4) will not complete. So for any (a, b, c, d) ∈
{(4,5,3,9), (4,5,9,3), (4,5,9,10), (4,6,3,9), (4,6,9,3), (4,9,5,3), (4,9,5,10), (4,9,6,3), (4,9,6,5),
(4,9,6,10), (4,9,10,3), (4,9,10,6), (4,6,9,10), (4,9,3,5), (4,9,3,6), (4,9,3,10), (4,9,5,3),
(4,9,10,5), (4,9,10,11)}, SEM will not complete.
If d = 6, then lk(6) = C8(7, 8, [1, b, c], [5, 4, 0]), which implies 8 will appear two times in
lk(7), therefore (a, b, c, d) /∈ {(5,9,3,6), (5,9,10,6), (9,10,11,6)}.
Case 63. When (a, b, c, d) = (5, 9, 3, 10), then either lk(3) = C8(0, 4, [10, 1, 9], [a1 , b1, 2]) or
lk(3) = C8(0, 4, [9, 1, 10], [a1 , b1, 2]) where a1, b1 ∈ V . If lk(3) = C8(0, 4, [10, 1, 9], [a1 , a2, 2]),
then lk(4) = C8(3, 10, [a2 , b2, 9], [5, 6, 0]) which implies face sequence is not follow in lk(9),
where a2, b2 ∈ V . If lk(3) = C8(0, 4, [9, 1, 10], [a1 , b1, 2]),then lk(4) = C8(3, 9, [a2, b2, c2], [5, 6,
0]), which implies face sequence is not follow in lk(9), where a2, b2, c2 ∈ V .
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Case 64. When (a, b, c, d) = (5, 9, 4, 10), then lk(4) = C8(3, a1, [9, 1, 10], [5, 6, 0]), a1 ∈ V ,
which implies in lk(3) has four consecutive 3-gon, which is not possible.
Case 65. When (a, b, c, d) = (5, 9, 6, 3), the lk(3) = C8(0, 4, [6, 9, 1], [8, a1 , 2]), a1 ∈ V ,
which implies 6 will appear two times in lk(4), which is not possible.
Case 66. When (a, b, c, d) = (5, 9, 6, 10), we have total six 4-gon, and these are [0, 4, 5, 6],
[0, 1, 8, 7], [1, 9, 6, 10], [2, 3, a1, b1], [2, 5, a2, b2], [3, a3, b3, c3], where a1, a2, a3, b1, b2, b3,
c3 ∈ V . From these six 4-gon we see that 4 will appear in any one of last three 4-gon.
But 4 can not be appear in 4th as [3,4] is an edge, so b1 can not be 4 and in lk(3) [3,4] is
adjacent with a 3-gon, so a1 can not be 4. 4 will not appear in 5
th 4-gon as 4,5 appear in
1st 4-gon, so it can not be appear in another 4-gon. 4 will not appear in last 4-gon also
as [3,4] is an adjacent edge of 3-gon. So in lk(4), there is only one 4-gon, which is not
possible.
Case 67. When (a, b, c, d) = (5, 9, 10, 3), then lk(3) = C8(0, 4, [10, 9, 1], [8, a1 , 2]), where
p1 ∈ {6, 8}.
If p1 = 6, then six 4-gon are [0, 4, 5, 6], [0, 1, 8, 7], [1, 3, 10, 9], [2, 3, 8, 6], [2, 5, a1, b1],
[4, a2, b2, c2], where a1, a2, b1, b2, c2 ∈ V . 11 will appear in last two 4-gon. 9 will not
appear in 5th 4-gon as [5,9] is an adjacent edge of a 3-gon in lk(5), so 9 will appear in
last 4-gon. If 7 will appear in 5th 4-gon, then 9,10 will appear in last 4-gon, which is not
possible. So 10 will appear in 5th 4-gon and 7 will appear in last 4-gon. Therefore lk(2) is
either lk(2) = C8(1, 0, [3, 8, 6], [10, 11, 5]) or lk(5) = C8(1, 0, [3, 8, 6], [11, 10, 5]). If lk(2) =
C8(1, 0, [3, 8, 6], [10, 11, 5]) then lk(6) = C8(7, 10, [2, 3, 8], [5, 4, 0]), lk(10) = C8(6, 7, [3, 1, 9],
[11, 5, 2]), which implies [3,7] is an edge of a 4-gon, which is not possible. If lk(5) =
C8(1, 0, [3, 8, 6], [11, 10, 5]), then lk(6) = C8(7, 11, [2, 3, 8], [5, 4, 0]) after that lk(5) will not
complete.
If p1 = 11 then six 4-gon are [0, 4, 5, 6], [0, 1, 8, 7], [1, 3, 10, 9], [2, 3, 8, 11], [2, 5, a3, b3],
[4, a4, b4, c4], where a3, a4, b3, b4, c4 ∈ V . We can see that 6 will not appear 5
th 4-gon as
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5,6 appear in 1st 4-gon, so it can not appear in another 4-gon and also not appear in last
4-gon as 4,6 appear in 1st 4-gon, so it can not appear in another 4-gon.
Case 68. When (a, b, c, d) = (5, 9, 10, 4), then after completing lk(4) and lk(3), lk(8) is
not possible.
When (a, b, c, d) = (6, 4, 9, 10), then face sequence will not follow in lk(6).
Case 69. When (a, b, c, d) = (6, 9, 4, 10), then lk(6) = C8(1, 9, [5, 4, 0], [7, a1 , 2]). Six 4-gon
are [0, 4, 5, 6], [0, 1, 8, 7], [1, 9, 4, 10], [2, 6, 7, b1], [2, 3, b2, b3], [4, b4, b5,6 ], where b1, b2, b3, b4,
b5, b6 ∈ V . Now b1 6= 3 as if b1 = 3 then 6 will appear two times in lk(3) and 3 will not
appear in last 4-gon as [3,4] is an edge of two 3-gon, which implies at 3 has one 4-gon which
is not possible.
Case 70. When (a, b, c, d) = (6, 9, 5, 3), then lk(6) = C8(1, 9, [5, 4, 0], [7, 10, 2]), lk(3) =
C8(0, 4, [5, 9, 1], [8, a1, 2]), where a1 ∈ V which implies 4 will appear two times in lk(5).
Case 71. When (a, b, c, d) = (6, 9, 5, 10), then lk(6) = C8(1, 9, [5, 4, 0], [7, a)1 , 2]), where
a1 ∈ V . Six 4-gon are [0, 4, 5, 6], [0, 1, 8, 7], [1, 9, 5, 10], [2, 6, 7, a1], [2, 3, a2, a3], [4, a4, a5, a6],
where a2, a3, a4, a5, a6 ∈ V . 3 will not appear will not appear in 4
th 4-gon as 2,3 will not
appear in two 4-gon an 3 will not appear in last 4-gon as [3,4] is an adjacent edge of two
3-gon.
Case 72. When (a, b, c, d) = (6, 9, 10, 3), then lk(6) = C8(1, 9, [5, 4, 0], [7, a1 , 2]) and lk(3) =
C8(0, 4, [10, 9, 1], [8, a2 , 2]), where a1, a2 ∈ V . Now six 4-gon are [0, 4, 5, 6], [0, 1, 8, 7],
[1, 3, 10, 9], [2, 6, 7, a1], [2, 3, 8, a2 ], [4, a3, a4, a5], where a3, a4, a5 ∈ V . Now 5 will not ap-
pear in 4th 4-gon as 5,6 will not appear in two 4-gon and 5 will also not appear in last 4-gon
as 4,5 will not appear in two 4-gon, so 5 will appear in 5th 4-gon i.e. a2 = 5. Therefore
11 will appear in 4th and last 4-gon, therefore a1 = 11 and 9,10 will appear in last 4-gon,
which contradict as 9,10 can not appear in two 4-gon.
Case 73. When (a, b, c, d) = (6, 9, 10, 5), then lk(6) = C8(1, 9, [5, 4, 0], [7, 11, 2]), lk(4) =
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C8(8, 3, [0, 6, 5], [10, 9, 1]), which implies lk(8) = C8(3, 4, [a1, a2, a3], [7, 0, 1]), lk(3) = C8(0, 4,
[8, b1, b2], [b3, b4, 3]), where a1, a2, a3, b1, b2, b3, b4 ∈ V . In lk(8) we see that [3,8] in adjacent
edge of two 3-gon and in lk(3) we see that [3,8] is an adjacent edge of a 3-gon an a 4-gon,
which is a contradiction.
Case 74. When (a, b, c, d) = (6, 9, 10, 4), then lk(6) = C8(1, 9, [5, 4, 0], [7, a1 , 2]) where a1 ∈
V and lk(5) = C8(8, 9, [6, 0, 4], [10, 9, 1]), which implies lk(9) = C8(6, 5, [8, a2, a3], [10, 5, 1])
and lk(8) = C8(5, 9, [b1, b2, b3], [7, 0, 4]) where a2, a3, b1, b2, b3 ∈ V . From lk(9) we see
that [8,9] is an adjacent edge of a 3-gon and a 4-gon and from lk(8) we see that [8,9] is an
adjacent edge of two 3-gon which make contradiction.
Case 75. When (a, b, c, d) = (6, 9, 10, 11), then lk(6) = C8(1, 9, [5, 4, 0], [7, a1 , 2]), where
a1 ∈ V . Now all six 4-gon are [0, 4, 5, 6], [0, 1, 8, 7], [1, 9, 10, 11], [2, 6, 7, a1 ], [2, 3, a2, a3],
[4, a4, a5, a6], where a2, a3, a4, a5, a6 ∈ V . Now 3 will not appear in 4
th 4-gon as 2,3 can
not be appear in two 4-gon and 3 will also not appear in last 4-gon as [3,4] is an adjacent
edge of two 3-gon in lk(3), so in lk(3) has only one 4-gon, which is not possible.
Case 76. When (a, b, c, d) = (9, 5, 10, 11), then either lk(5) = C8(9, a1, [4, 0, 6], [10, 11, 1])
where a1 ∈ V or lk(5) = C8(9, 8, [6, 0, 4], [10, 11, 1]). If lk(5) = C8(9, 8, [6, 0, 4], [10, 11, 1])
then lk(8) = C8(5, 6, [7, 0, 1], [11, b1 , 9]), where b1 ∈ V which implies 8 will appear two times
in lk(7), which is a contradiction. If lk(5) = C8(9, a1, [4, 0, 6], [10, 11, 1]), form lk(0) and
lk(3), we see that [3,4] is an adjacent edge of two 3-gon, therefore [4,5] is an adjacent edge
of a 3-gon and a 4-gon, therefore [a1, 4], [a1, 9] are adjacent edge of a 3-gon and a 4-gon,
which implies lk(a1) is not following the face sequence.
Case 77. When (a, b, c, d) = (9, 6, 10, 11), then lk(6) = C8(9, 7, [0, 4, 5], [10, 11, 1]). From
lk(6) and lk(9) we see that [0,7] and [7,9] respectively are adjacent edge of a 3-gon and a
4-gon, which implies face sequence is not following in lk(7).
Case 78. When (a, b, c, d) = (9, 10, 6, 11), then either lk(9) = C8(7, 9, [10, 1, 11], [5, 4, 0])
or lk(6) = C8(7, 9, [11, 1, 10], [5, 4, 0]). In both cases lk(9) will not complete.
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Case 79. When (a, b, c, d) = (9, 10, 5, 11) then lk(2) = C8(1, 0, [3, c1 , c2], [d2, d1, 9]), lk(9) =
C8(10, 1, [2, d2, d1], [a8, a7, a1]), lk(10) = C8(9, a1, [a2, b2, b1], [5, 11, 1]), lk(a2) = C8(a1, a3,
[a4, a5, a6], [b2, b1, 10]), where a1, a2, a3, a4, a5, a6, a7, a8, b1, b2, c1, c2, d1, d2 ∈ V . Now all
six 4-gon are [0, 4, 5, 6], [0, 1, 8, 7], [1, 10, 5, 11], [2, 3, c1, c2], [2, 9, d1, d2], [9, a1, a7, a8]. Now
we see that 9 is in lk(10), so 10 will not appear in last two 4-gon, therefore 10 will appear
in 4th 4-gon. Now in 4th 4-gon, if c2 = 10 and d2 = 5 which implies 5 appear in three
4-gon, which is a contradiction. therefore b1 = 3, b2 = 2. 6 will not appear in 4
th 4-gon
as if 6 appear in 4th 4-gon then a3 = 7, a4 = 0, a5 = 4, a6 = 5, which implies [2,5,6] is a
3-gon i.e. c2 = 6, d2 = 5 which implies 5 appear in three 4-gon, which make contradiction.
Now remaining possible value of a2 are 7,8. We see that 3 will appear in last 4-gon and
[3,4] is an adjacent edge of two 3-gon, therefore 4 will appear in 5th 4-gon, which implies
6 will appear in last 4-gon as 4,6 will appear in only one 4-gon. Now if a2 = 7, then
after completing lk(7) we see that a3 = 6 and we have 6 appear in last 4-gon, which is a
contradiction. If a2 = 8, then a3 = 11 and 11 appear in last 4-gon, which is not possible.
Case 80. When (a, b, c, d) = (5, 9, 10, 11), then all six 4-gon are [0, 4, 5, 6], [0, 1, 8, 7],
[1, 9, 10, 11], [2, 3, a1, a2], [2, 5, a3, a4], [3, a5, a6, a7] where a1, a2, a3, a4, a5, a6,a7 ∈ V .
From lk(3) we see that [3,4] is an adjacent edge of two 3-gon, therefore 4 will not appear
in 4th and last 4-gon. 4,5 will appear only in one 4-gon, so 4 will also not appear in 5th
4-gon.
Case 81. When (a, b, c, d) = (9, 4, 10, 11), then lk(4) = C8(9, 3, [0, 6, 5], [10, 11, 1]) and
lk(3) = C8(0, 4, [9, a1 , a2], [a3, a4, 2]), lk(9) = C8(1, 4, [3, a2, a1], [a5, a6, 2]), where a1, a2, a3,
a4, a5, a6 ∈ P , where P = {5, 6, 7, 8, 10, 11}. All six 4-gon are [0,4,5,6], [0,1,8,7], [1,4,10,11],
[2, 3, a3, a4], [2, 9, a5, a6], [3, 9, a1, a2]. If a1 = 5, then a6 6= 6 as (5, 6) can not appear in two
4-gon. Similarly (a1, a2) 6= (6,5), (7,8), (8,7), (10,11), (11,10), and (a3, a4) 6= (5,6), (6,5),
(7,8), (8,7), (10,11), (11,10).
Let A = {(5,7,8,10), (5,7,8,11), (5,7,10,6), (5,7,10,8), (5,7,11,6), (5,7,11,8), (5,8,6,10),
(5,8,6,11), (5,8,10,6), (5,8,10,7), (5,8,11,6), (5,8,11,7), (5,11,6,7), (5,11,6,8), (5,11,7, 10),
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(5,11,10,7), (5,11,10,8), (6,7,5,11), (6,7,8,10), (6,7,8,11), (6,7,10,5), (6,7,10,8), (6,7,11,5),
(6,8,5,11), (6,8,10,5), (6,8,10,7), (6,8,11,5), (6,8,11,7), (6,10,5,7), (6,10,5, 8), (6,10,7,5),
(6,10,7,11), (6,10,8,5), (6,10,8,11), (6,11,5,7), (6,11,5,8), (6,11,7,5), (6,11,7,10), (6,11,10,7),
(6,11,10,8), (7,5,6,10), (7,5,6,11), (7,5,8,10), (7,5,8,11), (7,5, 11,6), (7,5,11,8), (7,10,5,8),
(7,10,5,11), (7,10,6,8), (7,10,6,11), (7,10,8,5), (7,11,5,8), (7,11,5,10), (7,11,6,8), (7,11,6,10),
(7,11,10,5), (7,11,10,6), (8,5,6,10), (8,5,6,11), (8,5, 7,10), (8,5,7,11), (8,5,11,6), (8,5,11,7),
(8,6,7,5), (8,6,7,10), (8,6,7,11), (8,6,10,5), (8,6,10,7), (8,6,11,5), (8,6,11,7), (8,10,5,7), (8,10,
5,11), (8,10,6,7), (8,10,6,11), (8,11, 5,7), (8,11,5,10), (8,11,6,7), (8,11,6,10), (8,11,7,5),
(8,11,10,5), (8,10,7,5), (8,11,10,6), (10,5,6,7), (10,5,6,8), (10,5,7,11), (10,5,8,6), (10,5,8,11),
(10,5,11,7), (10,5,11,8), (10, 6,7,5), (10,6,7,11), (10,6,8,5), (10,6,8,11), (10,6,11,7), (10,7,5,
8), (10,7,5,11), (10,7,8, 5), (10,7,8,6), (10,7,11,5), (10,7,11,6), (10,8,5,7), (10,8,5,11), (10,8,
6,7), (10,8,6,11), (10,8,7,5), (10,8,11,5), (10,8,11,6), (10,8,11,7), (11,5,6,7), (11,5,6,8), (11,5,
7,10), (11, 5,8,6), (11,5,8,10), (11,6,7,5), (11,6,7,10), (11,6,8,5), (11,6,8,10), (11,6,10,7),
(11,6,10, 8), (11,7,5,8), (11,7,6,8), (11,7,6,10), (11,7,8,5), (11,7,8,6), (11,7,10,5), (11,7,10,6)
},
B = { (5,7,6,8), (5,7,6,10), (5,7,6,11). (5,8,7,6), (5,8,7,10), (5,8,7,11), (5,10,6,7), (5,10,6,8),
(5,10,6,11), (5,10,7,6), (5,10,7,11), (5,10,8,6), (5,10,8,11), (5,10,11,6), (5, 10,11,7), (5,10,11,
8), (5,11,7,6), (5,11,8,6), (5,11,8,10), (6,7,5,10), (6,7,11,8), (6,8,5, 10), (6,8,7,5), (6,8,7,10),
(6,8,7,11), (6,10,11,5), (6,10,11,7), (6,10,11,8), (6,11,5,10), (6,11,8,5), (6,11,8,10), (7,5,10,6),
(7,5,10,8), (7,6,5,8), (7,6,5,10), (7,6,5,11), (7,6,8,5), (7,6,8,10), (7,6,8,11), (7,6,10,5), (7,6,
10,8), (7,6,11,5), (7,6,11,8), (7,10,11,5), (7,10,11, 6), (7,10,11,8), (7,11,8,5), (7,11,8,6),
(7,11,8,10), (8,5,7,6), (8,5,10,6), (8,5,10,7), (8,6, 5,7), (8,6,5,10), (8,6,5,11), (8,10,11,5),
(8,10,11,6), (8,10,11,7), (8,11,7,6), (8,10,7,6), (10,5,7,6), (10,6,5,7), (10,6,5,8), (10,6,5,11),
(10,6,11,8), (10,7,6,8), (10,7,6,11), (10,7, 11,8), (10,8,7,6), (10,8,7,11), (11,5,7,6), (11,5,10,6),
(11,5,10,7), (11,5,10,8), (11,6,5,7), (11,6,5,8), (11,6,5,10), (11,7,5,10), (11,8,5,7), (11,8,5,10),
(11,8,6,7), (11,8,6,10), (11,8, 7,5), (11,8,7,6), (11,8,7,10), (11,8,10,5), (11,8,10,6), (11,8,10,7)
}.
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C = {(5,7,8,6), (5,8,6,7), (5,11,6,10), (5,11,10,6), (6,7,5,8), (6,7,8,5), (6,8,5,7),(6,10,5, 11),
(6,11,10,5), (7,5,6,8), (7,5,8,6), (7,10,8,11), (7,11,10,8), (8,5,6,7), (8,11,7,10), (8,11,10,7),
(8,10,7,11), (10,5,6,11), (10,5,11,6), (10,6,11,5), (10,7,8,11), (11,5,6,10), (11,6,10,5), (11,7,8,
10), (11,7,10,8)}. Therefore (a1, a2, a3, a4) ∈ A ∪B ∪ C.
Now for any (a1, a2, a3, a4) ∈ B, SEM will not orientable.
For any (a1, a2, a3, a4), a5, a6 ∈ P \ {a1, a2, a3, a4} and {a5, a6} 6= {5, 6} or {7, 8} or
{10, 11}. Therefore, for any (a1, a2, a3, a4) ∈ C, SEM will not complete.
If (a1, a2, a3, a4) = (5, 7, 8, 10), them lk(5) = C8(10, b, [7, 3, 9], [6, 0, 4]), lk(7) = C8(6, b, [5,
9, 3], [8, 1, 0]), lk(10) = C8(5, b, [8, 3, 2], [11, 1, 4]). From lk(5), b ∈ {8, 11}, from lk(7),
b ∈ {10, 11} and from lk(10), b ∈ {6, 7, 9}, which implies b does not exists.
If (a1, a2, a3, a4) = (5, 7, 8, 11), then lk(5) = C9(10, b, [7, 3, 9], [6, 0, 4]), lk(7) = C8(6, b, [5,
9, 3], [8, 1, 0]). From lk(5), b ∈ {8, 11} and from lk(7), b ∈ {10, 11}, which implies b = 11,
this implies lk(11) = C8(5, 7, [6, c, 8], [1, 4, 10]), c ∈ V , which implies [6, 11] form an edge in
a 4-gon, which is a contradiction.
If (a1, a2, a3, a4) = (5, 7, 10, a4), then lk(5) = C8(10, 8, [7, 3, 9], [6, 0, 4]) and lk(7) =
C8(6, 10, [3, 9, 5], [8, 1, 0]), which implies face sequence is not followed in lk(10). Therefore
for (5,7,10,6), (5,7,10,8), SEM is not possible.
If (a1, a2, a3, a4) = (5, 7, 11, 6), then lk(5) = C8(10, 8, [7, 3, 9], [6, 0, 4]) and lk(7) = C8(6,
11, [3, 9, 5], [8, 1, 0]), which implies lk(8) = C8(5, 10, [b1, b2, 11], [1, 0, 7]), this implies [8, 11]
occur in a 4-gon, which is not possible by above six 4-gon.
If (a1, a2, a3, a4) = (5, 7, 11, 8), then lk(5) = C8(10, 8, [7, 3, 9], [6, 0, 4]) ⇒ lk(7) =
C8(6, 11, [3, 9, 5], [8, 1, 0]) ⇒ lk(11) = C8(6, 7, [3, 2, 8], [1, 4, 10]) ⇒ lk(8) = C8(5, 10, [2, 3,
11], [1, 0, 7]) ⇒ lk(6) = C8(7, 11, [10, 2, 9], [5, 4, 0]) ⇒ lk(2) = C8(0, 1, [9, 6, 10], [8, 11, 3]) ⇒
lk(10) = C8(5, 8, [2, 9, 6], [11, 1, 4]) ⇒ lk(9) = C8(1, 4, [3, 7, 5], [6, 10, 2]). This map is same
as KNO1[(33,4,3,4)], given in figure 7.
If (a1, a2, a3, a4) = (5, 8, 6, b), where b ∈ {10, 11}, then lk(8) = C8(11, 6, [3, 9, 5], [7,
0, 1]) ⇒ lk(6) = C8(7, 8, [3, 2, b], [5, 4, 0]). We see that [6, 8, 11] is in lk(8), but is not
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in lk(6), which is a contradiction. Therefore for (5, 8, 6, 10), (5, 8, 6, 11), SEM will not
complete.
If (a1, a2, a3, a4) = (5, 8, 10, b), where b ∈ {6, 7} then lk(10) = C8(5, 8, [3, 2, b], [11, 1, 4]).
But we have [4, 5] and [5, 8] form an edge in two 4-gon, which implies face sequence is not
followed in lk(5). Therefore for (5, 8, 10, 6), (5, 8, 10, 7), SEM will not complete.
For (a1, a2, a3, a4) = (a1, 8, 11, a4), [8, 1] and [8, 3] form an edge in two 4-gon, which im-
plies face sequence will not followed in lk(8). Therefore, for (5,8,11,6), (5,8,11,7), (6,8,11,5),
(6,8,11,7), (10,8,11,5), (10,8,11,7), SEM will not complete.
If (a1, a2, a3, a4) = (5, 11, 6, 7), then lk(11) = C8(8, 6, [3, 9, 5], [10, 4, 1]) ⇒ lk(6) = C8(8,
11, [3, 2, 7], [0, 4, 5]) ⇒ lk(5) = C8(8, 10, [11, 3, 9], [4, 0, 6]), which implies 4 will occur two
times in lk(9).
If (a1, a2, a3, a4) = (5, 11, 6, 8), then lk(8) = C8(11, 5, [6, 3, 2], [7, 0, 1]) and we have
[1, 11] and [5, 11] form an edge of two 4-gon, which implies face sequence will not followed
in lk(11).
If (a1, a2, a3, a4) = (5, 11, 7, 10), then lk(11) = C8(8, 7, [3, 9, 5], [10, 4, 1]) and we have
[1, 8] and [7, 8] form an edge of two 4-gon, which implies face sequence will not followed in
lk(8).
If (a1, a2, a3, a4) = (5, 11, 10, 7), then lk(11) = C8(8, b, [5, 9, 3], [10, 4, 1]) ⇒ lk(10) =
C8(5, b, [7, 2, 3], [11, 1, 4]). From lk(11) we have b ∈ {6, 7} and from lk(10) we have b ∈
{6, 8, 9}, which implies b = 6 and we have [6, 8] and [1, 8] form an edge of two 4-gon, which
implies face sequence will not followed in lk(8).
If (a1, a2, a3, a4) = (5, 11, 10, 8), then lk(11) = C8(8, b1, [5, 9, 3], [10, 4, 1]). Now [5, b1]
form an edge of a 4-gon and b1 can not be 9, therefore b1 = 6. And lk(10) = C8(5, b2, [8, 2, 3],
[11, 1, 4]), where [8, b2] form an edge of a 4-gon and b2 can not be 2, therefore b2 = 7. These
implies lk(8) = C8(11, 6, [2, 3, 10], [7, 0, 1]) ⇒ lk(2) = C8(0, 1, [9, 7, 6], [8, 10, 3]) ⇒ lk(6) =
C8(11, 8, [2, 9, 7], [0, 4, 5])⇒ lk(7) = C8(10, 5, [9, 2, 6], [0, 1, 8]) ⇒ lk(9) = C8(1, 4, [3, 11, 5], [7,
6, 2])⇒ lk(5) = C8(10, 7, [9, 3, 11], [6, 0, 4]). This is the SEMKO1[(33,4,3,4)], given in figure
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6If (a1, a2, a3, a4) = (6, 7, 5, 11), then lk(5) = C8(10, 7, [3, 2, 11], [6, 0, 4]) ⇒ lk(11) =
C8(8, 6, [5, 3, 2], [10, 4, 1]) ⇒ lk(6) = C8(11, 8, [9, 3, 7], [0, 4, 5]) ⇒ lk(10) = C8(5, 7, [8, 9, 2],
[11, 1, 4]) ⇒ lk(7) = C8(10, 5, [3, 9, 6], [0, 1, 8]) ⇒ lk(8) = C8(11, 6, [9, 2, 10], [7, 0, 1]) ⇒
lk(9) = C8(1, 4, [3, 7, 6], [8, 10, 2]) ⇒ lk(2) = C8(0, 1, [9, 8, 10], [11, 5, 3]). This SEM isomor-
phic to KO1[(33,4,3,4)], given in figure 6, under the map (1, 4)(2, 3)(5, 8)(6, 7)(10, 11).
For (a1, a2, a3, a4) = (6, 7, 8, a4), a4 ∈ {10, 11}, 6 will appear two times in lk(7). There-
fore, for (6, 7, 8, 10), (6, 7, 8, 11), SEM is not possible.
If (a1, a2, a3, a4) = (6, 7, 10, 5), then lk(10) = C8(3, b1, [11, 1, 4], [5, 2, 3]) and [11, b1]
form an edge in a 4-gon, therefore, b1 = 8 and we have [7, 8] and [3, 7] are two edges of two
4-gon, which implies face sequence is not followed in lk(7).
If (a1, a2, a3, a4) = (6, 7, 10, 8), then lk(10) = C8(5, 7, [3, 2, 8], [11, 1, 4]), which implies 8
will appear two times in lk(11).
If (a1, a2, a3, a4) = (6, 7, 11, 5), then lk(11) = C8(8, 7, [3, 2, 5], [10, 4, 1]), which implies 5
will appear two times in lk(10).
For (a1, a2, a3, a4) = (6, 8, a3, a4), a3 6= 7, considering lk(8), we see that [6, 7, 8] is a face,
which is not possible as then 6 will appear two times in lk(7). Therefore for (6,8,5,11),
(6,8,10,5), (6,8,10,7), SEM will not complete.
For (a1, a2, a3, a4) = (a1, 10, 5, a4), face sequence will not followed in lk(10). Therefore,
for (6, 10, 5, 7), (6, 10, 5, 8), (7, 10, 5, 8), (7, 10, 5, 11), (8, 10, 5, 7), (8, 10, 5, 11), SEM will not
complete.
For (a1, a2, a3, a4) = (6, 10, 7, a4), lk(10) = C8(5, 7, [3, 9, 6], [11, 1, 4]), and we have [5,7],
[3,7] are two edges of two 4-gon, which implies face sequence is not followed in lk(7).
Therefore, for (6, 10, 7, 5), (6, 10, 7, 11), SEM will not complete.
If (a1, a2, a3, a4) = (6, 10, 8, 5), then lk(10) = C8(5, 8, [3, 9, 6], [11, 1, 4]) and we have
[5, 8], [5, 4] are two edges of two 4-gon, which implies face sequence will not followed in
lk(5).
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If (a1, a2, a3, a4) = (6, 10, 8, 11), then lk(10) = C8(5, 8, [3, 9, 6], [11, 1, 4]) ⇒ lk(8) =
C8(10, 5, [7, 0, 1], [11, 2, 3]) ⇒ lk(6) = C8(11, 7, [0, 4, 5], [9, 3, 10]) ⇒ lk(11) = C8(6, 7, [2, 3, 8],
[1, 4, 10]) ⇒ lk(5) = C8(10, 8, [7, 2, 9], [6, 0, 4]) ⇒ lk(7) = C8(11, 6, [0, 1, 8], [5, 9, 2]) ⇒
lk(9) = C8(1, 4, [3, 10, 6], [5, 7, 2]) ⇒ lk(2) = C8(0, 1, [9, 5, 7], [11, 8, 3]). This map isomor-
phic to KO1[(33,4,3,4)], given in figure 6, under the map (0, 9)(1, 3)(2, 4)(5, 6, 7)(8, 11, 10).
For (a1, a2, a3, a4) = (6, 11, 5, a4), lk(11) = C8(8, 5, [3, 9, 6], [10, 4, 1]) ⇒ lk(10) = C8(6,
b1, [b2, b3, 5], [4, 1, 11]), which implies [5, 10] form an edge of a 4-gon, which is not possible
by above six 4-gon. Therefore for (6, 11, 5, 7), (6, 11, 5, 8), SEM will not complete.
If (a1, a2, a3, a4) = (6, 11, 7, 5), then lk(7) = C8(6, 11, [3, 2, 5], [8, 1, 0]), and we have
[0, 6], [6, 11] form two edges of two 4-gon, which implies face sequence will not followed in
lk(6).
If (a1, a2, a3, a4) = (6, 11, 7, 10), then 8 will occur two times in lk(11).
If (a1, a2, a3, a4) = (6, 11, 10, 7), then lk(10) = C8(5, 6, [7, 2, 3], [11, 1, 4]), which implies
7 will appear two times in lk(6).
If (a1, a2, a3, a4) = (6, 11, 10, 8), then lk(11) = C8(b1, 8, [1, 4, 10], [3, 9, 6]). We have
[1, 8] is an edge in a 4-gon, therefore [6, b1] form an edge in a 4-gon, which implies b1 = 5.
Therefore lk(5) = C8(11, 8, [b2, b3, 10], [4, 0, 6]), which implies [5, 10] form an edge in a 4-
gon, which is not possible.
If (a1, a2, a3, a4) = (7, 5, 6, 10), then lk(5) = C8(10, b1, [7, 9, 3], [6, 0, 4]). We have [4,10] is
an edge in a 4-gon, therefore [7, b1] form an edge in a 4-gon, therefore b1 = 8. Now, lk(6) =
C8(7, b2, [10, 2, 3], [5, 4, 0]). We have [0, 7] form an edge in a 4-gon, therefore [10, b2] form
an edge in a 4-gon, therefore b2 = 11. Which implies lk(7) = C8(6, 11, [9, 3, 5], [8, 1, 0]) ⇒
lk(10) = C8(5, 8, [2, 3, 6], [11, 1, 4]) ⇒ lk(8) = C8(5, 10, [2, 9, 11], [1, 0, 7]) ⇒ lk(11) = C8(6,
7, [9, 2, 8], [1, 4, 10]) ⇒ lk(2) = C8(0, 1, [9, 11, 8], [10, 6, 3]) ⇒ lk(9) = C8(1, 4, [3.5.7], [11, 8,
2]). This is the map KO2[(33,4,3,4)], given in figure 6.
If (a1, a2, a3, a4) = (7, 5, 6, 11), then lk(6) = C8(7, b1, [11, 2, 3], [5, 4, 0]). [0,7] form an
edge in a 4-gon, therefore [11, b1] will form an edge in a 4-gon, therefore b1 = 10, which
92
implies lk(10) = C8(6, 7, [b2, b3, 5], [4, 1, 11]), which implies [5,10] form an edge in a 4-gon,
which is not possible.
For (a1, a2, a3, a4) = (7, 5, a3, a4), if a3 6= 6, then lk(5) = C8(10, a3, [3, 9, 7], [6, 0, 4]),
which implies 7 will occur two times in lk(6). Therefore (7,5,8,10), (7,5,8,11), (7,5,11,6),
(7,5,11,8) are not possible.
For (a1, a2, a3, a4) = (7, 10, 6, a4), lk(10) = C8(5, 6, [3, 9, 7], [11, 1, 4]), which implies 6
will appear two times in lk(5). Therefore (7, 10, 6, 8), (7, 10, 6, 11) is not possible.
If (a1, a2, a3, a4) = (7, 10, 8, 5), then lk(8) = C8(11, 10, [3, 2, 5], [7, 0, 1]), and we have
[1,11],[10,11] form an edge in same 4-gon, therefore face sequence in lk(11) is not followed.
If (a1, a2, a3, a4) = (7, 11, 5, 8), then lk(11) = C8(8, 5, [3, 9, 7], [10, 4, 1]). We have [1,8],
[5,8] form an edge in 4-gon, which implies face sequence is not followed in lk(11).
If (a1, a2, a3, a4) = (7, 11, 5, 10), then lk(11) = C8(8, 5, [3, 9, 7], [10, 4, 1]) ⇒ lk(5) =
C8(11, 8, [b1 , 0, b2], [10, 2, 3]), where b1, b2 ∈ {4, 6}. We have [3, 11] is an edge in a 4-gon,
therefore [8, b1] will form an edge in a 4-gon, therefore b1 = 6 ⇒ b2 = 4 ⇒ lk(7) =
C8(6, 10, [11, 3, 9], [8, 1, 0]) ⇒ lk(10) = C8(7, 6, [2, 3, 5], [4, 1, 11]) ⇒ lk(6) = C8(7, 10, [2, 9, 8],
[5, 4, 0]),⇒ lk(8) = C8(5, 11, [1, 0, 7], [9, 2, 6]),⇒ lk(2) = C8(0, 1, [9, 8, 6], [10, 5, 3]),⇒ lk(9)
= C8(1, 4, [3, 11, 7], [8, 1, 0]). This map isomorphic to KNO1[(33,4,3,4)], given in figure 7,
under the map (1, 4)(2, 3)(5, 8)(6, 7)(10, 11).
If (a1, a2, a3, a4) = (7, 11, 6, 8), then lk(11) = C8(8, 6, [3, 9, 7], [10, 4, 1]) ⇒ lk(6) = C8(7,
11, [3, 2, 8], [5, 4, 0]). We have [0,7] and [7,11] form edges in 4-gon, therefore face sequence
is not followed in lk(7).
If (a1, a2, a3, a4) = (7, 11, 6, 10), then lk(11) = C8(8, 6, [3, 9, 7], [10, 4, 1]), which implies
lk(10) = C8(7, b1, [b2, b3, 5], [4, 1, 11]), which implies [5,10] form an edge in a 4-gon, which
is a contradiction.
If (a1, a2, a3, a4) = (7, 11, 10, 5), then 5 will occur two times in lk(10).
If (a1, a2, a3, a4) = (7, 11, 10, 6), then lk(10) = C8(b, 5, [4, 1, 11], [3, 2, 6]). We have [4,5]
is an edge in a 4-gon, which implies [6, b] form an edge in a 4-gon, which implies b ∈ {0, 5},
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which is not possible.
For (a1, a2, a3, a4) = (8, 5, 6, a4), then lk(5) = C8(10, b, [8, 9, 3], [6, 0, 4]). We have
[4,10] form an edge in a 4-gon, therefore [8, b] will form an edge in a 4-gon, which im-
plies b ∈ {7, 1}, b 6= 1 as 10,1 appear in a same 4-gon, therefore b = 7, which implies
lk(7) = C8(5, 10, [b1, b2, 6], [0, 1, 8]), which implies [6,7] form an edge in a 4-gon, which is a
contradiction. Therefore (8, 5, 6, 10), (8, 5, 6, 11) are not possible.
For (a1, a2, a3, a4) = (8, 5, 7, 10), lk(5) = C8(10, 7, [3, 9, 8], [6, 0, 4]). We have [4,10],
[7,10] form edges in 4-gon, which implies face sequence is not followed in lk(10).
If (a1, a2, a3, a4) = (8, 5, 7, 11), then lk(5) = C8(10, 7, [3, 9, 8], [6, 0, 4]), then lk(7) will
not complete.
If (a1, a2, a3, a4) = (8, 5, 11, a4), lk(5) = C8(10, 11, [3, 9, 8], [6, 0, 4]). We have [4, 10], [10,
11] form edges in 4-gon, which implies face sequence is not followed in lk(10). Therefore
(8, 5, 11, 6), (8, 5, 11, 7) are not possible.
For (a1, a2, a3, a4) = (8, 6, 7, a4), face sequence is not followed in lk(6). Therefore
(8,6,7,5), (8,6,7,10), (8,6,7,11) are not possible.
If (a1, a2, a3, a4) = (8, 6, 10, 5), then lk(6) = C8(7, 10, [3, 9, 8], [5, 4, 0]),⇒ lk(10) =
C8(6, 7, [11, 1, 4], [5, 2, 3]) ⇒ lk(8) = C8(11, 5, [6, 3, 9], [7, 0, 1]) ⇒ lk(5) = C8(8, 11, [2, 3, 10],
[4, 0, 6]) ⇒ lk(11) = C8(8, 5, [2, 9, 7], [10, 4, 1]) ⇒ lk(2) = C8(0, 1, [9, 7, 11], [5, 10, 3]) ⇒
lk(9) = C9(1, 4, [3, 6, 8], [7, 11, 2]) ⇒ lk(7) = C8(6, 10, [11, 2, 9], [8, 1, 0]). This map is iso-
morphic toKO1[(33,4,3,4)], given in figure 6, under the map (0, 1, 4)(2, 9, 3)(5, 7, 11)(6, 8, 10).
If (a1, a2, a3, a4) = (8, 6, 10, 7), then lk(6) = C8(7, 10, [3, 9, 8], [5, 4, 0]). We have [0,7],
[7,10] are edges in 4-gon, therefore face sequence is not followed in lk(7).
If (a1, a2, a3, a4) = (8, 6, 11, a4), then lk(11) = C8(8, 6, [3, 2, a4 ], [10, 4, 1]). We have [1,8],
[6,8] are edges in 4-gon, which implies face sequence is not followed in lk(8). Therefore
(8,6,11,5), (8,6,11,7) are not possible.
If (a1, a2, a3, a4) = (8, 10, 6, 7), then lk(6) = C8(10, b1, [5, 4, 0], [7, 2, 3]). Since [3,10] is
an edge in a 4-gon, therefore b1 ∈ {2, 9, 11}. b1 6= 2. Since (9,10) occur in same 4-gon and
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does not form an edge, therefore b1 6= 9. b1 6= 11 as [10,11] is an edge in a 4-gon.
If (a1, a2, a3, a4) = (8, 10, 6, 11), then lk(10) = C8(5, 6, [3, 9, 8], [11, 1, 4]), which implies
6 will appear two times in lk(5).
For (a1, a2, a3, a4) = (8, 11, 5, a4), lk(5) = C8(10, 11, [3, 2, a4 ], [6, 0, 4]). We have 4,10,11
occur in same 4-gon, therefore 11 will occur two times in lk(10). Therefore (8,11,5,7),
(8,11,5,10) are not possible.
If (a1, a2, a3, a4) = (8, 11, 6, 10), then lk(6) = C8(7, 11, [3, 2, 10], [5, 4, 0]), which implies
10 will occur two times in lk(5). (a1, a2, a3, a4) = (8, 11, 6, 7) then lk(6) will not possible.
If (a1, a2, a3, a4) = (8, 11, 7, 5), then lk(7) = C8(6, 11, [3, 2, 5], [8, 1, 0]) ⇒ lk(11) =
C8(7, 6, [10, 4, 1], [8, 9, 3]) ⇒ lk(5) = C8(8, 10, [4, 0, 6], [2, 3, 7]) ⇒ lk(8) = C8(5, 10, [9, 3, 11],
[1, 0, 7]) ⇒ lk(10) = C8(8, 5, [4, 1, 11], [6, 2, 9]) ⇒ lk(2) = C8(0, 1, [9, 10, 6], [5, 7, 3]) ⇒
lk(9) = C8(1, 4, [3, 11, 8], [10, 6, 2]) ⇒ lk(6) = C8(11, 7, [0, 4, 5], [2, 9, 10]). This map isomor-
phic to KO1[(33,4,3,4)], given in figure 6, under the map (0, 4, 1)(2, 3, 9)(5, 11, 7)(6, 10, 8).
If (a1, a2, a3, a4) = (8, 11, 10, a4), then 8 will appear two times in lk(11). Therefore
(8,11,10,5), (8,11,10,6) are not possible.
If (a1, a2, a3, a4) = (8, 10, 7, 5), then lk(10) = C8(5, 7, [3, 9, 8], [11, 1, 4]). We have [4,5],
[5,7] are edges of 4-gon, therefore face sequence is not followed in lk(5).
If (a1, a2, a3, a4) = (10, 5, 6, 7) then C(0, 4, 5, 3, 2, 7) ∈ lk(6) which is a contradiction.
If (a1, a2, a3, a4) = (10, 5, 6, 8), then lk(6) = C8(7, b1, [8, 2, 3], [5, 4, 0]). Since [0,7] is an
edge in a 4-gon, therefore [8, b1] will form an edge in a 4-gon, which implies b1 = 1, which
is a contradiction as 1,7 appear in same 4-gon.
If (a1, a2, a3, a4) = (10, 5, 7, 11), then lk(7) = C8(6, 5, [3, 2, 11], [8, 1, 0]). which implies
5 will appear two times in lk(6).
If (a1, a2, a3, a4) = (10, 5, 8, 6), then lk(8) = C8(11, 5, [3, 2, 6], [7, 0, 1]), which implies 6
will appear two times in lk(7).
If (a1, a2, a3, a4) = (10, 5, 8, 11), then lk(5) = C8(b1, 8, [3, 9, 10], [4, 0, 6]). We have [3,8]
is an edge of a 4-gon, therefore [6, b1] will form an edge in a 4-gon, which implies face
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sequence is not followed in lk(6).
If (a1, a2, a3, a4) = (10, 5, 11, 7), then lk(11) = C8(8, 5, [3, 2, 7], [10, 4, 1]) ⇒ lk(7) =
C8(6, 10, [11, 3, 2], [8, 1, 0]) ⇒ lk(10) = C8(7, 6, [9, 3, 5], [4, 1, 11]) ⇒ lk(5) = C8(11, 8, [6, 0, 4],
[10, 9, 3]) ⇒ lk(8) = C8(11, 5, [6, 9, 2], [7, 0, 1]) ⇒ lk(2) = C8(0, 1, [9, 6, 8], [7, 11, 3]) ⇒
lk(9) = C8(1, 4, [3, 5, 10], [6, 8, 2]) ⇒ lk(6) = C8(10, 7, [0, 4, 5], [8, 2, 9]). This map isomor-
phic to KO2[(33,4,3,4)], given in figure 6, under the map (0, 9)(1, 2)(3, 4)(6, 7, 11, 10).
If (a1, a2, a3, a4) = (10, 5, 11, 8), then lk(11) = C8(b1, 5, [3, 2, 8], [1, 4, 10]). We have [3,5]
is an edge in a 4-gon, therefore [10, b1] will form an edge in a 4-gon, which implies b1 ∈ {5, 9}
and any b1 is not possible as 5,9 appear in same 4-gon and does not form an edge.
For (a1, a2, a3, a4) = (10, 6, 7, a4), face sequence is not followed in lk(6). Therefore
(10,6,7,5), (10,6,7,11) are not possible.
For (a1, a2, a3, a4) = (10, 6, 8, a4), lk(6) = C8(7, 8, [3, 9, 10], [5, 4, 0]), which implies 8 will
occur two times in lk(7). Therefore (10,6,8,5), (10,6,8,11) are not possible.
If (a1, a2, a3, a4) = (10, 6, 11, 7), then lk(11) = C8(8, 6, [3, 2, 7], [10, 4, 1]), which implies
lk(6) is not possible.
If (a1, a2, a3, a4) = (10, 7, 5, a4), then lk(5) = C8(10, 7, [3, 2, a4 ], [6, 0, 4]). We have [4,10],
[7,10] are edges in 4-gon, which implies face sequence is not followed in lk(10). Therefore
(10,7,5,8), (10,7,5,11) are not possible.
If (a1, a2, a3, a4) = (10, 7, 8, 5), then lk(8) = C8(11, b, [5, 2, 3], [7, 0, 1]) ⇒ lk(7) =
C8(b1, 6, [0, 1, 8], [3, 9, 10]). We have [0,6] is an edge in a 4-gon, therefore [10, b1] will form
an edge in a 4-gon, which implies b1 ∈ {4, 11}. b1 6= 4 as 4,6 occur in same 4-gon and does
not form an edge, therefore b1 = 11, which implies lk(10) = C8(5, b2, [9, 3, 7], [11, 1, 4]).
Since [4,5] form an edge in a 4-gon, therefore [9, b2] will form an edge in a 4-gon, which
implies b2 ∈ {2, 6}. If b2 = 2, then face sequence is not followed in lk(2) and if b2 = 6, then
6 will appear two times in lk(5).
If (a1, a2, a3, a4) = (10, 7, 8, 6), then lk(7) = C8(6, b1, [10, 9, 3], [8, 1, 0]). We have [0,6] is
an edge in a 4-gon, therefore [10, b1] will form an edge in a 4-gon, which implies b1 ∈ {4, 11}.
96
b1 6= 4 as 4,6 appear in a same 4-gon and it does not form an edge, therefore b1 = 11.
Therefore lk(11) = C8(7, 6, [b2, b3, 8], [1, 4, 10]), from there we see that [8,11] is an edge in
a 4-gon, which is not possible.
If (a1, a2, a3, a4) = (10, 7, 11, a4), then lk(7) = C8(6, 11, [3, 9, 10], [8, 1, 0]), which implies
lk(11) is not possible. Therefore (10,7,11,5), (10,7,11,6) are not possible.
If (a1, a2, a3, a4) = (10, 8, 5, 7), then lk(8) = C8(11, 5, [3, 9, 10], [7, 0, 1]), which implies
lk(5) is not possible.
For (a1, a2, a3, a4) = (10, 8, a3, 11), if a3 6= 7, then lk(8) = C8(11, a3, [3, 9, 10], [7, 0, 1]).
We have [1,11], [a3,11] are edges in 4-gon, therefore face sequence is not followed in lk(11).
Therefore (10,8,5,11), (10,8,6,11) are not possible.
If (a1, a2, a3, a4) = (10, 8, 7, 5), then lk(8) = C8(b1, 11, [1, 0, 7], [3, 9, 10]) ⇒ lk(7) =
C8(6, b2, [5, 2, 3], [8, 1, 0]). Since [0,6] is an edge in a 4-gon, therefore [5, b2] will form an
edge in a 4-gon, which implies b2 ∈ {4, 6}, which is not possible.
If (a1, a2, a3, a4) = (10, 8, 11, 6) then face sequence will not follow in lk(8).
If (a1, a2, a3, a4) = (11, 5, 6, 7), then 0 will appear two times in lk(6).
If (a1, a2, a3, a4) = (11, 5, 6, 8), then lk(5) = C8(10, b1, [11, 9, 3], [6, 0, 4]). Since [4,10] is
an edge in a 4-gon, therefore [11, b1] will form an edge in a 4-gon, which implies b1 ∈ {1, 10}.
b1 = 10 is not possible and b1 = 1 is not possible as then 4 will occur two times in lk(10).
If (a1, a2, a3, a4) = (11, 5, 7, 10), then lk(5) = C8(10, 7, [3, 9, 11], [6, 0, 4]), which implies
3 will occur two times in lk(7).
For (a1, a2, a3, a4) = (11, 5, 8, a4), lk(5) = C8(10, 8, [3, 9, 11], [6, 0, 4]) and then lk(8) will
not possible. Therefore (11,5,8,6), (11,5,8,10) are not possible.
For (a1, a2, a3, a4) = (11, 6, 7, a4), then face sequence in not followed in lk(6). Therefore
(11,6,7,5), (11,6,7,10) are not possible.
For (a1, a2, a3, a4) = (11, 6, 8, a4), then lk(6) = C8(7, 8, [3, 9, 11], [5, 4, 0]), which implies
8 will occur two times in lk(7). Therefore (11,6,8,5), (11,6,8,10) are not possible.
If (a1, a2, a3, a4) = (11, 6, 10, 7), then lk(6) = C8(7, 10, [3, 9, 11], [5, 4, 0]). Since [0,7],
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[7,10] are edges of 4-gon, therefore face sequence is not followed in lk(7).
If (a1, a2, a3, a4) = (11, 6, 10, 8), then lk(6) = C8(7, 10, [3, 9, 11], [5, 4, 0]), which implies
lk(10) is not possible.
If (a1, a2, a3, a4) = (11, 7, 5, 8), then lk(7) = C8(6, 5, [3, 9, 11], [8, 1, 0]), which implies 5
will appear two times in lk(6).
For (a1, a2, a3, a4) = (11, 7, 6, a4), face sequence will not followed in lk(6). Therefore
(11,7,6,8), (11,7,6,10) are not possible.
If (a1, a2, a3, a4) = (11, 7, 8, 5), then lk(7) = C8(6, b1, [11, 9, 3], [8, 1, 0]). Since [0,6] is an
edge in a 4-gon, therefore [11, b1] will form an edge in a 4-gon, which implies b1 ∈ {4, 10}.
We see that for each b1, 6, b1 will appear in same 4-gon, which is a contradiction.
If (a1, a2, a3, a4) = (11, 7, 8, 6), then lk(7) = C8(6, b1, [11, 9, 3], [8, 1, 0]). Since [0,6] is
an edge in a 4-gon, therefore [11, b1] will form an edge in a 4-gon, which implies b1 = 10.
Then lk(8) = C8(11, 5, [6, 2, 3], [7, 0, 1]) ⇒ lk(6) = C8(7, 10, [2, 3, 8], [5, 4, 0]) ⇒ lk(10) =
C8(6, 7, [11, 1, 4], [5, 9, 2]) ⇒ lk(5) = C8(8, 11, [9, 2, 10], [4, 0, 6]) ⇒ lk(11) = C8(8, 5, [9, 3, 7],
[10, 4, 1]) ⇒ lk(9) = C8(1, 4, [3, 7, 11], [5, 10, 2]) ⇒ lk(2) = C8(0, 1, [9, 5, 10], [6, 8, 3]). This
map is isomorphic toKO1[(33,4,3,4)], given in figure 6, under the map (0, 2, 1, 9, 4, 3)(5, 10, 11)
(6, 8, 7).
For (a1, a2, a3, a4) = (11, 7, 10, a4), lk(6, 10, [3, 9, 11], [8, 1, 0]) ⇒ lk(10) = C8(7, 6, [11, 1,
4], [a4, 2, 3]). Therefore a4 = 6 is not possible and if a4 = 5, then from lk(6) we will see that
[6,11] will form an edge in a 4-gon, which is not possible. Therefore (11,7,10,5), (11,7,10,6)
are not possible.
If (a1, a2, a3, a4) = (10, 8, 6, 7), then lk(8) = C8(11, 6, [3, 9, 10], [7, 0, 1]) ⇒ lk(6) = C8(8,
11, [5, 4, 0], [7, 2, 3]) ⇒ lk(7) = C8(b1, 10, [8, 1, 0], [6, 3, 2]). Since [8,10] is an edge in a 4-
gon, therefore [2, b1] eill form an edge in a 4-gon, which implies b1 ∈ {5, 9, 11}. b1 can
not be 2 and b1 6= 11 as [10,11] is an edge in a 4-gon. Therefore b1 = 5, which im-
plies lk(5) = C8(7, 10, [4, 0, 6], [11, 9, 2]) ⇒ lk(10) = C8(5, 7, [8, 3, 9], [11, 1, 4]) ⇒ lk(11) =
C8(8, 6, [5, 2, 9], [10, 4, 1]) ⇒ lk(2) = C8(0, 1, [9, 11, 5], [7, 6, 3]) ⇒ lk(9) = C8(1, 4, [3, 8, 10],
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[11, 5, 2]) ⇒ lk(7) = C8(10, 5, [2, 3, 6], [0, 1, 8]). This map isomorphic to KO2[(33,4,3,4)],
given in figure 6, under the map (0, 3, 4, 9, 1, 2)(5, 7, 6)(8, 10, 11).
Non-orientable cases:
We see that for any (a1, a2, a3, a4), a5, a6 will appear in same 4-gon, therefore the
following cases are not possible: (5,7,6.8), (5,8,7,6), (5,10,11,6), (5,10,6,11), (6,8,7,5),
(6,10,11,5), (6,11,5,10), (7,6,5,8), (7,6,8,5), (7,10,11,8), (7,11,8,10), (8,6,5,7), (8,10,11,7),
(8,5,7,6), (10,6,5,11), (10,8,7,11), (10,7,11,8), (11,6,5,10), (11,8,7,10), (11,8,10,7), (11,5,10,
6).
If (a1, a2, a3, a4) = (5, 7, 6, p) then after completing lk(9), [5, 6, 7] form a 3-gon in lk(5)
which is not possible. Therefore for (5, 7, 6, 10), (5, 7, 6, 11) SEM will not exist.
If (a1, a2, a3, a4) = (5, 8, 7, p) then lk(9) = C8(1, 4, [3, 8, 5], [b1 , b2, 2]) where b1 ∈ {6, 11}.
If b1 = 6 then lk(5) = C8(10, b3, [8, 3, 9], [6, 0, 4]). From here we see that [8, b3] will form an
edge in a 4-gon, which implies b3 = 7, which implies [6, 7] form an edge in a 4-gon, which
is not possible. If b1 = 11 then lk(5) = C8(10, 11, [9, 3, 8], [6, 0, 4]) which implies lk(11) is
not possible. Therefore for (5, 8, 7, 10), (5, 8, 7, 11) SEM will not exist.
If (a1, a2, a3, a4) = (5, 10, 7, 6) then lk(7) = C8(10, b1, [8, 1, 0], [6, 2, 3]). Since [8, b1] form
an edge in a 4-gon, therefore b1 = 9 which implies face sequence is not followed in lk(9).
If (a1, a2, a3, a4) = (5, 10, 11, b1) then 5 will occur two times in lk(10). Therefore for
(5, 10, 11, 7), (5, 10, 11, 8) SEM is not possible.
If (a1, a2, a3, a4) = (5, 11, 7, 6) then lk(11) = C8(8, 7, [3, 9, 5], [10, 4, 1]) which implies
face sequence is not followed in lk(8).
For (a1, a2, a3, a4) = (5, 11, 8, b1), face sequence is not followed in lk(11). Therefore for
(5, 11, 8, 6), (5, 11, 8, 10), SEM will not possible.
If (a1, a2, a3, a4) = (5, 10, 6, 7) then lk(10) = C8(6, b1), [11, 1, 4], [5, 9, 3]. From here we
see that [11, b1] is an adjacent edge of two 3-gon which implies b1 6= V . Therefore in this
case SEM will not exist.
If (a1, a2, a3, a4) = (5, 10, 6, 8) then lk(10) = C8(b1, 6, [3, 9, 5], [4, 1, 11]). We see that
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[11, b1] form an edge in a 4-gon, therefore b1 = 7. Now lk(8) = C8(11, 5, [6, 3, 2], [7, 0, 1]) ⇒
lk(7) = C8(6, 10, [11, 9, 2], [8, 1, 0]) ⇒ lk(5) = C8(8, 11, [9, 3, 10], [4, 0, 6]) ⇒ lk(11) = C8(5, 8,
[1, 4, 10], [7, 2, 9]) ⇒ lk(2) = C8(0, 1, [9, 11, 7], [8, 6, 3]) ⇒ lk(9) = C8(1, 4, [3, 0, 5], [11, 7, 2]).
This map is same as the map KNO2[(33,4,3,4)], given in figure 7.
If (a1, a2, a3, a4) = (5, 10, 7, 11) then lk(10) = C8(7, b1, [11, 1, 4], [5, 9, 3]). We see that
[11, b[1]] form an edge in a 4-gon, therefore b1 ∈ {2, 7} which is not possible.
If (a1, a2, a3, a4) = (5, 10, 6, p) then lk(10) = C8(8, b1, [11, 1, 4], [5, 9, 3]). We see that
[11, b1] form an edge in a 4-gon which implies b1 ∈ {2, 7, 9}. But b1 6= 2, 9 and for b1 = 7
face sequence will not follow in lk(8). Therefore for (5, 10, 8, 6), (5, 10, 8, 11), SEM is not
possible.
If (a1, a2, a3, a4) = (6, 8, 7, b1) then lk(8) = C8(11, b2, [6, 9, 3], [7, b1 , 2]). As we have
[1, 11] is an edge in a 4-gon, therefore [6, b2] will form an edge in a 4-gon, which implies
b2 ∈ {0, 5}. But b2 6= 0 and for b2 = 5 face sequence will not followed in lk(5). Therefore
(a1, a2, a3, a4) 6= (6,8,7,10), (6,8,7,11).
If (a1, a2, a3, a4) = (6, 10, 11, b1) then lk(10) = C8(b2, 5, [4, 1, 11], [3, 9, 6]). As [4, 5] is an
edge in a 4-gon, therefore [6, b2] form an edge in a 4-gon which implies b2 ∈ {0, 5}, which
is not possible. Therefore (6, 10, 11, 7) and (6, 10, 11, 8) are not possible.
If (a1, a2, a3, a4) = (6, 7, 5, 10) then lk(7) = C8(5, b1, [8, 1, 0], [6, 9, 3]). As [3, 5] is an edge
in a 4-gon, therefore [8, b1] will form an edge in a 4-gon, which implies b1 = 11. Therefore
lk(5) = C8(7, 11, [6, 0, 4], [10, 2, 3]), this implies [6, 11] form an edge in a 4-gon,which is not
possible.
If(a1, a2, a3, a4) = (6, 8, 5, 10) then [6, 7, 8] form a 3-gon in lk(8) which is not possible.
If (a1, a2, a3, a4) = (6, 7, 11, 8) then lk(7) = C8(11, b1, [8, 1, 0], [6, 9, 3]). As [11, 3]form
an edge in a 4-gon, therefore [8, b1] will form an edge in a 4-gon, which implies b = 2, which
implies 11 occur two times in lk(2) which is a contradiction.
For (a1, a2, a3, a4) = (6, 11, 8, a4), face sequence will not follow in lk(11). Therefore
(6, 11, 8, 5) and (6, 11, 8, 10) is not possible.
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For (a1, a2, a3, a4) = (7, 6, 5, a4), 7 will occur two times in lk(6) which is not possible.
Therefore (7, 6, 5, 10) and (7, 6, 5, 11) are not possible.
If (a1, a2, a3, a4) = (7, 6, 8, 10) then lk(8) = C8(11, 6, [3, 2, 10], [7, 0, 1]) ⇒ lk(6) =
C8(8, 11, [5, 4, 0], [7, 9, 3]) ⇒ lk(7) = C8(10, b1, [9, 3, 6], [0, 1, 8]). We have [8, 10] is an edge
in a 4-gon, therefore [9, b1] will form an edge in a 4-gon which implies b1 = 5. Now lk(5) =
C8(7, 10, [4, 0, 6], [11, 2, 9]) ⇒ lk(10) = C8(7, 5, [4, 1, 11], [2, 3, 8]) ⇒ lk(11) = C8(6, 8, [1, 4,
10], [2, 9, 5]) ⇒ lk(9) = C8(1, 4, [3, 6, 7], [5, 11, 2]) ⇒ lk(2) = C8(0, 1, [9, 5, 11], [10, 8, 3]).
This map is isomorphic to the map KNO1[(33,4,3,4)], given in figure 7, under the map
(0, 1, 4)(2, 9, 3)(5, 7, 11)(6, 8, 10).
If (a1, a2, a3, a4) = (7, 6, 8, 11) then lk(8) = C8(6, b1, [7, 0, 1], [11, 2, 3]). As [3, 6] is an
edge in a 4-gon, therefore [7, b1] form an edge in a 4-gon, therefore b1 ∈ {6, 9},which is not
possible. Similarly (7, 6, 10, 5) and (7, 6, 10, 8) are not possible.
If (a1, a2, a3, a4) = (7, 6, 11, 5) then lk(11) = C8(8, 6, [3, 2, 5], [10, 4, 1]) ⇒ lk(6) = C8(11,
8, [5, 4, 0], [7, 9, 3]) which implies [5, 8] form an edge in a 4-gon, which is not possible.
If (a1, a2, a3, a4) = (7, 6, 11, 8) then lk(6) = C8(11, b1, [5, 4, 0], [7, 9, 3]), which implies
b1 /∈ V .
For (a1, a2, a3, a4) = (7, 5, 10, a4) then face sequence is not followed in lk(10). Therefore
(7, 5, 10, 6) and (7, 5, 10, 8) are not possible.
If (a1, a2, a3, a4) = (7, 10, 11, 5) then lk(11) = C8(8, b1, [5, 2, 3], [10, 4, 1]). As [1, 8] form
an edge in a 4-gon, therefore [5, b1] form an edge in a 4-gon which implies b1 ∈ {2, 11}
which is not possible.
If (a1, a2, a3, a4) = (7, 10, 11, 6) then lk(11) = C8(8, b1, [6, 2, 3], [10, 4, 1]). As [1, 8] form
an edge in a 4-gon, therefore [6, b1] form an edge in a 4-gon, which implies b1 = 5 and then
[5, 10] form an edge in a 4-gon, which is not possible.
For (a1, a2, a3, a4) = (7, 11, 8, a4), face sequence will not follow in lk(11), therefore
(a1, a2, a3, a4) 6= (7, 11, 8, 5), (7, 11, 8, 6).
For (a1, a2, a3, a4) = (8, 6, 5, a4) then lk(6) = C8(7, b1, [8, 9, 3], [5, 4, 0]). As [0, 7] is an
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edge in a 4-gon, therefore [8, b1] form an edge in a 4-gon, which implies b1 ∈ {1, 7} which
is not possible. Therefore (8, 6, 5, 10) and (8, 6, 5, 11) are not possible.
For (a1, a2, a3, a4) = (8, 5, 10, a4), face sequence is not followed in lk(5). Therefore
(8, 5, 10, 6) and (8, 5, 10, 7) are not possible.
If (a1, a2, a3, a4) = (8, 10, 11, 5) then lk(8) = C8(b1, 5, [4, 1, 11], [3, 9, 8]). As [4, 5] is an
edge in a 4-gon, therefore [8, b1] will form an edge in a 4-gon, which implies b1 = 7. Now
lk(8) = C8(11, b2, [9, 3, 10], [7, 0, 1]). As [1, 11] is an edge in a 4-gon, therefore [9, b2] will
form an edge in a 4-gon which implies b2 = 6. Now lk(9) = C8(1, 4, [3, 10, 8], [6, 7, 2]) ⇒
lk(6) = C8(8, 11, [5, 4, 0], [7, 2, 9]) ⇒ lk(5) = C8(10, 7, [2, 3, 11], [6, 0, 4]) ⇒ lk(7) = C8(10, 5,
[2, 9, 6], [0, 1, 8]) ⇒ lk(11) = C8(8, 6, [5, 2, 3], [10, 4, 1]) ⇒ lk(2) = C8(0, 1, [9, 6, 7], [5, 11, 3]).
This map isomorphic to the map KNO1[(33,4,3,4)], given in figure 7, under the map
(0, 1)(3, 9)(5, 10)(6, 11)(7, 8).
If (a1, a2, a3, a4) = (8, 10, 11, 6) then lk(10) = C8(5, b1, [8, 9, 3], [11, 1, 4]). As [4, 5] is an
edge in a 4-gon, therefore [8, b1] will form an edge in a 4-gon, which implies b1 = 7 and
then [6, 7] will form an edge in a 4-gon, which is not possible.
If (a1, a2, a3, a4) = (8, 11, 7, 6) then lk(7) = C8(b1, 11, [3, 2, 6], [0, 1, 8]). Therefore [8, b1]
form an edge in a 4-gon, which implies b1 = 9 and then C(7, 8, 11) ∈ lk(9) which is a
contradiction.
If (a1, a2, a3, a4) = (8, 10, 7, 6) then after completing lk(10) we see that C(1, 4, 10, 8) ∈
lk(11) which is a contradiction.
If (a1, a2, a3, a4) = (10, 6, 5, 7) then lk(6) = C8(7, b1, [10, 9, 3], [5, 4, 0]). We see that
[10, b1] form an edge in a 4-gon, therefore b1 = 11. Now lk(10) = C8(5, b2, [9, 3, 6], [11, 1, 4])
and lk(9) = C8(1, 4, [3, 6, 10], [b1 , 11, 2]), then [9, b2] form an edge in a 4-gon, therefore
b2 = 8. Now lk(8) = C8(10, 5, [7, 0, 1], [11, 2, 9]), lk(7) = C8(6, 11, [2, 3, 5], [8, 1, 0]), lk(11) =
C8(6, 7, [2, 9, 8], [1, 4, 10]), lk(2) = C8(0, 1, [9, 8, 11], [7, 5, 3]), lk(5) = C8(10, 8, [7, 2, 3], [6, 0,
4]). This map isomorphic to the map KNO2[(33,4,3,4)], given in figure 7, under the map
(1, 4)(2, 3)(5, 8)(6, 7)(10, 11).
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If (a1, a2, a3, a4) = (10, 6, 5, 8) then lk(6) = C8(7, b1, [10, 9, 3], [5, 4, 0]) and lk(5) =
C8(10, b2, [8, 2, 3], [6, 0, 4]). Form here we see that [10, b1] and [8, b2] are adjacent edges
of a 3-gon and a 4-gon, therefore b1 = 11, b2 = 7 and then face sequence will not follow in
lk(7).
If (a1, a2, a3, a4) = (10, 5, 7, 6) then lk(5) = C8(7, b1, [6, 0, 4], [10, 9, 3]) which implies
[6, b1] is an adjacent edge of a 3-gon and a 4-gon, therefore b1 = 2 and then C(5, 6, 7) ∈ lk(2)
which is a contradiction.
If (a1, a2, a3, a4) = (10, 7, 6, 8), (10, 7, 6, 11) then face sequence will not follow in lk(7).
If (a1, a2, a3, a4) = (10, 8, 7, 6) then C(2, 3, 8, 1, 0, 6) ∈ lk(7) which is not possible.
If (a1, a2, a3, a4) = (10, 6, 11, 8) then lk(6) = C8(7, 11, [3, 9, 10], [5, 4, 0]), lk(11) = C8(6, 7,
[10, 4, 1], [8, 2, 3]) which implies [7, 10] is an adjacent edge if a 3-gon and a 4-gon which is
not possible.
If (a1, a2, a3, a4) = (11, 5, 7, 6) then lk(5) = C8(10, 7, [3, 9, 11], [6, 0, 4]) ⇒ lk(7) = C8(5,
10, [8, 1, 0], [6, 2, 3]) ⇒ lk(11) = C8(8, 6, [5, 3, 9], [10, 4, 1]) ⇒ lk(9) = C8(1, 4, [3, 5, 11], [10, 8,
2]) ⇒ lk(10) = C8(7, 5, [4, 1, 11], [9, 2, 8]) ⇒ lk(6) = C8(11, 8, [2, 3, 7], [0, 4, 5]) ⇒ lk(8) =
C8(6, 11, [1, 0, 7], [10, 9, 2]) ⇒ lk(2) = C8(0, 1, [9, 10, 8], [6, 7, 3]). This map is isomorphic to
the mapKNO2[(33,4,3,4)], given in figure 7, under the map (0, 4, 1)(2, 3, 9)(5, 11, 7)(6, 10, 8).
If (a1, a2, a3, a4) = (11, 6, 5, 7) then lk(5) = C8(10, b1, [7, 2, 3], [6, 0, 4]) and lk(6) = C8(7,
b2, [11, 9, 3], [5, 4, 0]). From here we see that [7, b1], [11, b2] are adjacent edges of a 3-gon and
a 4-gon, therefore b1 = 8, b2 = 10 which implies face sequence will not follow in lk(10).
Similarly (a1, a2, a3, a4) = (11, 6, 5, 8) is also not possible.
If (a1, a2, a3, a4) = (11, 8, 5, 7) then after completing lk(5) we see that C(0, 4, 5, 7) ∈
lk(6) which is a contradiction.
If (a1, a2, a3, a4) = (11, 8, 5, 10) then lk(5) = C8(8, b1, [6, 0, 4], [10, 2, 3]) which implies
[6, b1] is an adjacent edge of a 3-gon and therefore b1 = 7. This implies C(0, 1, 8, 5, 6) ∈ lk(7)
which is a contradiction.
If (a1, a2, a3, a4) = (11, 8, 6, 7) then lk(8) = C8(6, b1, [7, 0, 1], [11, 9, 3]) which implies
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[7, b1] is an adjacent edge of a 3-gon and a 4-gon, therefore b1 = 2 and then face sequence
will not follow in lk(2).
If (a1, a2, a3, a4) = (11, 8, 6, 10) then lk(8) = C8(b1, 6, [3, 9, 11], [1, 0, 7]) which implies
[7, b1] is an adjacent edge of a 3-gon and a 4-gon, therefore b1 ∈ {2, 5}. But for b1 = 2, face
sequence will not follow in lk(2) and for b1 = 5 then face sequence will not follow in lk(6).
Similarly (a1, a2, a3, a4) = (11, 8, 10, 5) is not possible.
If (a1, a2, a3, a4) = (11, 8, 7, a4) then face sequence will not follow in lk(8), Therefore
(a1, a2, a3, a4) = (11, 8, 7, 5), (11, 8, 7, 6) are not possible.
If (a1, a2, a3, a4) = (11, 8, 10, 6) then lk(8) = C8(b1, 10, [3, 9, 11], [1, 0, 7]) which implies
[7, b1] is an adjacent edge of a 3-gon and a 4-gon, therefore b1 = 5. Now lk(10) =
C8(8, 5, [4, 1, 11], [6, 2, 3]) and lk(11) = C8(6, b2, [9, 3, 8], [1, 4, 10]). From here we see that
[9, b2] is an adjacent edge of a 3-gon and a 4-gon, therefore b2 = 7. Now lk(6) =
C8(11, 7, [0, 4, 5], [2, 3, 10]) ⇒ lk(9) = C8(1, 4, [3, 8, 11], [7, 5, 2]) ⇒ lk(7) = C8(6, 11, [9, 2, 5],
[8, 1, 0]) ⇒ lk(5) = C8(8, 10, [4, 0, 6], [2, 9, 7]) ⇒ lk(2) = C8(0, 1, [9, 7, 5], [6, 10, 3]). This
map isomorphic to the map KNO1[(33,4,3,4)], given in figure 7, under the map (0, 2, 1, 9, 4,
3)(5, 11)(6, 8)(7, 10).
If (a1, a2, a3, a4) = (11, 5, 10, a4) then face sequence will not follow in lk(5). Therefore
(a1, a2, a3, a4) = (11, 5, 10, 8), (11, 5, 10, 7) are not possible.
If (a1, a2, a3, a4) = (11, 7, 5, 10) then after completing lk(7) we see that C(3, 2, 10, 4, 0, 6,
7) ∈ lk(5) which is a contradiction.
Case 82. When (a, b, c, d) = (4, 3, 6, 9) then lk(3) = C8(0, 4, [1, 9, 6], [a1 , b1, 2]). Now if
a1, b1 /∈ {10, 11} then vertices in lk(10) i.e. V (lk(10)) = {2, 4, 5, 6, 7, 8, 9, u} = V (lk(11)),
where u = 11 for V (lk(10)) and u = 10 for V (lk(11)), then V (lk(6)) = {0, 1, 3, 4, 5, 7, 9, 10,
11, a1}. If a1 ∈ V \ {2, 8} then number of vertex in lk(6) i.e. |vlk(6)| = 9 and other-
wise |vlk(6)| = 10, both cases are not possible. Therefore at least one of a1, b1 is 10.
Now if a1 6= 10 then b1 = 10 and as 4 ∈ V (lk(10)), V (lk(11)) i.e. 10, 11 ∈ V (lk(4)),
therefore either [2, 10] is an adjacent edge of two 4-gon or 10 occur two times in lk(4)
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which are not possible. Therefore a1 = 10 and then 10 /∈ V (lk(4)). Now if b1 6= 11
then V (lk(10)) = {2, 3, 5, 6, 7, 8, 9, 11} and V (lk(11)) = {2, 4, 5, 6, 7, 8, 9, 10}, therefore
V (lk(6)) = {0, 1, 3, 4, 5, 7, 9, 10, 11} i.e. |vlk(6)| = 9 which make contradiction. Therefore
b1 = 11 and then 10, 11 /∈ V (lk(4)) i.e. V (lk(10)) = {2, 3, 5, 6, 7, 8, 9, u} = V (lk(11)) where
u = 11 for V (lk(10)) and u = 10 for V (lk(11)) and then V (lk(6)) = {0, 1, 3, 4, 5, 7, 9, 10, 11}
i.e. |vlk(6)| = 9 which make contradiction. Therefore (a, b, c, d) = (4, 3, 6, 9) is not possible.
If (a, b, c, d) = (4, 3, 9, 6) then after completing lk(6), we see that C(6, 0, 1, 8) ∈ lk(7),
which is a contradiction.
Case 83. When (a, b, c, d) = (4, 3, 5, 9) then lk(3) = C8(0, 4, [1, 9, 5], [a1 , b1, 2]), lk(4) =
C8(1, 3, [0, 6, 5], [a2 , b2, 2]) and lk(5) = C8(a1, a2, [4, 0, 6], [9, 1, 3]). Now if a1, b1 /∈ {10, 11}
then 10, 11 ∈ V (lk(5)) i.e. |vlk(5)| = 9 which make contradiction. Therefore at least one
of a1, b1 is 10, say a1 = 10, then 10 /∈ V (lk(4)) as a2 6= 10 or form an adjacent edge
of two 4-gon. Now if b1 = 11 then 11 /∈ V (lk(4)) as then either [2, 11] is an adjacent
edge of two 4-gon or 11 occur two times in lk(2), therefore 11 ∈ V (lk(5)) i.e. V (lk(5)) =
{0, 1, 3, 4, 6, 9, 10, 11, a2} i.e. |vlk(5)| = 9 which make contradiction. If b1 6= 11 then 11 ∈
V (lk(4)) i.e. a2 = 11 and [4, 11], [10, 11] are adjacent edges of two 4-gon, which implies
face sequence will not follow in lk(11). Therefore (a, b, c, d) = (4, 3, 5, 9) is not possible.
Case 84. When (a, b, c, d) = (4, 3, 9, 10) then lk(2) = C8(0, 1, [4, a1 , a2], [a3, a4, 3]), lk(3) =
C8(0, 4, [1, 10, 9], [a4 , a3, 2]) and lk(4) = C8(3, 1, [2, a2 , a1], [5, 6, 0]). We see that exactly one
of a1, a2, a3, a4 is 11 and a1 ∈ {7, 8, 9, 10, 11}. If a1 = 7 then lk(4) = C8(1, 3, [0, 6, 5], [7, a2 ,
2]) and lk(7) = C8(6, 5, [4, 2, a2 ], 8, 1, 0) which implies C(0, 6, 7, 4) ∈ lk(5) which is a con-
tradiction, therefore a1 6= 7. If a1 = 8 then lk(8) = C8(10, 5, [4, 2, a2 ], [7, 0, 1]). If a2 6= 11
then 0, 1, 4, 8 /∈ V (lk(11)) i.e. |vlk(11)| ≤ 7 which is not possible, therefore a2 = 11 and then
[9, 10] will form an adjacent edge of two 4-gon, which is a contradiction. Therefore a1 6= 9.
Now all possible values of (a1, a2, a3, a4) are: (9,7,5,11), (9,7,6,11), (9,7,8,11), (9,7,11,5),
(9,7,11,6), (9,7,11,8), (9,8,5,11), (9,8,6,11), (9,8,7,11), (9,8,11,5), (9,8,11,6), (9,11,5,7),
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(9,11,5,8), (9,11,6,7), (9,8,6,8), (9,11,7,5), (9,11,7,6), (9,11,8,5), (9,11,8,6), (10,7,5,11),
(10,7,6,11), (10,7,8,11), (10,7,11,5), (10,7,11,6), (10,7,11,8), (10,8,5,11), (10,8,6,11), (10,8,
7,11), (10,8,11,5), (10,8,11,6), (10,8,11,7), (10,11,5,7), (10,11,5,8), (10,11,6,7), (10,11,6,8),
(10,11,7,5), (10,11,7,6), (10,11,8,5), (10,11,8,6), (11,7,5,8), (11,7,6,8), (11,7,8,5), (11,7,8,6),
(11,8,5,7), (11,8,6,7), (11,8,7,5), (11,8,7,6), (11,9,5,7), (11,9,5,8), (11,9,6,7), (11,9,6,8),
(11,9,7,5), (11,9,7,6), (11,9,8,5), (11,9,8,6), (11,10,5,7), (11,10,5,8), (11,10,6,7), (11,10,6,8),
(11,10,7,5), (11,10,7,6), (11,10,8,5).
Let P = {5, 6, 7, 8, 9, 10, 11}, then for any (a1, a2, a3, a4), vertices of a 4-gon are P \
{a1, a2, a3, a4} ∪ {11}, therefore the followings can not be the value of (a1, a2, a3, a4):
(9,7,8,11), (9,7,11,8), (9,8,7,11), (10,7,8,11), (10,8,7,11), (10,8,11,7), (10,7,11,8), (11,7,5,8),
(11,7,6,8), (11,7,8,5), (11,7,8,6), (11,8,5,7), (11,8,6,7), (11,8,7,5), (11,8,7,6).
If (a1, a2, a3, a4) = (9, 7, 5, 11) then after completing lk(7), we see that 0, 1, 4, 7 /∈ V (lk(11))
i,e, |vlk(11)| ≤ 7 which is not possible. If (a1, a2, a3, a4) = (9, 7, 6, 11) then face sequence
will not follow in lk(7). If a1 = 9, a4 = 5 then face sequence will not follow in lk(5),
therefore (a1, a2, a3, a4) 6= (9, 7, 11, 5), (9, 11, 8, 5), (9, 117, 5). If (a1, a2, a3, a4) = (9, 7, 11, 6)
then 11 /∈ V (lk(9)), therefore |vlk(11)| ≤ 7 which is not possible. For (a1, a2, a3, a4) =
(9, 10, a3, a4), face sequence will not follow in lk(10), therefore (a1, a2, a3, a4) 6= (9,8,5,11),
(9,8,6,11), (9,8,11,5), (9,8,11,6) . For (a1, a2, a3, a4) = (9, 11, 5, 7), (9, 11, 5, 8), after com-
pleting lk(9), we see that face sequence will not follow in lk(5). If (a1, a2, a3, a4) =
(9, 11, 6, a4) then lk(9) = C8(5, a4, [3, 1, 10], [11, 2, 4]), so if a4 = 7 then 2, 3, 4, 9 /∈ V (lk(8))
i.e. |vlk(8)| ≤ 7, similarly, if a4 = 8 then |vlk(7)| ≤ 7, which is a contradiction, there-
fore (a1, a2, a3, a4) 6= (9, 11, 6, 7), (9, 11, 6, 8). For a1 = 9, a4 = 6, after completing lk(9),
face sequence will not follow in lk(6), therefore (a1, a2, a3, a4) 6= (9, 11, 7, 6), (9, 11, 8, 6). If
(a1, a2, a3, a4) = (10, 7, 5, 11) then after completing lk(10), face sequence will not follow
in lk(5). If a1 = 10 and al least one of a2, a3,4 is not 8, then after completing lk(10),
face sequence will not follow in lk(5), therefore (a1, a2, a3, a4) 6= (10,7,6,11), (10,7,11,5),
(10,7,11,6), (10,11,5,7), (10,11,6,7), (10,11,7,5), (10,11,7,6). If (a1, a2, a3, a4) = (10, 8, a3, a4)
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then lk(10) = C8(b1, 5, [4, 2, 8], [1, 3, 9]) which implies b1 6= 11. Therefore 0, 1, 4, 10 /∈
V (lk(11)) i.e. |vlk(11)| ≤ 7 which is a contradiction. Therefore (a1, a2, a3, a4) 6= (10,8,5,11),
(10,8,6,11), (10,8,11,6), (10,8,11,5). If (a1, a2, a3, a4) = (10, 11, a3, a4) then after complet-
ing lk(10), we see that face sequence will not follow in lk(8), therefore (a1, a2, a3, a4) 6=
(10,11,5,8), (10,11,8,5), (10,11,6,8), (10,11,8,6). If (a1, a2, a3, a4) = (11, 9, 5, 7) then lk(9) =
C8(5, 7, [3, 1, 10], [11, 4, 2]) which implies face sequence in lk(7) is not followed. Similarly
(a1, a2, a3, a4) 6= (11,9,5,8), (11,9,6,7), (11,9,6,8). If (a1, a2, a3, a4) = (11, 9, a3, a4) then
lk(9) = C8(a3, a4, [3, 1, 10], [11, 4, 2]) which implies C(2, 9, a4, 3) ∈ lk(a3), which make
contradiction. Therefore (a1, a2, a3, a4) 6= (11,9,7,5), (11,9,7,6), (11,9,8,5), (11,9,8,6). If
(a1, a2, a3, a4) = (11, 10, 5, 7) then lk(7) = C8(9, 6, [0, 1, 8], [5, 2, 3]) which implies 0, 1, 3, 7 /∈
V (lk(11)) i.e. |vlk(11)| ≤ 7 which is a contradiction. Similarly (a1, a2, a3, a4) 6= (11, 10, 7, 5),
(11, 10, 7, 6), (11, 10, 5, 8), (11, 10, 6, 7), (11, 10, 6, 8). If (a1, a2, a3, a4) = (11, 10, 6, 7) then
lk(7) = C8(b1, 9, [3, 2, 6], [0, 1, 8]) which implies b1 6= 11, therefore |vlk(11)| ≤ 7, which is not
possible. If (a1, a2, a3, a4) = (11, 10, 8, 5) then face sequence will not follow in lk(10).
If (a, b, c, d) = (5, 4, c, d) then face sequence will not follow in lk(5). Similarly if
(a, b, c, d) = (6, 5, c, d) then face sequence will not follow in lk(6). Therefore (a, b, c, d) 6=
(5,4,3,9), (5,4,10,9), (6,5,9,3), (6,5,9,10). If (a, b, c, d) = (5, 9, 4, 3) then in lk(3), face se-
quence will not follow.
When lk(1) = C8(c, d, [8, 7, 0], [2, a, b]), then after isomorphism, all possible values of
(a, b, c, d) are as follows:
(4,5,6,9)≈ { (4,5,6,10), (4,5,6,11) }, (4,5,9,6) ≈ { (4,5,10,6), (4,5,11,6) }, (4,5,9,10) ≈ {
(4,5,11,9), (4,5,10,9), (4,5,11,10), (4,5,10,11), (4,5,9,11) }, (4,6,5,9) ≈ { (4,6,5,10), (4,6,5,11)
}, (4,6,9,5) ≈ { (4,6,10,5), (4,6,11,5) }, (4,6,9,10) ≈ { (4,6,9,11), (4,6,10,9), (4,6,10,11),
(4,6,11,9), (4,6,11,10) }, (4,9,5,6) ≈ { (4,10,5,6), (4,11,5,6) }, (4,9,5,10) ≈ { (4,9,5,11),
(4,10,5,9), (4,10,5,11), (4,11,5,9), (4,11,5,10) }, (4,9,6,5) ≈ { (4,10,6,5), (4,11,6,5) }, (4,9,6,
10) ≈ { (4,9,6,11), (4,10,6,9), (4,10,6,11), (4,11,6,9), (4,11,6,10) }, (4,9,10,5) ≈ { (4,9,11,5),
(4,10,9,5), (4,10,11,5), (4,11,9,5), (4,11,10,5) }, (4,9,10,6) ≈ { (4,9,11,6), (4,10,9,6), (4,10,11,
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6), (4,11,9,6), (4,11,10,6) }, (4,9,10,11) ≈ { (4,9,11, 10), (4,10,9,11), (4,10,11,9), (4,11,9,10),
(4,11,10,9) }, (5,4,6,9) ≈ { (5,4,6,10), (5,4,6, 11) }, (5,4,9,6) ≈ { (5,4,10,6), (5,4,11,6) },
(5,4,9,10) ≈ { (5,4,9,11), (5,4,10,9), (5,4,10,11), (5,4,11,9), (5,4,11,10) }, (5,6,4,9) ≈ {
(5,6,4,11), (5,6,4,10) }, (5,6,9,4) ≈ { (5,6,10,4), (5,6,11,4) }, (5,6,9, 10) ≈ { (5,6,9,11),
(5,6,10,9), (5,6,10,11), (5,6,11,9), (5,6,11,10) }, (5,9,4,6) ≈ { (5,10,4,6), (5,11,4,6) }, (5,9,4,
10) ≈ { (5,9,4,11), (5,10,4,9), (5,10,4,11), (5,11,4,9), (5,11,4,10) }, (5,9,6,4) ≈ { (5,10,6,4),
(5,11,6,4) }, (5,9,6,10) ≈ { (5,9,6,11), (5,10,6,9), (5,10,6,11), (5,11,6,9), (5,11,6,10) },
(5,9,10,4) ≈ { (5,9,11,4), (5,10,9,4), (5,10,11,4), (5,11,9,4), (5,11,10,4) }, (5,9,10,6) ≈
{ (5,9,11,6), (5,10,9,6), (5,10,11,6), (5,11,9,6), (5,11,10,6) }, (5,9,10,11) ≈ { (5,9,11,10),
(5,10,9,11), (5,10,11,9), (5,11,9,10), (5,11,10,9) }, (6,4,5,9) ≈ { (6,4,5,10), (6,4,5,11) },
(6,4,9,5) ≈ { (6,4,10,5), (6,4,11,5) }, (6,4,9,10)≈ { (6,4,9,11), (6,4,10,9), (6,4,10,11), (6,4,11,
9), (6,4,11,10) }, (6,5,4,9) ≈ { (6,5,4,10), (6,5,4,11) }, (6,5,9,4)≈ { (6,5,10,4), (6,5,11,4) },
(6,5,9,10) ≈ { (6,5,9,11), (6,5,10,9), (6,5,10,11), (6,5,11,9), (6,5,11,10) }, (6,9,4,5) ≈ {
(6,10,4,5), (6,11,4,5)}, (6,9,4,10) ≈ { (6,9,4,11), (6,10,4,9), (6,10,4,11), (6,11,4,9), (6,11,4,
10) }, (6,9,5,4) ≈ { (6,10,5,4), (6,11,5,4) }, (6,9,5,10) ≈ { (6,9,5,11), (6,10,5,9), (6,10,5,11),
(6,11,5,9), (6,11,5,10) }, (6,9,10,4) ≈ { (6,9,11,4), (6,10,9,4), (6,10,11,4), (6,11,9,4), (6,11,10,
4) }, (6,9,10,5) ≈ { (6,9,11,5), (6,10,9,5), (6,10,11,5), (6,11,9,5), (6,11,10,5) }, (6,9,10,11)
≈ { (6,9,11,10), (6,10,9,11), (6,10,11,9), (6,11,9,10), (6,11, 10,9) }, (9,4,5,6) ≈ { (10,4,5,6),
(11,4,5,6) }, (9,4,5,10) ≈ { (9,4,5,11), (10,4,5,9), (10,4,5,11), (11,4,5,9), (11,4,5,10) },
(9,4,6,5) ≈ { (10,4,6,5), (11,4,6,5) }, (9,4,6,10) ≈ { (9,4,6,11), (10,4,6,9), (10,4,6,11),
(11,4,6,9), (11,4,6,10) }, (9,4,10,5) ≈ { (9,4,11,5), (10,4,9,5), (10,4,11,5), (11,4,9,5), (11,4,
10,5) }, (9,4,10,6) ≈ { (9,4,11,6), (10,4,9,6), (10,4,11,6), (11,4,9,6), (11,4,10,6)}. (9,4,10,11)
≈ { (9,4,11,10), (10,4,9,11), (10,4,11,9), (11,4,9,10), (11,4,10,9) }, (9,5,4,6) ≈ { (10,5,4,6),
(11,5,4,6) }, (9,5,4,10) ≈ { (9,5,4,11), (10,5,4,9), (10,5,4,11), (11,5,4,9), (11,5,4,10) },
(9,5,6,4) ≈ { (10,5,6,4), (11,5,6,4) }, (9,5,6,10) ≈ { (9,5,6,11), (10,5,6,9), (10,5,6,11),
(11,5,6,9), (11,5,6,10) }, (9,5,10,4) ≈ { (9,5,11,4), (10,5,9,4), (10,5,11,4), (11,5,9,4), (11,5,
10,4) }, (9,5,10,6) ≈ { (9,5,11,6), (10,5,9,6), (10,5,11,6), (11,5,9,6), (11,5,10,6) }, (9,5,10,11)
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≈ { (9,5,11, 10), (10,5,9,11), (10,5,11,9), (11,5,9,10), (11,5,10,9) }, (9,6,4,5) ≈ { (10,6,4,5),
(11,6, 4,5) }, (9,6,4,10) ≈ { (9,6,4,11), (10,6,4,9), (10,6,4,11), (11,6,4,9), (11,6,4,10) },
(9,6,5,4) ≈ { (10,6,5,4), (11,6,5,4) }, (9,6,5,10) ≈ { (9,6,5,11), (10,6,5,9), (10,6,5,11),
(11,6,5,9), (11,6,5,10) }, (9,6,10,4) ≈ { (9,6,11,4), (10,6,9,4), (10,6,11,4), (11,6,9,4), (11,6,
10,4) }, (9,6,10,5) ≈ { (9,6,11,5), (10,6,9,5), (10,6,11,5), (11,6,9,5), (11,6,10,5) }, (9,6,10,11)
≈ { (9,6,11,10), (10,6,9,11), (10,6,11,9), (11,6,9,10), (11,6,10,9) }, (9,10,4,5) ≈ { (9,11,4,5),
(10,9,4,5), (10,11,4,5), (11,9,4,5), (11,10,4,5) }, (9,10,4,6) ≈ { (9,11,4,6), (10,9,4,6), (10,11,
4,6), (11,9,4,6), (11,10,4,6) }, (9,10,5,4)≈ { (9,11,5,4), (10,9,5,4), (10,11,5,4), (11,9,5,4),
(11,10,5,4)}. (9,10,5,6)≈ { (9,11,5,6), (10,9,5,6), (10,11,5,6), (11,9,5,6), (11,10,5,6)}. (9,10,
4,11) ≈ {(9,11,4,10), (10,9,4,11), (10,11,4,9), (11,9,4,10), (11,10,4,9)}. (9,10,5,11) ≈ {
(9,11,5, 10), (10,9,5,11), (10,11,5,9), (11,9,5,10), (11,10,5,9) }, (9,10,6,4) ≈ { (9,11,6,4),
(10,9,6,4), (10,11,6,4), (11,9,6,4), (11,10,6,4) }, (9,10,6,5) ≈ { (9,11,6,5), (10,9,6,5), (10,11,
6,5), (11,9,6,5), (11,10,6,5) }, (9,10,6,11) ≈ { (9,11,6,10), (10,9,6,11), (10,11,6,9), (11,9,6,10),
(11,10,6,9) }, (9,10,11,4) ≈ { (9,11,10,4), (10,9,11,4), (10,11,9,4), (11,9,10,4), (11,10,9,4) },
(9,10,11,5) ≈ { (9,11,10,5), (10,9,11,5), (10,11,9,5), (11,9,10, 5), (11,10,9,5) }, (9,10,11,6)
≈ { (9,11,10,6), (10,9,11,6), (10,11,9,6), (11,9,10,6), (11,10,9,6) }.
We see that if a ∈ {4, 5, 6}, then b /∈ {4, 5, 6} as then (a, b) will appear in two 4-gon.
Therefore following the following values of (a, b, c, d) are not possible: (4,5,6,9), (4,5,9,6),
(4,5,9,10), (4,6,5,9), (4,6,9,5), (4,6,9,10), (5,4,6,9), (5,4,9,6), (5,4,9,10), (5,6,4,9), (5,6,9,4),
(5,6,9,10), (6,4,5,9), (6,4,9,5), (6,4,9,10), (6,5,4,9), (6,5,9,4), (6,5,9,10).
Since [0, 4, 5, 6] is a 4-gon, therefore (a, b, c, d) 6= (5,9,4,6), (5,9,6,4), (9,4,6,10), (9,5,4,6),
(9,5,6,4), (9,6,4,5), (9,10,5,4), (9,6,4,10), (9,10,4,6), (9,10,6,4). (As in these cases [4,6] form
an edge.)
For (a, b, c, d) =(4,9,5,6), (4,9,5,10), (4,9,6,10), (4,9,10,5), (4,9,10,6), (4,9,10,11), (9,4,5,
6), (9,4,5,10), (9,4,10,5), (9,4,10,6), (9,4,10,11), face sequence will not follow in lk(4). For
(a, b, c, d) = (6, 9, 10, 11), we can not find eight vertices for lk(6).
For (4,9,6,5), (6,9,5,4), (9,4,6,5), (9,6,5,4), (9,10,6,5), (9,6,5,10), (9,5,4,10), SEM will
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not oriantable.
Case 85. When (a, b, c, d) = (5, 9, 4, 10), then either lk(4) = C8(10, 1, [9, b1 , 3], [0, 6, 5])
or lk(4) = C8(9, 1, [10, c1 , 3], [0, 6, 5]). For lk(4) = C8(10, 1, [9, b1 , 3], [0, 6, 5]), lk(10) =
C8(1, 4, [5, b2 , b3], [b4, b5, 8]), which implies [5,10] form an edge in a 4-gon, which is not
possible. For lk(4) = C8(9, 1, [10, c1 , 3], [0, 6, 5]), 5 will appear two times in lk(9).
Case 86. When (a, b, c, d) = (5, 9, 6, 10), then either lk(6) = C8(10, 1, [9, b1 , 7], [4, 0, 5])
or lk(6) = C8(9, 1, [10, c1 , 7], [4, 0, 5]). For lk(6) = C8(10, 1, [9, b1 , 7], [4, 0, 5]), lk(10) =
C8(1, 6, [5, b2 , b3], [b4, b5, 8]), which implies [5,10] form an edge in a 4-gon, which is not
possible. For lk(6) = C8(9, 1, [10, c1 , 7], [4, 0, 5]), 5 will occur two times in lk(9).
Case 87. When (a, b, c, d) = (5, 9, 10, 4), then either lk(4) = C8(10, 1, [8, a1 ], [0, 6, 5]) or
lk(4) = C8(8, 1, [10, c1 , 3], [0, 6, 5]). For lk(4) = C8(10, 1, [8, a1 ], [0, 6, 5]), we see that [1, 10]
is not an edge in a 4-gon, therefore [5,10] will form an edge in a 4-gon, which is not possible.
For lk(4) = C8(8, 1, [10, c1 , 3], [0, 6, 5]), remaining three 4-gon are [3, 4, 10, c2 ], [2, 11, c3,
c4], [3, 11, c5, c6]. Now lk(8) = C8(4, 5, [a1, a2, a3], [7, 0, 1]) and lk(5) = C8(8, a1, [b1, b2, b3],
[6, 0, 4]), where a1 ∈ {10, 11}. If a1 = 10, then lk(10) is not possible. If a1 = 11, then
either lk(5) = C8(8, 11, [9, 1, 2], [6, 0, 4]) or lk(5) = C8(8, 11, [2, 1, 9], [6, 0, 4]). For lk(5) =
C8(8, 11, [9, 1, 2], [6, 0, 4]), then lk(9) = C8(10, d1, [d2, d3, 11], [5, 2, 1]). From lk(8) we see
that [8,11] is an edge in a 4-gon and from lk(9) we see that [9,11] is an edge in a 4-gon,
therefore from lk(5) we see that face sequence is not followed in lk(11). For lk(5) =
C8(8, 11, [2, 1, 9], [6, 0, 4]), from lk(8) we see that [8, 11] is an edge in a 4-gon and we have
[2,11] is an edge in a 4-gon, therefore from lk(5) we see that sace sequence is not followed
in lk(11).
Case 88. When (a, b, c, d) = (5, 9, 10, 6), then lk(6) = C8(8, 1, [10, a1 , 7], [0, 4, 5]), where
a1 ∈ {2, 3, 9, 11}. Remaining three 4-gons are [3, 4, c1, c2], [2, a1, c3, c4], [3, a1, c5, c6]. There-
fore a1 /∈ {9, 11} as then above three 4-gons are not hold. Now lk(5) = C8(8, b1, [b2, b3, b4],
[4, 0, 6]) and lk(8) = C8(6, 5, [b1, b5, b6], [7, 0, 1]), where b1 ∈ {10, 11}. If b1 = 10 then face
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sequence is not followed in lk(10). If b1 = 11, then from lk(8) we see that [8,11] form an edge
in a 4-gon. From the above three 4-gon, we see that one of c1, c2 is 11 as otherwise 10, 11 will
occur two times in two 4-gon, and one of c1, c2 is 9 as we have [6,10] is an edge in a 4-gon,
therefore [9,10] will not form an edge in a 4-gon and therefore 9, 10 can not appear in same
4-gon. Now b2 ∈ {2, 9}. If b2 = 2, then c5, c6 ∈ {8, 11} and therefore c3 = 6, c4 = 7 and
then lk(2) = C8(3, 0, [1, 9, 5], [7, 6, 10]), which implies lk(7) = C8(5, 11, [8, 1, 0], [6, 10, 2]).
From lk(8) we see that [5,8,11] is a 3-gon, therefore from lk(7), we see that 8 will occur
two times in lk(11). If b2 = 9, then [9,11] form an edge in a 4-gon, and we have [8,11] is an
edge in a 4-gon, therefore from lk(5) we see that face sequence is not followed in lk(11).
Case 89. When (a, b, c, d) = (5, 9, 10, 11) then [2, 3, a1] will be a face where a1 ∈ {10, 11}.
If a1 = 10 then three 4-gons are [3, 4, c1, c2], [2, 10, c3, c4], [3, 10, c5, c6]. Therefore one of
c1, c2 is 11 and one of c3, c4 is 11 which implies [2,10], [3,10], [10,11] are adjacent edges of
a 3-gon and a 4-gon. [8,11] and [9,10] are adjacent edges of two 3-gon, therefore c1, c2 ∈
{9, 11}, c5, c5 ∈ {6, 8} and c3 = 11, c4 = 7. Now lk(2) = C8(0, 3, [10, 11, 7], [5, 9, 1]) and
lk(7) = (5, 6, [0, 1, 8], [11, 10, 2]) which implies C(0, 1, 11, 7) ∈ lk(8) which is a contradiction.
If a1 = 11 then three 4-gons are [3, 4, c1, c2], [2, 11, c3, c4], [3, 11, c5, c6]. Therefore one of
c1, c2 is 10 and one of c3, c4 is 10 i.e. [2,11], [3,11] and [10,11] are adjacent edges of a 3-on
and a 4-gon. As [8,11] and [9,10] are adjacent edges od two 3-gon, therefore, c1, c2 ∈ {8, 10}
and one of c5, c6 is 9. From lk(2), [2, 5, c4] is a face, so if c4 = 7 then [5, 6, 7] will be a
face and then C(4, 0, 7, 5) ∈ lk(6) and if c4 = 6 form lk(6), we get c5 = 9, c6 = 7 i.e.
C(7, 3, 11, 6) ∈ lk(9), which is a contradiction.
Case 90. When (a, b, c, d) = (6, 9, 4, 5), then lk(4) = C8(1, 9, [a1, b1, 3], [0, 6, 5]), where
a1, b1 ∈ {7, 8, 10, 11}.
If a1 = 7, then lk(7) = C8(9, 6, [0, 1, 8], [b1 , 3, 4]). Since [0,6] and [6,9] are edges of two
4-gon, therefore from lk(7), face sequence is not followed in lk(6).
If a1 = 8, then lk(8) = C8(9, 5, [1, 0, 7], [b1 , 3, 4]), which implies lk(9) = C8(4, 8, [5,
a2, a3], [6, 2, 1]) and lk(5) = C8(1, 8, [9, a3 , a2], [6, 0, 4]) and then lk(6) = C8(7, a4, [a5, a6, a2],
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[5, 4, 0]). From lk(6), we have a2 ∈ {2, 9}, but it is not possible in lk(9).
If a1 = 10, then either lk(6) = C8(7, a2, [9, 1, 2], [5, 4, 0]) or lk(6) = C8(7, a2, [2, 1, 9],
[5, 4, 0]).
Subcase 90.1. When lk(6) = C8(7, a2, [9, 1, 2], [5, 4, 0]), remaining three 4-gons are [3, 4, 10,
c1], [2, 11, c2, c3], [3, 11, c4, c5]. Now lk(5) = C8(1, 8, [b2, b3, 2], [6, 0, 4]), therefore, c3 = 5,
b3 = 11 and b2 = c2. Now lk(9) = C8(4, 10, [b4, b5, a2], [6, 2, 1]). From lk(6) and lk(9) we see
that a2 = 11. Since 3, 10 occur in same 4-gon, therefore c2 = 10 and then c4 = 9. Since [0,7]
is an edge in a 4-gon, therefore from lk(6) we see that [7,11] will not form an edge in a 4-
gon, therefore c1 = 7 and hence c5 = 8. Therefore lk(4) = C8(1, 9, [10, 7, 3], [0, 6, 5]), lk(6) =
C8(7, 11, [9, 1, 2], [5, 4, 0]), lk(5) = C8(1, 8, [10, 11, 2], [6, 0, 4]), lk(9) = C8(4, 10, [8, 3, 11], [6, 2,
1]), which implies lk(8) = C8(10, 5, [1, 0, 7], [3, 11, 9]) ⇒ lk(7) = C8(6, 11, [10, 4, 3], [8, 1, 0])
⇒ lk(3) = C8(0, 2, [11, 9, 8], [7, 10, 4]) ⇒ lk(2) = C8(3, 0, [1, 9, 6], [5, 10, 11]) ⇒ lk(10) =
C8(9, 8, [5, 2, 11], [7, 3, 4]) ⇒ lk(11) = C8(7, 6, [9, 8, 3], [2, 5, 10]). This map isomorphic to
the map KO1[(33,4,3,4)], given in figure 6, under the map (0, 8, 3, 11, 5)(1, 2, 6, 7, 10, 4).
Subcase 90.2. When lk(6) = C8(7, a2, [2, 1, 9], [5, 4, 0]) where a2 ∈ {10, 11}, then lk(5) =
C8(1, 8, [b2, b3, 9], [6, 0, 4]). Now remaining three 4-gon are [3, 4, 10, c1 ], [2, 11, c2, c3], [3, 11, c3,
c4]. From lk(5) we see that b2, b3 ∈ {3, 11} and c4, c5 ∈ {5, 9}. Therefore one of c2, c3 will
be 10. Since [0,7] is an edge in a 4-gon, therefore [2, a2] will corm an edge in a 4-gon.
Now if a2 = 10, then c3 = 10, which implies one of c1, c2 will be 7, but in both cases face
sequence will not followed in lk(10). If a2 = 11, and we have [2,3,11] is a 3-gon, therefore
face sequence is not followed in lk(11).
If a1 = 11, then remaining three 4-gons are [3, 4, 11, b1 ], [2, 10, c2 , c3], [3, 10, c4, c5].
Since 3, 11 appear in a 4-gon, therefore one of c2, c3 must be 11. From lk(4), we see
that [1,9] is an edge of a 4-gon, therefore [9,11] will not form an edge in a 4-gon and
therefore one of c4, c5 must be 9. Now lk(6) is either lk(6) = C8(7, b2, [2, 1, 9], [5, 4, 0])
or lk(6) = C8(7, b2, [9, 1, 2], [5, 4, 0]). If lk(6) = C8(7, b2, [2, 1, 9], [5, 4, 0]) then lk(9) =
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C8(4, 11, [10, 3, 5], [6, 2, 1]), but we have 10, 11 occur in same 4-gon, which implies face se-
quence is not followed in lk(11). If lk(6) = C8(7, b2, [9, 1, 2], [5, 4, 0]) where b2 ∈ {10, 11},
we see that [0,7] is an edge in a 4-gon, therefore [9, b2] will form an edge in a 4-gon,
which implies b2 = 10 = c4. c5 6= 7 as then 7 will occur two times in lk(10), there-
fore c5 = 8 and hence b1 = 7. Now lk(5) = C8(1, 8, [b3, b4, 2], [6, 0, 4]), from here we
see that [2,5] is an edge in a 4-gon, therefore c3 = 5, which implies b4 = 10 and b3 =
c2 = 11. Now lk(9) = C8(4, 11, [8, 3, 10], [6, 2, 1]) ⇒ lk((8) = C8(5, 11, [9, 10, 3], [7, 0, 1]) ⇒
lk(7) = C8(6, 10, [11, 4, 5], [8, 1, 0]) ⇒ lk(10) = C8(6, 7, [11, 5, 2], [3, 8, 9]) ⇒ lk(11) =
C8(9, 8, [5, 2, 10], [7, 3, 4]) ⇒ lk(2) = C8(3, 0, [1, 9, 6], [5, 11, 10]) ⇒ lk(3) = C8(0, 2, [10, 9, 8],
[7, 11, 4]).This map isomorphic to the map KO2[(33,4,3,4)], given in figure 6, under the map
(0, 8, 3, 11, 4, 1, 2, 6, 7, 10, 5).
Case 91. When (a, b, c, d) = (6, 9, 5, 10), then either lk(6) = C8(7, 11, [9, 1, 2], [5, 4, 0])
or lk(6) = C8(7, a1, [2, 1, 9], [5, 4, 0]). If lk(6) = C8(7, a1, [2, 1, 9], [5, 4, 0]), then 5 will ap-
pear two times in lk(9). If lk(6) = C8(7, 11, [9, 1, 2], [5, 4, 0]), remaining three 4-gons are
[3, 4, c1, c2], [2, a1, c3, c4], [3, a1, c5, c6]. Since [0,7] is an edge in a 4-gon, therefore [9,11] will
form an edge in a 4-gon, and by considering lk(2) we see that [2,5] will form an edge in a
4-gon, therefore c3 = 10, c4 = 5 and therefore a1 = 11, which implies c5 = 9. Since 10, 11
can not appear in two 4-gon, therefore one of c1, c2 must be 10. Since [5,10] is an edge in a
4-gon, therefore [8,10] will not form in a 4-gon, which implies c6 = 8 and hence one of c1, c2
must be 7. Now lk(2) = C8(3, 0, [1, 9, 6], [5, 10, 11]) ⇒ lk(11) = C8(6, 7, [10, 5, 2], [3, 8, 9]) ⇒
lk(9) = C8(b1, 5, [1, 2, 6], [11, 3, 8]). Since [1,5] does not form an edge in a 4-gon, there-
fore [5, b1] will form an edge in a 4-gon, therefore b1 ∈ {4, 6}. But b1 6= 6, therefore
b1 = 4. Therefore lk(5) = C8(9, 1, [10, 11, 2], [6, 0, 4]) ⇒ lk(8) = C8(10, 4, [9, 11, 3], [7, 0, 1]),
which implies c2 = 7 which implies c1 = 10. Now lk(3) = C8(0, 2, [11, 9, 8], [7, 10, 4])
⇒ lk(4) = C8(9, 8, [10, 7, 3], [0, 6, 5]) ⇒ lk(7) = C8(6, 11, [10, 4, 3], [8, 1, 0]) ⇒ lk(10) =
C8(1, 8, [4, 3, 7], [11, 2, 5]). This map isomorphic to the map KO2[(33,4,3,4)], given in figure
6, under the map (0, 7, 8, 1)(2, 6, 5, 3, 11, 10)(4, 9).
113
Case 92. When (a, b, c, d) = (9, 5, 6, 10), then lk(6) = C8(1, 10, [a1, a2, 7], [0, 4, 5]) which
implies lk(2) = C8(0, 3, [b1, b2, b3], [9, 5, 1]). Since [1,5] is an edge in a 4-gon, therefore
from lk(6) we see that [6, a1] and [10, a1] form an edge in two distinct 4-gon, theefore
a1 = 11. Therefore remaining three 4-gons are [6, 7, a2, 11], [10, 11, c1 , c2] and [10, 8, c3, c4].
Since [0,1] is an edge in a 4-gon, therefore [2, b1] and [3, b1] form an edge in two distinct
4-gon. Therefore [3,4], [2, b1] and [3, b1] form an edge in three distince 4-gon, which im-
plies b1 = 11 and then a2 = 2, c1 = 3 and c2 = 9 and c3, c4 ∈ {3, 4}. Now lk(7) =
C8(4, 9, [2, 11, 6], [0, 1, 8]) ⇒ lk(4) = C8(7, 9, [5, 6, 0], [3, 10, 8]) which implies 9 will occur
two times in lk(5).
Case 93. When (a, b, c, d) = (9, 5, 10, 4), then lk(4) = C8(8, 1, [10, c1 , 3], [0, 6, 5]) ⇒ lk(5) =
C8(10, 8, [4, 0, 6], [9, 2, 1]) ⇒ lk(10) = C8(1, 5, [8, a1 , a2], [c1, 3, 4]). Now incomplete three 4-
gons are [3, 4, 10, c1 ], [2, 11, c2, c3] and [3, 11, c4, c5]. Since 3, 10 can not be occur in two
4-gon, therefore one of c2, c3 must be 10. Considering lk(10) we will see that [8,10] will
form an edge in a 4-gon, therefore one of c2, c3 must be 8. Now 4, 6 can not be appear
in two 4-gon, therefore one of c4, c5 must be 6. Now c1 ∈ {7, 9}. If c1 = 7, then lk(7) =
C8(6, b1, [10, 4, 3], [8, 1, 0]). Since [0,6] form an edge in a 4-gon, therefore [10, b1] will form
an edge in a 4-gon, which implies b1 ∈ {2, 11}, but form any b1 is not possible as then face
sequence is not followed in lk(b1). If c1 = 9 then lk(9) = C8(6, 11, [3, 4, 10], [2, 1, 5]), but we
have [3,11] is an edge in a 4-gon and 6, 11 appear in same 4-gon, therefore face sequence is
not followed in lk(11).
Case 94. When (a, b, c, d) = (9, 5, 10, 6) then three incomplete 4-gons are [3, 4, c1, c2],
[2, a1, c3, c4] and [3, a1, c5, c6]. Now lk(6) = C8(8, 1, [10, b1 , 7], [0, 4, 5]). As [10, 6, 7, b1 ] is a
4-gon, therefore a1 = 10. Now (4, 5) and (4, 6) can not appear in same 4-gon, therefore
(5, 10) and (6, 10) will appear in two different 4-gon, which implies face sequence is not
followed in lk(10).
Case 95. When (a, b, c, d) = (9, 5, 10, 11), we see that [10,11] form an edge in a 4-
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gon, therefore [8,11] will not form an edge in a 4-gon. Now lk(5) is either lk(5) =
C8(10, b1, [4, 0, 6], [9, 2, 1]) or lk(5) = C8(10, b1, [6, 0, 4], [9, 2, 1]), where for both cases b1 ∈
{7, 8}. In both cases, b1 = 8 is not possible as then lk(8) not possible. If b1 = 7,
then lk(7) = C8(5, 4, [8, 1, 0], [6, d1 , 10]). Now remaining incomplete 4-gons are [3, 4, c1, c2],
[2, a1, c3, c4] and [3, a1, c5, c6]. As [10, 7, 6, d1 ] is a 4-gon, therefore a1 = 10. Now d1 ∈ {2, 3}.
Since 10, 11 can not appear in two distinct 4-gon, therefore one of c1, c2 must be 11 and
since 3, 11 can not appear in two different 4-gon, therefore one of c3, c4 must be 11. If
d1 = 3 then [8,11] will form an egde in a 4-gon, which is not possible. If d1 = 2 then
[10, 7, 6, d1 ] is not possible.
Case 96. When (a, b, c, d) = (9, 6, 10, d), then lk(6) = C8(7, 10, [1, 2, 9], [5, 4, 0]) and then 1
will appears two times in lk(8), is a contradiction. Therefore (a, b, c, d) 6= (9, 6, 10, 4), (9, 6,
10, 5), (9, 6, 10, 11).
Case 97. When (a, b, c, d) = (9, 10, 4, 5), then remaining three 4-gons are [3, 4, b1, b2],
[2, 11, b3, b4], [3, 11, b5, b6]. Now lk(4) = C8(1, 10, [b1, b2, 3], [0, 6, 5]), therefore b1, b2 /∈ {5, 6,
10}. 2 and 10 can not be appear in same 4-gon, therefore one of b5, b6 must be 10 and
therefore one of b1, b2 must be 9. Since [1,10] is an edge in a 4-gon, therefore [10, b1]
will not form an edge in a 4-gon and hence b2 = 9. Now b1 ∈ {7, 10}. If b1 = 7 then
lk(7) = C8(10, 6, [0, 1, 8], [9, 3, 4]), from here we see that [6,10] form an edge in a 4-gon
and we know [0,6] is an edge in a 4-gon, this implies face sequence will not followed in
lk(6). If b1 = 8 then lk(8) = C8(10, 5, [1, 0, 7], [9, 3, 4]), this implies [5,10] will form an
edge in a 4-gon, which implies one of b5, b6 will be 5 and therefore b3, b4 ∈ {6, 7}. Now
lk(3) = C8(0, 2, [11, b6 , b5], [9, 8, 4]) and lk(9) = C8(7, c1, [c2, c3, b5], [3, 4, 8]). From lk(3),
b5 ∈ {5, 10} and from lk(9), b5 ∈ {1, 2, 10}. Therefore b5 = 10 and then b6 = 5, c1 = 1, c2 =
2. Since [7,8] is an edge in a 4-gon, therefore [2, c1] form an edge in a 4-gon, which implies
c1 ∈ {6, 7, 11}, but for any c1 face sequence will not follow in lk(7).
Case 98. When (a, b, c, d) = (9, 10, 4, 11), then remaining three 4-gons are [3, 4, b1, b2],
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[2, 11, b3, b4] and [3, 11, b5, b6]. As [4,11] is not an edge in a 4-gon, therefore [4,10] will form
an edge in a 4-gon, therefore lk(4) = C8(11, 1, [10, b2 , 3], [0, 6, 5]), where b2 ∈ {7, 8, } and
b1 = 10. Now since [4,11] is not an edge in a 4-gon, therefore [8,11] will form an edge
in a 4-gon and hence b2 = 7. Now we see that [5,11] and [8,11] will form an edge in two
distinct 4-gon. Now lk(7) = C8(6, c1, [c2, 4, c3], [8, 1, 0]), where c3 ∈ {3, 10}. If c3 = 3 then
lk(3) = C8(0, 2, [11, c4 , 3], [7, 10, 4]) which implies [8,11] appear in same 4-gon but not form
an edge, which is not possible. If c3 = 10 then lk(10) = C8(8, 6, [9, 2, 1], [4, 3, 7]). We have
[7,8] is an edge in a 4-gon, therefore [6,9] will form an edge in a 4-gon and then [5,8] will
form an edge which is not possible. Similarly (a, b, c, d) 6= (9, 10, 5, 11).
Case 99. When (a, b, c, d) = (9, 10, 11, 4) then either lk(4) = C8(8, 1, [11, c1 , 3], [0, 6,
5]) or lk(4) = C8(11, 1, [8, c1 , 3], [0, 6, 5]). Now remaining three 4-gons are [3, 4, b1, b2],
[2, 11, b3, b4], [3, 11, b5, b6]. If lk(4) = C8(8, 1, [11, c1 , 3], [0, 6, 5]) then one of b1, b2 is 11
which is not possible. If lk(4) = C8(11, 1, [8, c1 , 3], [0, 6, 5]), since [1,11] is not an edge in a
4-gon, therefore [5,11] and [10,11] are make an edge in two distinct 4-gon. Now b3 6= 10
then (2,10) will appear in two 4-gon. Therefore b5 = 10 and b3 = 5. Since (5,6) and (4,6)
can not appear in two 4-gon, therefore b6 = 6. (2,9) can not appear in two 4-gon, there-
fore b2 = 9 and therefore b4 = 7. Therefore lk(4) = C8(11, 1, [8, 9, 3], [0, 6, 5]) ⇒ lk(3) =
C8(0, 2, [11, 10, 6], [9, 8, 4]) ⇒ lk(2) = C8(0, 3, [11, 5, 7], [9, 10, 1]) ⇒ lk(9) = C8(7, 6, [3, 4, 8],
[10, 1, 2]) ⇒ lk(6) = C8(7, 9, [3, 11, 10], [5, 4, 0]) ⇒ lk(10) = C8(5, 8, [9, 2, 1], [11, 3, 6]) ⇒
lk(8) = C8(10, 5, [7, 0, 1], [4, 3, 9]) ⇒ lk(7) = C8(6, 9, [2, 11, 5], [8, 1, 0]) ⇒ lk(5) = C8(8, 10,
[6, 0, 4], [11, 2, 7]) ⇒ lk(11) = C8(1, 4, [5, 7, 2], [3, 6, 10]). This map is identical to the map
KNO3[(33,4,3,4)], given in figure 7.
Case 100. When (a, b, c, d) = (9, 10, 11, 6) then lk(6) = C8(8, 1, [11, a1 , 7], [0, 4, 5]). Now
remaining three incomplete 4-gons are [3, 4, b1, b2], [2, 11, b3, b4] and [3, 11, b5, b6]. Since
(4,6) can not appear in two 4-gon, therefore 6 will be one of b3, b4, b5, b6 and we have [6,11]
is an edge, therefore [6,11] form an edge in a 4-gon and then [10,11] will not form an edge
in a 4-gon, which implies one of b1, b2 must be 10. Since (2,9) and (9,10) can not appear in
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two 4-gon, therefore one of b5, b6 must be 9. Now from lk(6) we see that a1 = 2. Therefore
lk(2) = C8(0, 3, [11, 6, 7], [9, 10, 1]) which implies 6 will appear two times in lk(7).
Case 101. When (a, b, c, d) = (6, 9, 4, 10) then Now either lk(4) = C8(10, 1, [9, a1 , 3], [0,
6, 5]) or lk(4) = C8(9, 1, [10, a1 , 3], [0, 6, 5]) where a1 ∈ {7, 8, 11}.
Subcase 101.1. If lk(4) = C8(10, 1, [9, a1 , 3], [0, 6, 5]) then a1 6= 7, 8 as then (10,11) will
occur in two 4-gon, therefore a1 = 11. Now two incomplete 4-gons are [2, 10, b1, b2] and
[3, 10, b3, b4]. Now since (3,11) will not appear in two 4-gon, therefore one of b1, b2 is 11. If
remaining one of b1, b2 is 5 then (7,8) will occur in two 4-gon, therefore one of b3, b4 is 5.
From lk(4) we see that [1,10] is not an edge in a 4-gon, therefore [5,10] will form an edge in a
4-gon and then [8,10] will form an edge in a 4-gon, therefore b1 = 8, b2 = 11, b3 = 5 and b4 =
7. Therefore lk(10) = C8(1, 4, [5, 7, 3], [2, 11, 8]) ⇒ lk(3) = C8(0, 2, [10, 5, 7], [11, 9, 4]) ⇒
lk(2) = C8(0, 3, [10, 8, 11], [6, 9, 1]) ⇒ lk(11) = C8(6, 7, [3, 4, 9], [8, 10, 2]) ⇒ lk(7) = C8(6,
11, [3, 10, 5], [8, 1, 0]) ⇒ lk(8) = C8(5, 9, [11, 2, 10], [1, 0, 7]) ⇒ lk(9) = C8(5, 8, [11, 3, 4], [1,
2, 6]) ⇒ lk(5) = C8(9, 8, [7, 3, 10], [4, 0, 6]) ⇒ lk(6) = C8(7, 11, [2, 1, 9], [5, 4, 0]). This map
isomorphic to the mapKNO3[(33,4,3,4)], given in figure 7, under the map (0, 3, 2)(1, 4, 11, 7, 9,
5, 10).
Subcase 101.2. If lk(4) = C8(9, 1, [10, a1 , 3], [0, 6, 5]) then three incomplete 4-gons are
[3, 4, 10, a1 ], [2, 11, b1, b2] and [3, 11, b3, b4]. Since (3,10) can not appear in two 4-gon,
therefore one of b1, b2 is 10. Since [4,10] is an edge in a 4-gon, therefore [8,10] will
not form an edge in a 4-gon, therefore one of b3, b4 will be 8 and hence a1 = 7. Now
lk(7) = C8(6, a2, [10, 4, 3], [8, 1, 0]). Since [0,6] is an edge in a 4-gon, therefore [6, a2] will not
form an edge in a 4-gon which implies a2 = 11. Now lk(5) = C8(9, a3, [a4, a5, a6], [6, 0, 4])
which implies lk(6) = C8(7, 11, [a7, a8, a6], [5, 4, 0]). From lk(6) we see that a6 ∈ {2, 9}, but
if a6 = 9 then 9 will occur two times in lk(5), therefore a6 = 2 and then a7 = 9, a8 = 1.
Now from lk(5) we see that [2,5] form an edge in a 4-gon, therefore b2 = 5 and then
b1 = 10 and b3 = 9, b4 = 8 which implies a4 = 10, a5 = 11. Now since [4,9] is not an
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edge in a 4-gon, therefore [8, a3] will form an edge in a 4-gon, which implies a3 = 8.
Therefore lk(3) = C8(0, 2, [11, 9, 8], [7, 10, 4]) ⇒ lk(10) = C8(1, 8, [5, 2, 11], [7, 3, 4]) ⇒
lk(8) = C8(10, 5, [9, 11, 3], [7, 0, 1]) ⇒ lk(2) = C83, 0, [1, 9, 6], [5, 10, 11] ⇒ lk(9) = C8(5, 4,
[1, 2, 6], [11, 3, 8]) ⇒ lk(11) = C8(6, 7, [10, 5, 2], [3, 8, 9]). This map isomorphic to the map
KNO1[(33,4,3,4)], given in figure 7, under the map (0, 7, 8, 1)(2, 6, 5, 9, 4, 3, 11, 10).
Case 102. When (a, b, c, d) = (6, 9, 10, 4) then either lk(4) = C8(1, 8, [5, 6, 0], [3, b1 , 10]) or
lk(4) = C8(1, 10, [5, 6, 0], [3, b1 , 8]).
Subcase 102.1. If lk(4) = C8(1, 8, [5, 6, 0], [3, b1 , 10]) then remaining three incomplete 4-
gons are [3, 4, 10, b1 ], [2, 11, b2, b3] and [3, 11, b4, b5]. Now since (3,10) can not appear in two
4-gon, therefore one of b2, b3 is 10 and as [4,10] is an edge in a 4-gon, therefore [9,10] will
not form an edge in a 4-gon which implies one of b4, b5 is 9. Noe from lk(4) we see that
b1 = 7. Now either lk(7) = C8(6, a1, [3, 4, 10], [8, 1, 0]) or lk(7) = C8(6, a1, [10, 4, 3], [8, 1, 0]).
If lk(7) = C8(6, a1, [3, 4, 10], [8, 1, 0]), since [0,6] is an edge in a 4-gon, therefore [6, a1] will
not form an edge in a 4-gon which implies a1 = 11 which is not possible as then 11 will occur
two times in lk(3). If lk(7) = C8(6, a1, [10, 4, 3], [8, 1, 0]) then similarly [6, a1] will not form
an edge in a 4-gon, therefore a1 = 11 which implies b2 = 10 and then from lk(4) and lk(7) we
see that [3,8] will form an edge in a 4-gon, therefore b5 = 8 and therefore b6 = 9 and b3 = 5.
Now lk(10) = C8(1, 9, [5, 2, 11], [7, 3, 4]) ⇒ lk(8) = C8(5, 4, [1, 0, 7], [3, 11, 9]) ⇒ lk(9) =
C8(5, 10, [1, 2, 6], [11, 3, 8]) ⇒ lk(6) = C8(7, 11, [9, 1, 2], [5, 4, 0]) ⇒ lk(11) = C8(6, 7, [10, 5, 2],
[3, 8, 9]) ⇒ lk(2) = C8(0, 3, [11, 10, 5], [6, 9, 1]) ⇒ lk(3) = C8(0, 2, [11, 9, 8], [7, 10, 4]) ⇒
lk(5) = C8(9, 8, [4, 0, 6], [2, 11, 10]). This map isomorphic to the map KO2[(33,4,3,4)], given
in figure 6, under the map (0, 5)(1, 9, 2, 7, 11, 8, 3, 10).
Subcase 102.2. If lk(4) = C8(1, 10, [5, 6, 0], [3, b1 , 8]) then b1 ∈ {10, 11}, but b1 = 10 is
not possible, therefore b1 = 11. Now remaining two incomplete 4-gons are [2, 10, b2, b3] and
[3, 10, b4, b5]. Since (3,11) and (2,9) can not appear in two 4-gon, therefore one of b2, b3 is
11 and one of b4, b5 is 9 and since [9,10] is an edge therefore b4 = 9. From lk(4) we see that
118
[1,10] is not an edge in a 4-gon, therefore [5,10] will form an edge in a 4-gon which implies
b2 = 5 and then b3 = 11 and b5 = 7. Now lk(10) = C8(4, 1, [9, 7, 3], [2, 11, 5]) ⇒ lk(2) =
C8(0, 3, [10, 5, 11], [6, 9, 1]) ⇒ lk(3) = C8(0, 2, [10, 9, 7], [11, 8, 4]) ⇒ lk(6) = C8(7, 11, [2, 1, 9],
[5, 4, 0]) ⇒ lk(7) = C8(6, 11, [3, 10, 9], [8, 1, 0]) ⇒ lk(11) = C8(6, 7, [3, 4, 8], [5, 10, 2]) ⇒
lk(8) = C8(9, 5, [11, 3, 4], [1, 0, 7]) ⇒ lk(5) = C8(8, 9, [6, 0, 4], [10, 2, 11]) ⇒ lk(9) = C8(8, 5,
[6, 2, 1], [10, 3, 7]). This map isomorphic to the map KNO3[(33,4,3,4)], given in figure 7,
under the map (0, 2)(4, 11, 6, 7, 9, 8, 10).
Case 103. When (a, b, c, d) = (6, 9, 10, 5) then either lk(6) = C8(7, 11, [2, 1, 9], [5, 4, 0]) or
lk(6) = C8(7, 11, [9, 1, 2], [5, 4, 0]).
Subcase 103.1. If lk(6) = C8(7, 11, [2, 1, 9], [5, 4, 0]) then lk(2) = C8(0, 3, [10, b3 , 11],
[6, 9, 1]). Now remaining three incomplete 4-gons are [3, 4, b1, b2], [2, 10, b3, 11] and [3, 10, b4,
b5]. Therefore one of b1, b2 is 11. Now either [5,10] will form an edge in a 4-gon or not. If
[5,10] form an edge in a 4-gon then lk(5) = C8(1, 8, [4, 0, 6], [9, a1 , 10]) which implies (9,10)
occur in same 4-gon but not form an edge which make contradiction. If [5,10] will not form
an edge in a 4-gon, then one of b1, b2 is 5 and [5,8] will form an edge in a 4-gon, which is
not possible.
Subcase 103.2. If lk(6) = C8(7, 11, [9, 1, 2], [5, 4, 0]) then either [5,10] form an edge in a 4-
gon or not. If [5,10] is not an edge in a 4-gon then lk(5) = C8(10, 1, [8, 11, 2], [6, 0, 4]). Now
remaining two incomplete 4-gons are [3, 4, b1, b2] and [3, 11, b3, b4] and then 10 will occur in
both 4-gon which is not possible as (3,10) can not appear in two 4-gon. Therefore [5,10]
will form an edge in a 4-gon and then lk(5) = C8(1, 8, [4, 0, 6], [2, 11, 10]) which implies
lk(2) = C8(0, 3, [11, 10, 5], [6, 9, 1]). Now remaining two incomplete 4-gons are [3, 4, b1, b2]
and [3, 11, b3, b4]. As [10,11] is an edge in a 4-gon, therefore one of b1, b2 is 10. Since
[9,10] is not an edge in a 4-gon, therefore one of b3, b4 is 9. Since [1,8] is an edge in
a 4-gon, therefore from lk(5) we get [4,8] will not form an edge in a 4-gon which im-
plies one of b3, b4 is 8 and then one of b1, b2 is 7. Since [0,7] is an edge in a 4-gon,
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therefore from lk(6) we see that [9,11] will form an edge in a 4-gon i.e. b3 = 9 and
b4 = 8. Now lk(8) = C8(5, 4, [9, 11, 3], [7, 0, 1]) which implies b2 = 7 and then b1 = 10.
Now lk(3) = C8(0, 2, [11, 9, 8], [7, 10, 4]) ⇒ lk(4) = C8(8, 9, [10, 7, 3], [0, 6, 5]) ⇒ lk(10) =
C8(9, 1, [5, 2, 11], [7, 3, 4]) ⇒ lk(7) = C8(6, 11, [10, 4, 3], [8, 1, 0]) ⇒ lk(9) = C8(10, 4, [8, 3, 11],
[6, 2, 1]). This map isomorphic to the map KNO1[(33,4,3,4)], given in figure 7, under the
map (0, 10)(1, 2, 8, 9, 3, 5)(6, 11, 7).
Case 104. When (a, b, c, d) = (9, 10, 5, 6) then remaining three incomplete 4-gons are
[3, 4, b1, b2], [2, 11, b3, b4] and [3, 11, b5, b6]. Now lk(6) = C8(1, 8, [c1, c2, 7], [0, 4, 5]). If
b5, b6 ∈ {6, 7} then one of b3, b4 must be 9 or 10 which is not possible. Therefore b3, b4 ∈
{6, 7}. Now lk(2) = C8(0, 3, [11, b3 , b4], [9, 10, 1]), from this and lk(6) we see that b4 6=
6, therefore b4 = 7, b3 = 6 and then c1 = 11, c2 = 2. Since [1,8] is an edge in a
4-gon, therefore [8,11] will not form an edge in a 4-gon, therefore one og b1, b2 is 8.
Now lk(7) = C8(c3, 9, [2, 11, 6], [0, 1, 8]) where c3 ∈ {3, 4}, which implies one of b5, b6
is 9 and then remaining one of b1, b2 is 10 and therefore remaining one of b5, b6 is 5.
Now c3 6= 3 as then face sequence will not followed in lk(3), therefore c3 = 4. There-
fore lk(4) = C8(9, 7, [8, 10, 3], [0, 6, 5]) ⇒ lk(8) = C8(11, 6, [1, 0, 7], [4, 3, 10]) ⇒ lk(5) =
C8(1, 10, [11, 3, 9], [4, 0, 6]) which implies b5 = 5, b6 = 9. Now lk(9) = C8(4, 7, [2, 1, 10], [3, 11,
5]) ⇒ lk(3) = C8(0, 2, [11, 5, 9], [10, 8, 4]) ⇒ lk(10) = C8(5, 11, [8, 4, 3], [9, 2, 1]) ⇒ lk(11) =
C8(10, 8, [6, 7, 2], [3, 9, 5]). This map is isomorphic to the map KO2[(33,4,3,4)], given in
figure 6, under the map (0, 5, 3, 10, 2, 1, 6, 9, 8)(4, 11, 7).
Case 105. When (a, b, c, d) = (9, 10, 6, 11) then remaining three incomplete 4-gons are
[3, 4, b1, b2], [2, 11, b3, b4] and [3, 11, b5, b6]. (10,11) can not appear in two 4-gon, there-
fore one of b1, b2 is 10, and (2,9), (9,10) can not appear in two 4-gon, which implies one
of b5, b6 is 9. Since (4,6) will not appear in two 4-gon, therefore (6,11) will appear in
same 4-gon and we see that [6,11] is an edge, therefore [6,11] will form an edge in a 4-
gon. Now lk(6) = C8(10, 1, [11, a1 , 7], [0, 4, 5]) which implies [6,7] form an edge in a 4-gon,
therefore a1 = 2 and b3 = 6, b4 = 7. Since (4,5) can not appear in two 4-gon, there-
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fore one of b5, b6 is 5 and hence one of b1, b2 is 8. Now lk(2) = C8(0, 3, [11, 6, 7], [9, 10, 1])
which implies lk(7) = C8(c1, 9, [2, 11, 6], [0, 1, 8]). From here we see that [8, c1] will form
an edge in a 4-gon which implies c1 ∈ {3, 4, 10}. c1 6= 3, 10 as then face sequence is
not followed in lk(c1), therefore c1 = 4 which implies b1 = 8, b2 = 10. Now lk(4) =
C8(7, 9, [5, 6, 0], [3, 10, 8]) which implies lk(8) = C8(c2, 11, [1, 0, 7], [4, 3, 10], where [11, c2]
form an edge in a 4-gon and [10, c2] will not form an edge in a 4-gon which implies c2 = 5.
Now lk(11) = C8(8, 1, [6, 7, 2], [3, 9, 5]) ⇒ lk(5) = C8(8, 10, [6, 0, 4], [9, 3, 11]) ⇒ lk(9) =
C8(4, 7, [2, 1, 10], [3, 11, 5]) ⇒ lk(3) = C8(0, 2, [11, 5, 9], [10, 8, 4]) ⇒ lk(10) = C8(5, 6, [1, 2, 9],
[3, 4, 8]). This map isomorphic to the map KO1[(33,4,3,4)], given in figure 6, under the map
(0, 10)(1, 4, 8)(2, 5)(3, 7, 11, 9, 6).
Case 106. When (a, b, c, d) = (9, 10, 11, 5) then remaining three incomplete 4-gons are
[3, 4, b1, b2], [2, 11, b3, b4] and [3, 11, b5, b6]. If one of b3, b4 is 5, then one of b5, b6 will be 6.
Since [5,11] form an edge, therefore it will form an edge in a 4-gon, which implies [10,11]
and [5,8] will not form an edge in 4-gon, therefore one of b1, b2 is 10. Since (2,9) and (9,10)
can not appear in two 4-gon, therefore one of b5, b6 is 9. Since [5,8] is not an edge in a 4-gon,
therefore one of b1, b2 is 8 which implies one of b3, b4 is 7, therefore b3 = 5, b4 = 7. Now
lk(7) = C8(6, 10, [2, 11, 5], [8, 1, 0]) which implies 7 will occur two times in lk(8), which
is not possible. Similarly if b5 = 5 then one of b3, b4 is 6 one one of b1, b2 is 10 and
b6 = 9. Now either lk(5) = C8(1, 8, [4, 0, 6], [9, 3, 11]) or lk(5) = C8(1, 8, [6, 0, 4], [9, 3, 11]).
If lk(5) = C8(1, 8, [4, 0, 6], [9, 3, 11]) then lk(6) = C8(9, c1, [c2, c3, 7], [0, 4, 5]). From lk(5) we
see that one of b3, b4 is 8 and from lk(6) we see that b3, b4 is 7, which is not possible. If
lk(5) = C8(1, 8, [6, 0, 4], [9, 3, 11]) then lk(9) = C8(4, c1, [2, 1, 10], [3, 11, 5]). Since [4,5] form
an edge in a 4-gon, therefore [2, c1] will form an edge in a 4-gon, which implies c1 = 7.
Now lk(7) = C8(9, 4, [8, 1, 0], [6, 11, 2]) ⇒ lk(11) = C8(1, 10, [6, 7, 2], [3, 9, 5]) ⇒ lk(6) =
C8(8, 10, [11, 2, 7], [0, 4, 3]) ⇒ lk(8) = C8(5, 6, [10, 3, 4], [7, 0, 1]) ⇒ lk(4) = C8(9, 7, [8, 10, 3],
[0, 6, 5]) ⇒ lk(2) = C8(0, 3, [11, 6, 7], [9, 10, 1]) ⇒ lk(3) = C8(0, 2, [11, 5, 9], [10, 8, 4]) ⇒
lk(10) = C8(6, 11, [1, 2, 9], [3, 4, 8]). This map isomorphic to the map KO1[(33,4,3,4)], given
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in figure 6, under the map (0, 7, 6)(1, 9, 11, 4, 8, 2, 5)(3, 10).
Non-orientable cases:
If (a, b, c, d) = (4, 9, 6, 5) then lk(4) will not possible.
Case 107. If (a, b, c, d) = (6, 9, 5, 4) then lk(6) = C8(7, a1, [9, 1, 2], [5, 4, 0]) which implies
a1 = 10. Now lk(5) = C8(1, 9, [a2, a3, 2], [6, 0, 4]) and lk(2) = C8(0, 3, [a3, a2, 5], [6, 9, 1].
Considering lk(9), from lk(5), we see that a2 6= 10. So, if a3 6= 10 then |vlk(10)| ≤ 7 which is
not possible. Therefore a3 = 10 and then a2 = 11 as otherwise |vlk(11)| ≤ 6 which make con-
tradiction. Now lk(10) = C8(6, 7, [11, 5, 2], [3, 8, 9]) ⇒ lk(9) = C8(11, 5, [1, 2, 6], [10, 3, 8]) ⇒
lk(8) = C8(11, 4, [1, 0, 7], [3, 10, 9]) ⇒ lk(4) = C8(1, 8, [11, 7, 3], [0, 6, 5]) ⇒ lk(3) = C8(2, 0,
[4, 11, 7], [8, 9, 10]) ⇒ lk(7) = C8(6, 10, [11, 4, 3], [8, 1, 0]) ⇒ lk(11) = C8(8, 9, [5, 2, 10], [7, 3,
4]). This map is isomorphic to the map KNO2[(33,4,3,4)], under the map (0, 6, 5, 4)(2, 10, 11,
1, 3, 7, 8).
For (a, b, c, d) = (9, 4, 6, 5), (9, 6, 5, 4), C(5, 1, 4) ∈ lk(6) and C(1, 6, 0, 4) ∈ lk(5), respec-
tively.
Case 108. When (a, b, c, d) = (9, 6, 5, 10) then lk(6) = C8(7, 11, [9, 2, 1], [5, 4, 0]). Now
[5, 10, a1] and [2, 3, b1] will be two faces of the polygon for some a1, b1 ∈ V . Therefore
[2, b1], [3, b1], [5, a1], [10, a1], [9, 11] all are adjacent egde of a 3-gon and a 4-gon, therefore
a1 ∈ {3, 11}, b1 ∈ {10, 11}. If b1 = 10 then a1 can not be 3, therefore a1 = 11 and then
{3, 4, 5, 11} will form a 4-gon, which make contradiction. If b1 = 11 then a1 6= 11 as [5,11],
[9,11], [10,11] all are adjacent edges of a 3-gon and a 4-gon, which make contradiction.
Therefore b1 = 3 and then [3, 4, 7, 10], [3, 11, 9, 5] will be two faces and {2, 11, 8, 10} will
form a 4-gon. Now after completing lk(3, lk(4)) and lk(9), we see that lk(7) will not
possible.
Case 109. When (a, b, c, d) = (9, 5, 4, 10) then [2, 3, 10] and [4, 10, 11] will be two faces.
Now lk(4) = C8(10, 1, [5, 6, 0], [3, a1 , 11]) ⇒ lk(3) = C8(0, 2, [10, 8, b1 ], [a1, 11, 4]) ⇒ lk(10)
= C8(4, 1, [8, b1 , 3], [2, c1, 11]) ⇒ lk(2) = C8(0, 3, [10, 11, c1 ], [9, 5, 1]). From here we see that
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b1 ∈ {6, 9}. If b1 = 9 then lk(9) = C8(7, 6, [2, 1, 5], [8, 10, 3]), lk(6) = C8(7, 9, [2, 10, 11], [5,
4, 0]), lk(7) = C8(6, 9, [3, 4, 11], [8, 1, 0]), lk(8) = C8(11, 5, [9, 3, 10], [1, 0, 7]), lk(5) = C8(11,
8, [9, 2, 1], [4, 0, 6]), lk(11) = C8(5, 8, [7, 3, 4], [10, 2, 6]). This map isomorphic to the map
KNO3[(33,4,3,4)], given in figure 7, under the map (0, 2, 3)(1, 11, 8, 5, 10, 4)(6, 9). If b1 = 6
then lk(9) = C8(6, 7, [2, 1, 5], [11, 4, 3]), lk(6) = C8(9, 7, [0, 4, 5], [8, 10, 3]), lk(7) = C8(6, 9,
[2, 10, 11], [8, 1, 0]), lk(8) = C8(11, 5, [6, 3, 10], [1, 0, 7]), lk(5) = C8(8, 11, [9, 2, 1], [4, 0, 6]),
lk(11) = C8(5, 8, [7, 2, 10], [4, 3, 9]). This map isomorphic to the map KNO3[(33,4,3,4)],
given in figure 7, under the map (1, 4)(2, 3)(5, 8)(6, 7)(10, 11).
Case 110. When (a.b, c, d) = (9, 10, 6, 5) then lk(6) = C8(1, 10, [a1, a2, 7], [0, 4, 5]) where
a1 ∈ {2, 3, 11} and [2, 3, 11] will be a face. If a1 = 2 then face sequence will not follow
in lk(2) and if a1 = 3 then after completing lk(3), face sequence will not follow in lk(10),
therefore a1 = 11. Now three incomplete 4-gons are [3, 4, c1, c2], [2, 11, c3, c4], [3, 11, c5, c6].
As [1,10] and [2,9] are an edge of a 4-gons, therefore [10,11] will be an adjacent edge of
two 3-gon, therefore c1, c2 ∈ {8, 10} and one of c5, c6 will be 9 and then [2, 11, c3, c4] =
[a2, 11, 6, 7]. Then one of c5, c6 is 5. Now lk(2) = C8(3, 0, [1, 10, 9], [7, 6, 11]) ⇒ lk(5) =
C8(1, 8, [11, 3, 9], [4, 0, 6]) ⇒ lk(3) = C8(2, 0, [4, 8, 10], [9, 5, 11]) ⇒ lk(10) = C8(6, 11, [8, 4,
3], [9, 2, 1]) ⇒ lk(8) = C8(5, 11, [10, 3, 4], [7, 0, 1]) ⇒ lk(4) = C8(9, 7, [8, 10, 3], [0, 6, 5]) ⇒
lk(7) = C8(4, 9, [2, 11, 6], [0, 1, 8]) ⇒ lk(9) = C8(7, 4, [5, 11, 3], [10, 1, 2]) ⇒ lk(11) = C8(10,
8, [5, 9, 3], [2, 7, 6]). This map is isomorphic to the map KNO1[(33,4,3,4)], given in figure 7,
under the map (0, 8, 3, 5)(1, 2, 10, 9, 6)(4, 7, 11).
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